Theoretical and experimental investigation of the equilibrium and dynamic interfacial behavior of mixed surfactant solutions by Mulqueen, Michael (Michael Patrick), 1972-
Theoretical and Experimental Investigation of the
Equilibrium and Dynamic Interfacial Behavior of
Mixed Surfactant Solutions
by
Michael Mulqueen
Submitted to the Department of Chemical Engineering
in partial fulfillment of the requirements for the degree of
Doctor of Philosophy in Chemical Engineering
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
September 2001
@ Massachusetts Institute of Technology 2001. All rights reserved.
A u th or ..............................................................
Department of Chemical Engineering
August 20, 2001
Certified by. ......... .......
Crfeb._aniel Blankschtein
Professor
Thesis Supervisor
Accepted by -
Daniel Blankschtein
Chairman, Department Committee on Graduate Students
MASSACH USETTS INSTITUTE
OF TECHNOLOGY ,CIE
OCT 1 2 E1
I IRRARIES
2
Theoretical and Experimental Investigation of the
Equilibrium and Dynamic Interfacial Behavior of Mixed
Surfactant Solutions
by
Michael Mulqueen
Submitted to the Department of Chemical Engineering
on August 20, 2001, in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy in Chemical Engineering
Abstract
In many commercial applications involving surfactants, the desired properties are con-
trolled by both the equilibrium and the dynamic interfacial behavior. In particular,
surfactant adsorption at air-water interfaces causes the surface tension to decrease,
which, for example, can control the spreading properties of a liquid, and hence, is
important in practical applications involving the use of paints and pesticides, as well
as in the manufacturing of photographic films. Similarly, surfactant adsorption at
oil-water interfaces causes the interfacial tension to decrease, which, for example, can
enhance the ability of surfactant solutions to remove oily soil from dirty surfaces
(fabric, hair, skin, etc.) during cleaning applications.
A predictive, molecular-thermodynamic theory capable of modeling the behavior
of surfactants at solution interfaces would help minimize the need for costly and time-
consuming experimentation associated with the development of surfactant products
based on a trial-and-error approach. Furthermore, this theory should encompass mix-
tures of surfactants, since their use in industrial applications is widespread, whether
intentionally, to take advantage of synergism between the surfactant components in
a mixture, or simply because it is too costly to mass produce a single, pure surfac-
tant. With this as motivation, a molecularly-based theoretical framework to model
both the equilibrium and the dynamic adsorption of surfactant mixtures at both the
air-water interface and the oil-water interface has been developed.
The equilibrium air-water surface equation of state is based on a two-dimensional,
nonideal gas-like monolayer model of the adsorbed surfactant molecules. For non-
ionic surfactants, two types of interactions were accounted for: (i) repulsive, steric
interactions, which were modeled using a hard-disk treatment, and (ii) attractive,
van der Waals interactions, which were modeled using a virial expansion, truncated
to second order in surfactant surface concentration. Since both the hard-disk size and
the second-order virial coefficients characterizing these interactions can be deduced
from the known molecular structures of the surfactants, this surface equation of state
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contains no experimentally determined parameters. This nonionic surface equation
of state was subsequently modified to incorporate electrostatic effects associated with
charged surfactants. For mixtures that contain only a single ionic surfactant species,
the electrostatic contribution to the surface equation of state was computed using a
Gouy-Chapman based approach, which also included a Stern layer of counterion ex-
clusion. This electrostatic description assumes that all of the electrostatic charge on
the adsorbed surfactant molecules is located on a single two-dimensional charge layer.
The Gouy-Chapman model was then extended to mixtures that contain multiple ionic
surfactants, or surfactants that contain multiple charged groups (such as zwitterionic
surfactants) by treating the case of multiple, two-dimensional charge layers at the
interface. This extended theoretical framework is capable of treating any number of
surfactant components containing any number of charged groups, without requiring
any experimentally determined parameters for the mixture.
To relate the surfactant surface concentration and the surface tension to the bulk
surfactant concentration and composition, an adsorption isotherm was utilized that
contains one experimentally determined parameter for each surfactant component in
the mixture, which can be determined from one surface tension measurement on a
single surfactant solution of each surfactant component. The resulting theory does not
contain any mixture dependent experimentally determined parameters, and hence,
no experiments are required on the mixed surfactant solutions. Good agreement
was found between the theoretical predictions and the experimental surface tension,
surface concentration, and surface composition values obtained from the literature
for mixtures containing nonionic, ionic, and zwitterionic surfactants.
The equilibrium air-water surface equation of state was then generalized to treat
the case of surfactants adsorbed at the oil-water interface. This was done by elim-
inating the van der Waals attractive interactions between the hydrophobic tails of
the adsorbed surfactant molecules, reflecting the compatibility of the hydrocarbon oil
phase and the hydrocarbon surfactant tails. Note that the other surfactant molecular
parameters, such as the hard-disk size, are the same for the air-water surface case
and the oil-water interface case. To test the validity and range of applicability of this
theory, the decane-water interfacial tension of surfactant solutions selected specifi-
cally for this purpose was measured using a ring tensiometer, and good agreement
was found between the theoretical predictions and the experimental values, including
those obtained from the literature.
The equilibrium air-water surface equation of state was subsequently utilized as
the basis for a theoretical framework of dynamic surfactant adsorption capable of
predicting the surface tension, surface concentration, and surface composition, all as
a function of time. In addition to the complete prediction of these dynamic profiles, a
simplified timescale analysis was utilized to quickly predict the timescale for adsorp-
tion of each surfactant component present in the mixture. This timescale analysis
is also valuable in that it provides a relationship between the chemical structure of
a surfactant molecule and its dynamic properties. To test the validity and range
of applicability of the dynamic interfacial theory, the dynamic surface tension of a
surfactant mixture chosen specifically for this purpose was measured using a pendant
bubble tensiometer, and good agreement was found between the theoretical predic-
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tions and the experimental results.
Finally, in order to facilitate the use of the theories developed as part of this thesis
by industrial researchers, and to create a better link between this academic work and
commercial applications, the various theoretical frameworks developed in this thesis
were incorporated in two user-friendly computer programs, Program SURF and Pro-
gram DYNAMIC, for industrial use. It is hoped that the theoretical developments
presented in this thesis, including the two computer programs, will facilitate the de-
sign and optimization of surfactant solutions of practical relevance having the desired
interfacial properties by reducing the need for relatively costly and time-consuming
experimentation.
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Chapter 1
Introduction
1.1 Background and Motivation
Surfactants are molecules having a unique molecular architecture consisting of a hy-
drophilic (water-loving) group, referred to as the "head", and a hydrophobic (water-
fearing) group, referred to as the "tail". The tail commonly consists of a hydrocarbon
chain, while the head can be of the nonionic, ionic, or zwitterionic variety. The cova-
lent bond between the head and the tail constrains these dissimilar chemical groups to
remain together, leading to the interesting and unique behavior exhibited by surfac-
tants in aqueous solutions. Two very important characteristics of surfactants, driven
by their simultaneous hydrophilic and hydrophobic character, are: (i) their tendency
to accumulate at interfaces (for example, air-water or oil-water), with their hydropho-
bic tails pointing out of the aqueous solution into the less polar air or oil phases, and
(ii) their tendency to form aggregates (known as micelles) in the bulk of the aqueous
solution, in which the hydrophobic tails cluster together in the micellar core, which
can be viewed as a "micro-phase of oil". Micellization generally occurs at surfactant
concentrations which exceed a critical surfactant concentration, referred to as the
Critical Micelle Concentration (CMC).
There are many important industrial and commercial applications that exploit
these unique surfactant characteristics. Surfactant accumulation at interfaces lowers
the interfacial tension which is important in detergency, coating and wetting pro-
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cesses, enhanced oil recovery, and emulsification. Surfactant accumulation at inter-
faces also provides a mass transport barrier in corrosion protection and evaporative-
loss reduction, and also affects the stability of foams.1-10 In these and other practi-
cal applications, surfactant mixtures are commonly utilized, because: (i) they often
exhibit properties that are superior to those attained utilizing the individual, single
surfactants, (ii) environmental and health concerns often dictate the mixing of known
and approved surfactants rather than the use of a totally new surfactant, and (iii)
it is often too costly to mass produce and purify a single, pure surfactant.11 Fur-
thermore, different types of surfactants (which include nonionic, ionic, or zwitterionic
surfactants), or mixtures of different types of surfactants, are commonly employed.
As stressed below in Section 1.2, a central goal of this thesis is the prediction of
interfacial properties, namely, the prediction of the surface tension and the amount
of each type of surfactant adsorbed at the interface, for various surfactant solutions.
As further motivation for the work presented in this thesis, a number of important
processes where the interfacial properties are important are described below. It should
be noted that for processes that occur over a relatively short time period (relative
to the rate of adsorption of the surfactant), it is the dynamic interfacial properties
that are important. On the other hand, for processes that occur over a relatively
long time period, only the equilibrium interfacial properties are important. Both
the equilibrium and the dynamic interfacial properties of surfactant solutions will be
addressed in this thesis.
1.1.1 Examples of Practical Applications of Surfactants where
Interfacial Properties are Important
1.1.1.1 Detergency
The most common commercial use of surfactants is in soaps and detergents for clean-
ing purposes, with current US annual sales in the $10 billion range. 2 Although this
is an old industry, price pressures, environmental concerns, new cleaning techniques,
and the competitive drive for new products makes this an active area of research.3
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In general, the removal of oily soil from surfaces (e.g., fabric, hair, skin, etc.) is
a complex process involving both equilibrium and kinetic processes. There are three
major known mechanisms involved in the removal of oily soil from solid surfaces by
a surfactant solution: "roll-up", "necking" or emulsification, and solubilization.2 ,4
In the "roll-up" process, the contact angle of an oil droplet (in this case the "soil"
that needs to be removed from the solid surface) is increased until no contact exists
between the oil and the solid surface (see Figure 1-1). The equilibrium contact angle,
0, is given by the Young equation:
cos(0) - iws (1.1)
Glow
where aws, uos, and aow are the water/solid, oil/solid, and oil-water interfacial
tensions, respectively. Complete, spontaneous removal of the oily soil can theoretically
occur only if the contact angle is 1800; however, in practice, this process occurs at
smaller contact angles due to hydraulic and buoyancy forces. 2 Accordingly, one can
control the "roll-up" process by controlling the interfacial tensions in Eq. (1.1) with
the use of surfactants.
Necking is a kinetic process in which part of the oily soil is removed when the
oil-water interfacial tension is lowered sufficiently such that hydraulic currents in the
bath or buoyancy forces can raise and remove a portion of the oil droplet, forming an
emulsion (see Figure 1-2). Since additional oil-water surface area is being created, one
of the keys to this process is the reduction of the oil-water interfacial tension (that
is, the amount of free energy per unit area required to create this additional surface
area). The last mechanism, solubilization, is one where the oil molecules dissolve
into the water bath, diffuse to a micelle, and become solubilized in the hydrophobic
micellar core. Although surfactants that are directly adsorbed onto the oily soil on
the solid surface play less of a role in the solubilization mechanism, part of the free
energy required to form the suspension of microscopic oil droplets with surfactants
adsorbed at their oil-water interfaces, often referred to as a microemulsion, is given by
the oil-water interfacial tension. Accordingly, any attempt to model the solubilization
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Figure 1-1: Schematic representation of the roll-up process for the removal of an
oily soil. As surfactant molecules adsorb at the oil-water interface, the contact angle
increases (due to a reduction in the oil-water interfacial tension) until a cutoff value
of 180' is reached. At that point, the oily drop is essentially no longer in contact with
the fabric, and can be removed by hydraulic or buoyancy forces.
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mechanism will require an estimation of this interfacial tension.
1.1.1.2 Wetting and Coating
In many commercial applications, such as painting, photographic film manufacturing,
pesticide delivery, and detergency (where the solid surface (fabric) needs to be fully
wetted by the solution in order for the processes described in Section 1.1.1.1 to occur),
it is desired that a liquid solution spread on a solid substrate. For this to occur
spontaneously, the spreading coefficient, S, must be greater than zero. S is defined
as the difference between the work of adhesion and the work of cohesion and is given
by:
S = US - UL - ULS (1.2)
where as is the solid/air surface tension, U-L is the liquid/air surface tension, and ULS
is the liquid/solid interfacial tension.5 Once again, the prediction and manipulation
of surface or interfacial tensions is required in order to understand the wetting and
coating process.
1.1.1.3 Crude Oil Recovery
When trying to remove crude oil from underground reservoirs, much of the oil (on
the order of 50% to 70%)6 remains trapped by capillary forces in the pores of the
rock formation. With the use of surfactant solutions, part of this oil can be recovered
by the reduction of the oil-water interfacial tension and the resulting decrease of the
capillary forces. 6 8 Here, oil is being removed from rocks instead of from fabrics, where
it can later be recovered from the solution and used. As in detergency, the oil-water
interfacial tension is a central input for the modeling of the crude oil recovery process.
1.1.1.4 Foam Stability
In many commercial applications, one desires to generate solutions exhibiting high
foaming ability. High-foam applications include household cleaning agents, dust pre-
vention, and fire-fighting.9 Alternatively, in other applications, the prevention of foam-
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Figure 1-2: Schematic representation of the necking process for the removal of an oily
soil. As surfactant molecules adsorb at the oil-water interface, the interfacial tension
decreases. This lowers the free energy required for hydraulic or buoyancy forces to
remove part of the oil as an emulsion droplet.
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ing is desired. Low-foam applications include automatic dishwashers and laundry ma-
chines. Surfactants are involved in the foam stabilization process in two ways. First,
their adsorption at the air-water interface lowers the surface tension, thus reducing
the free energy per unit area required to create the additional surface area of the
foam lamella. In addition, the surfactant molecules adsorbed on the two layers of the
thin film that makes up the foam lamella can repel each other, either through elec-
trostatic or steric interactions, thus keeping the film from draining to a point where
it becomes so thin that it ruptures (see Figure 1-3).'," Clearly, one could destabilize
a foam by adding a more surface active surfactant that did not display such repulsive
interactions (for example, a nonionic surfactant with a relatively small head). This
surfactant could then displace any foam stabilizing surfactants at the lamella surface,
causing a collapse of the foam system. Once again, a method to control and pre-
dict surface tension and surfactant adsorption at the air-water surface is required to
understand and control foam stability.
1.2 Thesis Objectives
The central objective of this thesis is to develop molecularly-based theoretical frame-
works to describe and predict both the equilibrium and the dynamic adsorption of
surfactants at interfaces (air-water and oil-water), including the resulting lowering of
surface and interfacial tensions. As discussed in Section 1.1, the interfacial proper-
ties of solutions containing surfactants, and in particular those containing mixtures
of surfactants, have important practical implications. Therefore, the development of
a quantitative, molecularly-based thermodynamic theory capable of predicting the
interfacial properties of aqueous solutions containing mixtures of surfactants would
be extremely valuable for the design and optimization of new surfactant formulations
having the desired interfacial properties. The availability of such a theory would also
reduce the need for tedious and time consuming trial-and-error type experimentation.
A detailed review of previous work, as it relates to each chapter, is presented
in the Introductions to each of the following chapters. It should be stressed from
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Figure 1-3: Schematic representation of a thin-film lamella stabilized by anionic sur-
factants adsorbed at the film surfaces.
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the outset that the most commonly utilized models to describe the equilibrium ad-
sorption of surfactants, the Langmuir and the Frumkin models, are semi-empirical
in nature. That is, the various parameters in these models must be determined by
fitting to experimental measurements. The most commonly utilized theory to model
the adsorption of mixed surfactant systems is the Regular Solution Theory (RST).
This theory contains an additional fitted parameter for each binary surfactant mix-
ture of interest. The inclusion of a mixture dependent experimentally determined
parameter is extremely significant. For example, if one is considering two surfactants
and wants to predict the interfacial behavior of the binary mixture, one would have
to conduct only one experiment on that pair of surfactants. On the other hand, if
one is considering ten surfactants and wants to predict the interfacial behavior of all
the (10 x 9) /2 = 45 possible binary mixtures, one would have to conduct 45 sets of
experiments on the 45 possible pairs of surfactants, which is clearly a very daunting
task. However, if one utilizes a theoretical framework that contains no mixture depen-
dent experimentally determined parameters, one could create a library of surfactants
for which any possible mixture could be considered without the need to perform any
additional experiments. This is, in fact, the approach taken in this thesis.
In contrast to the majority of previously developed theories describing the adsorp-
tion of surfactants at interfaces, the theoretical framework developed in this thesis
utilizes the molecular structures of the surfactant, rather than experimentally deter-
mined parameters, as inputs. Specifically, this thesis builds upon the theory developed
earlier by Nikas, et al.,1 2 which modeled the equilibrium adsorption of nonionic sur-
factants at the air-water interface by treating the adsorbed surfactant molecules as
a two-dimensional, nonideal gas interacting through repulsive, steric interactions and
attractive, van der Waals interactions. Since both of these interactions were mod-
eled using the molecular structures of the surfactants as inputs, the resulting sur-
face equation of state does not contain any experimentally determined parameters,
while the adsorption isotherm contains just one experimentally determined parame-
ter (the standard-state chemical potential difference between a surfactant molecule
adsorbed at the interface and one in the bulk aqueous phase) for each single surfac-
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tant component comprising the mixture. Note that there are no mixture dependent,
experimentally determined parameters in this theory.
This thesis adds to the previously developed hard-disk model the effect of elec-
trostatic interactions in the case of ionic or zwitterionic (dipolar) surfactants. In
Chapter 2, a Gouy-Chapman based description is utilized to model the electrostatic
effects in the case of a single ionic surfactant where all of the charge at the interface is
located in a single, two-dimensional charge layer. In Chapter 3, the Gouy-Chapman
description is extended to model the case of multiple charged layers at the interface
(corresponding, for example, to a single zwitterionic surfactant or to a mixture of a
zwitterionic and an ionic surfactant). In Appendix A, the effect of relaxing two of
the assumptions of the Gouy-Chapman model (that the ions have zero physical size
in the aqueous region, and that the dielectric constant is uniform throughout this
region) is investigated. In Appendix B, the sensitivity of the predictions made using
the theoretical framework developed in Chapters 2 and 3 to the surfactant molecular
parameters is discussed. In Appendix C, the prediction of interfacial phase transitions
made utilizing the theoretical framework developed in Chapters 2 and 3 is discussed
in detail.
In Chapter 4, the theoretical framework is extended further to model the adsorp-
tion of surfactants at the oil-water interface. In all cases, the theoretical predictions
were validated through a comparison with experimental measurements. In the case
of the equilibrium adsorption of the various surfactants considered in Chapters 2 and
3, there is sufficient experimental data in the literature to carry out these compar-
isons. However, the availability of experimental interfacial tension data for surfactant
mixtures adsorbed at the oil-water interface is extremely limited. Consequently, as
discussed in Chapter 4, oil-water interfacial tensions were measured using the pen-
dant bubble method for a pair of surfactants chosen specifically to test the validity
and range of applicability of the theoretical framework presented in Chapter 4.
In Chapter 5, the equilibrium description developed in Chapters 2 and 3 is utilized
as the basis for the development of a theoretical framework to predict the dynamic
adsorption of surfactants for solutions below the CMC. In Appendix D, this theoret-
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ical framework is extended further to predict the dynamic adsorption of surfactants
from a micellar solution (that is, above the CMC). In Chapter 6, the theory devel-
oped in Chapter 5 is tested experimentally. As in the case of mixtures of surfactants
adsorbed at the oil-water interface discussed in Chapter 4, the availability of exper-
imental dynamic surface tension data for surfactant mixtures is extremely limited.
Consequently, as discussed in Chapter 6, dynamic surface tensions were measured
for a pair of surfactants, again chosen specifically to test the validity and range of
applicability of the theoretical framework presented in Chapter 5.
In Chapter 7, the previous theoretical developments are implemented in two user-
friendly computer programs, SURF and DYNAMIC, which can be used by industrial
researchers to facilitate the selection and optimization of surfactants for various prac-
tical applications requiring desired interfacial properties. Finally, a summary of the
thesis as well as a discussion of possible future research directions are presented in
Chapter 8.
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Chapter 2
Prediction of Equilibrium Surface
Tension and Surface Adsorption of
Aqueous Surfactant Mixtures
Containing Ionic Surfactants
2.1 Introduction
As discussed in Chapter 1, the interfacial properties (specifically, the interfacial ad-
sorption and the interfacial tension) of aqueous solutions containing surfactants de-
termine and control performance in many practical applications, and in particular,
surfactant mixtures are almost always utilized." Therefore, the development of a
quantitative, molecularly-based thermodynamic theory capable of predicting the in-
terfacial properties of aqueous solutions containing mixtures of surfactants would be
extremely valuable for the design of new surfactant formulations having the desired
interfacial properties. The availability of such a theory would also reduce the need for
tedious and time consuming trial-and-error type experimentation. One should also
keep in mind that, as will be shown in Chapter 5, even for systems which do not
attain thermodynamic equilibrium at the interface, a fundamental understanding of
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the equilibrium interfacial behavior is needed in order to properly model and predict
the dynamic interfacial behavior.' 3
The adsorption of a single, nonionic surfactant species at the water/air interface
has been studied theoretically in the past by numerous investigators (for comprehen-
sive reviews of this topic, see Refs. 1, 14, 15, 16, 17). More recently, the interfacial
behavior of nonionic surfactant mixtures has been investigated theoretically by several
researchers (for a recent comprehensive review, see Ref. 11). In particular, the Lang-
muir adsorption isotherm has been utilized extensively to model the adsorption of a
single surfactant species at an interface,13 and requires two experimentally-fitted pa-
rameters, the maximum surfactant adsorption and an adsorption constant related to
the free energy of adsorption. However, the empirical generalization of the Langmuir
adsorption isotherm to mixtures of surfactants has been shown to be thermodynam-
ically inconsistent.' 8" 9 A thermodynamically consistent extension of the Langmuir
adsorption isotherm to mixed surfactant solutions has been developed based on the as-
sumption of ideal mixing in the mixed surfactant monolayer,2 0 and therefore, does not
account for the nonideal synergistic or antagonistic behaviors of the mixed surfactant
monolayer which are often observed experimentally. Nonideal theoretical treatments
of the mixed surfactant monolayer based on regular solution theory, first suggested by
Ingram, 2 ' and subsequently developed by Rosen and coworkers 22 23 and by Holland
and coworkers," 2 4 and further developed by Nguyen and Scamehorn,2 5 all make use
of an additional, experimentally-fitted empirical parameter for each surfactant pair
(the so called surface interaction parameter), and thus require experimental inputs
(specifically, surface tension measurements) of the surfactant mixtures to determine
these parameters. Other empirical theories, such as those which utilize surface activ-
ity coefficients,2 6 or the more general nonideal adsorbed solution theory,2 7 which allows
for the variation of the surface beta interaction parameter with surface pressure, also
require surface tension measurements of the surfactant mixtures to determine the
experimentally-fitted parameters for each surfactant mixture considered.
Previous theoretical studies of ionic surfactants at interfaces are all based on
some empirical surface equation of state (EOS) for uncharged surfactants which is
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subsequently generalized to incorporate the ionic surfactant character by modeling
the free energy required to charge the monolayer in the presence of the various ionic
species in the diffuse region of the double layer. For example, Davies 28 utilized the
non-electrostatic Langmuir surface EOS in conjunction with the Gouy-Chapman 29 ,3 0
electrostatic description of the ionic diffuse region of the double layer. Subsequently,
Borwanker and Wasan 31 improved the Davis model by replacing the Langmuir sur-
face EOS with the Frumkin surface EOS, which adds a third fitted parameter de-
scribing possible lateral interactions among the surfactant species in the monolayer,
to model the non-electrostatic contribution to the surface equation of state. Others
have concentrated on improving the electrostatic Gouy-Chapman model describing
the distribution of ionic species in the diffuse region of the double layer. For example,
Stern3 2 incorporated a distance of closest approach of the ionic species present in the
diffuse region of the double layer, the so-called "Stern layer". More recently, Kalinin
and Radke1 6 allowed for a fraction of the counterions to bind to the adsorbed ionic
surfactant species. In a similar spirit, Warszynski et al.33 allowed for the counterions
themselves to adsorb in the monolayer along with the ionic surfactant species. Note
that in all these previous studies of the adsorption of ionic surfactants at interfaces,
the non-electrostatic contribution to the surface equation of state was modeled in an
empirical manner, and as such, relied on at least two or three experimentally-fitted
parameters. In addition, all of the theoretical work described above has dealt ex-
clusively with the adsorption behavior of single ionic surfactants at interfaces. The
extension of these theories to mixtures of surfactants would require the introduction
of new empirical parameters to model the non-electrostatic contribution to the mul-
ticomponent surface EOS, which in turn, would demand additional experiments on
the mixed surfactant solutions in order to fit these additional parameters.
In contrast to the previous theories which are all based on empirical non-electro-
static surface equations of state, in this chapter, I present a theoretical description
of ionic/nonionic surfactant adsorption at the aqueous solution/air interface which
relies on a molecularly-based, non-electrostatic surface equation of state developed by
Nikas et al. 12 Specifically, this surface EOS is utilized to obtain a non-electrostatic
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adsorption isotherm which requires only one experimentally-determined parameter
for each individual surfactant species comprising the mixture. More importantly,
because of its molecular nature, this surface EOS and associated adsorption isotherm
can be extended to surfactant mixtures containing any number of components without
introducing any additional parameters, thus requiring no experimental inputs on the
mixed surfactant solutions. In the spirit of previous theoretical descriptions, the
electrostatic contribution to the surface EOS is modeled using the Gouy-Chapman
description of the diffuse region of the double layer, modified by the inclusion of a
Stern layer with no surfactant counterion binding or counterion adsorption in the
monolayer. The treatment of surfactant mixtures consisting of surfactants containing
multiple charge groups, for example, zwitterionic surfactants, will be presented in
Chapter 3. The results of these calculations indicate that this simplified theoretical
description of the ionic aqueous solution provides an adequate model for the relatively
dilute surfactant solutions considered here.
In general, the theoretical modeling of the adsorption of surfactants at inter-
faces can be divided into two main approaches: the two-dimensional solution model,
where the solvent is considered explicitly, and the two-dimensional gas model, where
the adsorbed surfactant molecules are assumed to be present in a monolayer at the
interface with the solvent modeled as a continuum background. 34 For the theoreti-
cal framework presented in this chapter, a two-dimensional, nonideal gas model is
utilized." Two important advantages of this approach include: (i) the model param-
eters can be related explicitly to the molecular structures of the surfactants present
in the solution, and (ii) the model can be readily extended to multicomponent sur-
factant mixtures without adding any additional parameters. The interfacial model
is then combined with a recently-developed molecular-thermodynamic theory of the
bulk surfactant mixture solution behavior capable of predicting micelle and surfac-
tant monomer concentrations as a function of the total bulk surfactant concentration
and solution composition. 35- 37 Using this combined theoretical approach, surface ten-
sions and surfactant monolayer concentrations and compositions can be predicted as
a function of the total bulk surfactant concentration and solution composition, both
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below and above the critical micelle concentration (CMC) of the surfactant mixture.
As will be shown in Section 2.2, the theoretical approach presented here requires
the specification of four molecular characteristics (only two for nonionic surfactants)
for each surfactant species comprising the surfactant mixture. These include: (i)
the number of carbons in the surfactant hydrocarbon tail, (ii) the molecular cross-
sectional area of the surfactant hydrophilic head, (iii) the valence (for ionic surfac-
tants), and (iv) the distance of closest approach between the centers of charge of the
adsorbed surfactant and its counterion (for ionic surfactants). Characteristics (i),
(ii), and (iii) can be determined from the known molecular structure of the surfactant
hydrophobic tail and hydrophilic head, while the determination of characteristic (iv)
also requires knowing the chemical structure of the counterion, including hydration.
In addition, the standard-state chemical potential difference corresponding to a sur-
factant molecule in the monolayer and in the bulk solution is also needed for each
surfactant species comprising the surfactant mixture. In principle, this quantity can
also be estimated theoretically from a detailed description of the interactions of the
surfactant molecules with the surrounding aqueous medium in the monolayer and in
the bulk solution.3 83 9 However, due to the uncertainties associated with this estima-
tion, this quantity will be determined here by fitting one experimentally measured
surface tension value to the predicted one for each surfactant species comprising the
surfactant mixture (for details, see Section 2.3.2).
It is important to stress that in extending this theory from single surfactants to
surfactant mixtures containing any number of components, no additional empirical
parameters are introduced and no assumption of ideal mixing is made. Using the
theoretical approach presented in this chapter, one could create a library of single
surfactants from which the mixture interfacial properties could then be predicted for
any possible permutation of surfactant mixtures. Eliminating the need for experi-
ments on all the possible realizable surfactant mixtures can considerably facilitate
the design and optimization of surfactant mixtures exhibiting the desired interfacial
behavior.
The remainder of the chapter is organized as follows. The theory of adsorption
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at the aqueous solution-air interface for nonionic and ionic surfactants both below
and above the critical micelle concentration of the surfactant mixture is presented
in Section 2.2. This theory is utilized in Section 2.3 to predict surface tensions and
surface adsorptions for several single as well as mixed surfactant systems, including
a comparison of these predictions with available experimental measurements from
the literature. The surfactant systems examined include single surfactant aqueous
solutions of sodium dodecyl sulfate (SDS), dodecyl maltoside (C12Maltoside), and
dodecyl hexa(ethylene oxide) (C12 E6 ), as well as binary surfactant aqueous solutions
of SDS/C 12 E6 and SDS/C 12Maltoside. Finally, in Section 2.4, concluding remarks
are presented.
2.2 Theory
2.2.1 Surface Equation of State and Adsorption Isotherm for
Mixtures of Nonionic Surfactants
A molecularly-based surface equation of state for aqueous solutions containing mix-
tures of nonionic surfactants was developed by Nikas et al.12 using a kinetic (gas-like)
treatment of the surfactant molecules which are adsorbed at the solution-air interface.
A brief overview of this theory, including some new insights, is presented here as an
introduction to the treatment of ionic surfactants described in Section 2.2.2, and also,
because any nonionic surfactants present in the mixture will be modeled using this
theory. The theory by Nikas et al. assumes that the interactions operating between
the surfactant molecules at the interface are not sufficiently strong so as to induce
long-range ordering or segregation among the adsorbed species. An examination of
possible phase transitions in the monolayer driven by attractive interactions between
the adsorbed surfactant molecules will be presented in Appendix C. Two types of
interactions between the nonionic surfactant molecules which are adsorbed at the in-
terface are accounted for in this theory: (i)repulsive, steric interactions between the
surfactant heads and/or tails (depending on their relative size), and (ii) attractive,
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van der Waals interactions between the surfactant tails.
The Gibbs interfacial model" forms the basis for this thermodynamic treatment.
Specifically, a two-dimensional planar Gibbs dividing interface is chosen within the
actual three-dimensional interfacial region at a position where the Gibbs surface excess
number of solvent (water) molecules,Nw, vanishes. Recall that the Gibbs surface
excess number of molecules of type i, Nf, is defined as follows:1 4
0 00
Ni' F i I ni (x) - n']dx + [ ()- n']dx 21
-00 0
where A is the area of the planar Gibbs dividing interface, Pi is the surface excess
number density of molecules of type i (referred to hereafter as the surface concen-
tration of molecules of type i), x is the distance perpendicular to the interface, such
that the aqueous phase lies on the side of positive x, ni(x) is the number density of
molecules of type i located at position x, nw is the bulk aqueous number density of
molecules of type i (limiting value of ni(x) as x -+ oc), and nr is the bulk vapor
number density of molecules of type i (limiting value of ni(x) as x -* oc). Note that
the integrands in Eq. (2.1) are non-zero solely within the interfacial region, that is,
in the region where ni (x) is different than the bulk number density of molecules of
type i in the corresponding phase, ni or n'. Therefore, the integrations in Eq. (2.1)
may be carried out only over the interfacial region without affecting the values of Nf
or Fl.
In the monolayer model for nonionic surfactants adsorbed at an interface, all the
Gibbs surface excess number of surfactant molecules are assumed to be present in
a two-dimensional monolayer located at the interface. In the vapor phase (x < 0),
the number density of surfactant molecules vanishes since it is assumed that the
surfactants are completely non-volatile. In the liquid phase (x > 0), the number
density of surfactant molecules is constant at the bulk value, nr. At the interface
itself (x = 0), the number density of surfactant molecules behaves like a delta function
since the treatment is that of a two-dimensional monolayer. Mathematically, the local
number density distribution of a non-volatile nonionic surfactant of type i can be
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written as follows:
0, for x < 0
ni ()={ (2.2)(x) + n", for x;>0
where 6(x) is the delta function, and qj is the number of surfactant molecules of type
i in the monolayer. Substituting Eq. (2.2) in Eq. (2.1) and integrating yields:
i = Nf (2.3)
In other words, in this description, the Gibbs surface excess number of surfactant
molecules of type i, N', is equal to the number of surfactant molecules of type i
present in the monolayer, 77.
In Eq. (2.2), the monolayer is assumed to be positioned at the Gibbs dividing sur-
face (x=0). This assumption is physically reasonable since one expects the monolayer
to be located within the relatively thin interfacial region, such that the hydrophilic
surfactant heads are in the polar, aqueous environment while the hydrophobic sur-
factant tails are in the non-polar, vapor environment. Note that an extremely precise
choice of the position of the Gibbs dividing surface is not essential, since small changes
in this position have a negligible effect on the value of the surface concentration of
surfactant molecules of type i, Fj. For example, for C12 E6 at a bulk aqueous con-
centration of 10-8 mol/cm 3 (which corresponds to a surface tension of approximately
45 dyn/cm), changing the position of the Gibbs dividing surface by 10A changes the
value of the C 12 E6 surface concentration, PFC 1 E6, by (10-8 mO1/Cm 3 ) X (O X10-8Cm)
10- 1 mo1/cm 2 . This difference is much smaller than the actual C12E6 surface excess
of 2 x 10-10 mol/cm 2 determined experimentally using the Gibbs method through sur-
face tension data as a function of bulk aqueous C12E6 concentration. 14 Accordingly,
the predictions generated using this theoretical framework are quite insensitive to the
assumption that the surfactant monolayer is located at the Gibbs dividing surface.
In addition, note that it is assumed that the air in the vapor phase is inert as well as
not surface active.
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In the context of the monolayer model, one can develop a surface equation of state
by accounting for the various types of interactions between the surfactant molecules
present in the monolayer. Steric interactions are accounted for by treating each
surfactant molecule as a hard-disk having an area equal to the larger of the cross-
sectional areas of the surfactant head or tail. For surfactants having a compact,
well-defined head, such as SDS, the head cross-sectional area can be estimated from
the surfactant head molecular structure using known bond lengths and angles. For
surfactants having a polymeric-like head, such as those of the poly (ethylene oxide)
variety, an average head cross-sectional area can be estimated using a Monte-Carlo
simulation approach, as described in detail previously.12 The estimation of the head
area size is discussed further in Section 2.3.
Attractive, van der Waals surfactant tail-tail interactions are treated as a pertur-
bation to the hard-disk repulsions using an expansion in surfactant surface concen-
tration truncated at second order. As described in Ref. 12, the second-order virial
coefficient, Bij, characterizing the attractive van der Waals interaction between a
surfactant molecule of type i and another of type j, can be calculated theoretically
as:
Bij= irf 1 - exp ( ir)) dr (2.4)f ~kBT
dij
where uji is the two-particle inter-molecular potential, for which an estimate is given
by Salem.40 A similar calculation of the second-order virial coefficients will be imple-
mented here.
Accounting for the steric and attractive interactions as described above, the sur-
face EOS of aqueous solutions of surfactant mixtures that include only nonionic
species can be written as follows: 12
7 ( n 2i
1I = kBT {=1 ( 2 + Bii A2+ } (2.5)
A -sr Ni ne a - di ferc h=A =1
where H- is the surface pressure, defined as the difference between the surface tension
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of the pure solvent, uo, and that of the solution, a, that is, H= uO - a, kB is the
Boltzmann constant, T is the absolute temperature, A is the area of the interface, n
is the number of surfactant species, and ai and ri are the hard-disk area and radius
n
of surfactant molecules of type k, respectively. In Eq. (2.5), E denotes summation
ij=1
over all possible pairs of surfactant species, while avoiding double-counting. For the
aqueous surfactant solutions examined in this chapter, ao is the surface tension of
pure water, taken to be 72dyn/cm at 25 C.4 1
As expected, the surface pressure is an intensive property, and consequently,
Eq. (2.5) can be rewritten solely in terms of intensive variables. Specifically, 12
11= kBTina01+xn 2 . + E Bij a2 (2.6)
a - E o (ai  - xai) zj=1
n
where a is the area per adsorbed surfactant molecule, defined as a = A/ E Nf,
i=1
and x' is the surface mole fraction of surfactant molecules of type i, defined as
n
X= N / E N.
k=1
The surface equation of state, Eq. (2.6), expresses the surface pressure, H, (and
hence the surface tension, a = cO - H) as a function of the surface concentration and
composition, 1/a and x7, respectively. However, it is the bulk solution concentration
and composition that is typically known or controlled experimentally. To relate the
surface concentration and composition to the bulk concentration and composition,
one can invoke the thermodynamic diffusional equilibrium between the surfactant
molecules adsorbed at the interface and those present in the bulk aqueous solution
using the theoretical framework described below.
The excess surface free energy, F', can be calculated by integrating the surface
pressure, H, with respect to surface area, A, utilizing the fact that, in general, the
free energy must approach ideal behavior at infinite dilution. Specifically, 12
A
Fo = F",id -/ (H - Hid)dA (2.7)
00
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where jpd = kBT E NkO/A is the ideal surface pressure, and F,id is the corresponding
k=1
ideal excess surface free energy, given by: 12
F = Nor (#y' + kT In ( + kBT In x' (2.8)
k=1
where x' is the surface mole fraction of surfactant molecules of type k, and j' is
the standard-state chemical potential of surfactant molecules of type k at a reference
pressure, H0 . Note that the reference pressure is arbitrarily chosen to be 1 dyn/cm,
since cgs units are used throughout this thesis. Note also that the choice of the refer-
ence pressure will affect the numerical value of the standard-state chemical potential,
but will not affect the final predicted surface tensions or surface adsorptions.
Finally, the surface chemical potential of surfactant molecules of type i, [pF, can
be calculated by differentiating the excess surface free energy, F', in Eq. (2.8) with
respect to the excess number of surfactant molecules of type i adsorbed at the inter-
face, Nf, at constant interfacial area, A, temperature, T, pressure, P, and number
of surfactant molecules of type j#i adsorbed at the interface, N,"g. Specifically, for
nonionic surfactants, p4 is given by: 12,34
('OFO '
Pt kN"J ATP,7;, (2.9)
A
+ kBT I I + n 0) +In X0- N6 dA
00 A,T,P,No'g
Using the surface equation of state, Eq. (2.5), in Eq. (2.9) and integrating yields:1 2
n
ai + 27rri xork
/ P +kBT j n n n ± + (2.10)
a Ex ak a - E xO ak
k=1 k=1
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+2k= + - Bix
a- XOiak k=1
k=1
where 4', =i" + kBT {1 + in (kBT/F o)} has been introduced for convenience.
At thermodynamic diffusional equilibrium, the surface chemical potential of a
surfactant molecule of type i, 14 in Eq. (2.10), can then be set equal to an appropriate
expression for the bulk aqueous chemical potential of a surfactant molecule of type
i (either as a monomer or in a micelle), p7, for each surfactant type i, to determine
the excess amount of surfactant adsorbed on the surface, that is,
4 = (2.11)
For a reasonably dilute surfactant solution, that is, below and slightly above the
CMC, where the bulk intermicellar and micelle-monomer interactions are negligible,
the bulk aqueous chemical potential of surfactant monomers of type i can be modeled
using ideal solution theory. * Specifically, 12,35
P W = Oi + kTlIn(xw) -tw'O + kBTln nw(2.12)
n )
where pw'0 is the bulk aqueous standard-state chemical potential of surfactant mono-
mers of type i in the infinite dilution limit, and xw is the bulk aqueous mole fraction of
surfactant monomers of type i and is defined as x = n/ n + E nw ~ /ii ii W j=1 1/ W
where nw, nm, and nw are the bulk aqueous concentration (as a number density) of
surfactant monomers of type i, the total bulk aqueous concentration of surfactant
molecules of type j in either monomeric or micellar form, and the bulk aqueous con-
centration of water molecules, respectively. Note that the bulk aqueous concentration
of water, nw is approximately a constant and equal to that of pure water since the
*The ideal solution chemical potential model provides a very good approximation to the more
complex, non-ideal expression for the bulk surfactant monomer chemical potential that was used in
Refs. 35 and 36.
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surfactant solutions are dilute. Note also that although micelles do no adsorb at
the interface, they nevertheless effect the solution surface properties indirectly by
affecting the surfactant monomer concentration.
n
For any given total bulk aqueous surfactant concentration, nitot n , and
k=1
bulk aqueous solution composition, aSOin, temperature, T, and pressure, P, a recently
developed molecular-thermodynamic theory of bulk micellization3 5 3 7 is utilized to
calculate nT(ntt, ason, T, P) for each surfactant type i. A detailed description of
the calculational procedures can be found in Refs. 35-37. The calculated nw values
can then be used in Eq. (2.12) to compute pt(nitt, csoln, T, P).
Using Eqs. (2.10) and (2.12) in Eq. (2.11) finally yields:
n
ai + 27rri E x ark0 kq kIn = + n (I + k=1 (2.13)
nw kBT a - Z xoak a - E xZak
k=1 k=1
7rai (x0rk n
+=1 + 2 Bik
n a
a - E xOak k=1
k=1
where Api P - p4T'Ois the standard-state chemical potential difference of surfac-
tant molecules of type i at the surface and in the bulk aqueous solution. Note that
Eq. (2.13) represents a system of n equations, one for each surfactant type present in
the mixture. The quantities Apo are the only parameters in the theory that are not
calculated by direct molecular modeling. Instead, Api can be found by performing
a single experimental surface tension measurement at a known total bulk aqueous
surfactant concentration for each individual surfactant type present in the mixture,
and then fitting the solution of Eqs. (2.6) and (2.13) to the measured surface tension
value. Specifically, one can first determine the surface pressure, HI, from the surface
tension measurement using H o - o. This value of the surface pressure can then
be used in Eq. (2.6) for a particular single surfactant i to determine a, the interfacial
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area per molecule, with knowledge of the temperature, T, the pressure, P, the head
area size, aj, and the second-order virial coefficient, Bai. Note that, in this case, the
surface mole fraction of surfactant molecules of type i, xq, is unity, while the surface
mole fractions of all the other surfactant types, x', vanish since only a single surfac-
tant type, i, is present in the system. This value of a can then be used in Eq. (2.13)
to determine ApO (see Section 2.3 for a discussion of the recommended total bulk
surfactant concentration to be used for this surface tension measurement). Note that
once Atp? is determined in this manner for each surfactant type present in the mix-
ture, no additional experimental measurements involving the surfactant mixture are
necessary.
For mixtures containing only nonionic surfactants, since Eq. (2.13) represents a
system of n equations, and there are n + 1 unknown quantities (a and {x7,...,xO}),
this system of equations can be solved uniquely along with the additional constraint
that > x[ = 1. The values of a and {x7,...,x;} found by solving Eq. (2.13) can then
i=1
be used in Eq. (2.6) to predict the equilibrium surface pressure, I, and hence the
equilibrium surface tension, o = o-o - II, as a function of nitot, aso", T, and P. The
extension of this theory to mixtures containing ionic surfactants is discussed next in
Section 2.2.2.
2.2.2 Surface Equation of State and Adsorption Isotherm For
Mixtures Containing Ionic Surfactants
The spatial distribution of all the ionic species (ionic surfactants and their counteri-
ons) is modeled here as consisting of an adsorbed charged monolayer at the interface
and a diffuse ionic cloud in which, at equilibrium, thermal diffusion is balanced by
electrostatic interactions between the ionic species and the charged monolayer, 14 ,1,28
as modeled by Gouy and Chapman. 29' 3 0 It is assumed hereafter that the ionic sur-
factants are fully dissociated. In other words, although the ionic surfactants and
their inorganic counterions interact through attractive Coulombic forces, they do not
remain bound together as a single entity. This is expected to be valid for organic
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salts, such as SDS considered here, but may not be valid for organic fatty acids
at low pH where a certain fraction of the fatty acids may remain undissociated.14
In addition, this description treats all the ions in the bulk aqueous solution as point
charges having no physical excluded volume, except for a minimum distance of closest
approach (the so-called Stern-layer described below). Furthermore, the diffuse layer
and the surface are treated as having uniform, "smeared" three- and two-dimensional
local charge densities, respectively, and it is assumed that the ions interact through a
structureless solvent having a uniform dielectric constant. For a review of this type of
electrostatic theoretical description, see Ref. 14 and references therein. The effects of
ion size and dielectric constant saturation on the diffuse region of the Gouy-Chapman
model will be examined in Appendix A.
As in the nonionic surfactant case, the Gibbs model forms the basis for this ther-
modynamic treatment (see Section 2.2.1). However, in the ionic surfactant case, the
interfacial region (the region where the actual local number density of ions is signifi-
cantly different than that in the bulk aqueous solution) is wide compared to the size
of the various ionic solutes. This is a result of the diffuse layer forming the so-called
electrical double layer (see Figure 2-1 for an illustration).' 4 In the context of this
diffuse layer model, two different quantities related to the surface excess number of
ions can be defined: qj, the number of molecules of type i actually adsorbed in the
monolayer, and Aj, the excess number of molecules of type i in the diffuse layer, as
described in detail by Hachisu42 (see Eq. (2.14) below for a mathematical description).
As in the nonionic surfactant case, it is assumed that the position of the surfactant
monolayer is the same as that of the Gibbs dividing surface (x = 0). As explained
in Section 2.2.1, this is physically reasonable, and variations of this position that are
of the order of the size of the surfactant molecules will have a negligible effect on the
predictions of this model.
Similar to the nonionic surfactant case, in the vapor phase (x < 0), the local sur-
factant number density vanishes, and at the monolayer (x = 0), the local surfactant
number density exhibits the behavior of a delta function. However, in the Stern layer
(extending from the monolayer at x = 0 to the Stern surface at x = d), the local sur-
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Figure 2-1: Schematic illustration of the air-water interfacial region of an ionic surfac-
tant solution (left) and the corresponding local number densities of both the surfac-
tant molecules (solid line) and counterions (dashed lines) as a function of the distance
from the interface (right). In the plot on the left, the dark shaded region corresponds
to the (negative) surface excess concentration of surfactant molecules in the diffuse
region, the light shaded region corresponds to the (positive) surface excess concen-
tration of the counterions, and the arrow at x = 0 indicates a delta function which
corresponds to the surface excess concentration of surfactant molecules in the two-
dimensional monolayer. Note that, for simplicity, the Stern region is not shown in
this illustration.
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nSb n,(x) or n,(x)0
factant number density vanishes due to steric repulsions with the surfactant molecules
adsorbed in the monolayer. In the aqueous environment near the monolayer (x > d),
the local surfactant number density, nsurfactant(x), is lower than that of the bulk aque-
ous surfactant number density, nwsufatant, due to the electrostatic repulsions with the
similarly charged surfactant molecules present in the monolayer. As the distance from
the monolayer, x, increases, these electrostatic repulsions decrease in magnitude, and
therefore, the local surfactant number density increases, approaching an asymptote at
the bulk aqueous surfactant number density far away from the monolayer (x -+ 00).
Similar to the surfactant, the counterions are assumed to be non-volatile requiring
ncounterion(x) to vanishes in the vapor phase (x < 0). However, as stated earlier, the
counterions are assumed not to be present at all in the monolayer. Accordingly, there
is no delta function at the monolayer (x = 0) for the counterions. Moreover, as in
the surfactant case, the steric repulsions between the counterions and the surfactant
molecules adsorbed in the monolayer require that the local counterion number den-
sity vanishes in the Stern layer (0 < x < d). Since the counterions have a charge
that is opposite to that of the surfactant molecules adsorbed in the monolayer, they
are attracted electrostatically to the monolayer, leading to an increase in the local
counterion number density, ncounterion(x), near the monolayer (x > d). Far away from
the monolayer (x -+ oo), this attractive interaction vanishes, and the local counterion
number density approaches the bulk aqueous counterion number density, nwounterion.
In this treatment of the Stern-layer, it is assumed that neither the surfactant
molecules nor the counterions are present in a region of thickness d near the mono-
layer (at x = 0), and that the value of d corresponds to the size of the counterion.
Physically, one could argue that a different value of d should be used for the surfactant
molecules since, in general, they have a different size. Or, possibly, one may want to
allow for the presence of surfactant in the Stern-layer, since surfactant molecules will
at some point need to traverse the Stern layer in order to adsorb at the monolayer.
However, one should keep in mind that the concentration of surfactant in the aqueous
region near the monolayer is inherently quite low due to the electrostatic repulsions
with the similarly charged monolayer. Accordingly, changing the distance of closest
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approach of the surfactant molecules should have a negligible effect on the final pre-
dictions of this model. Using the same value of d for both the surfactants and the
counterions allows us to obtain a closed-form mathematical expression for the surface
pressure (see Section 2.2.2.1) while introducing very little error.
Mathematically, the two quantities, 7i and Aj, can be expressed as follows:
a ~limJ(ni (x) - n)dx= lim J ni (x) dx (2.14)
--e -e
and
00
-i = lim (n x -n')dx (2.15)A E-+O n(x
Combining 7i and Ai [Eqs. (2.14) and (2.15)] yields the conventional Gibbs surface ex-
cess number of molecules of type i, N', for the case where no surfactant or counterion
molecules are present in the vapor phase, that is,
00
ni + Ai = A (ni (x) - nw)dx = Nf (2.16)
0
It is important to recognize that 7i is the number of molecules of type i held
at the surface by the hydrophobic effect, while Ai is the contribution to the Gibbs
surface excess number of molecules of type i, No, due to the competition between the
electrostatic interactions, associated with the ions actually adsorbed in the monolayer
and those dispersed in the bulk aqueous solution, and the thermal energy of the
ions. Note again that since the integrands in Eqs. (2.15) and (2.16) vanish outside
the interfacial region, the integrations need not extend to infinity, but instead, can
terminate at any distance, x, outside of the interfacial region.
As discussed above, it is assumed that the adsorption process is driven primarily
by the hydrophobic effect, and therefore, that only the organic, surface-active ions are
physically adsorbed in the monolayer, while their inorganic counterions are present
only in the diffuse region of the double layer. In other words, if i is an inorganic
counterion, then T1 ~~ 0 and Ai ~ Ng. The organic surface-active ions are present
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in both the monolayer and the diffuse layer.4 ' However, to a good approximation,
A << 71, and therefore,
Nj' (2.17)
for all the organic surface-active ions. The approximation in Eq. (2.17) is not neces-
sary; however, it greatly simplifies the mathematical calculations which follow, and
was found to have a negligible effect on the final predictions. Accordingly, Eq. (2.17)
will be used hereafter to model the organic, surface-active ions.
As will be discussed in Section 2.2.2.2, determining the adsorption isotherm for
ionic surfactants is more complex than for nonionic surfactants due to the requirement
of electroneutrality. Indeed, instead of simply considering an isolated ionic surfactant
and requiring that it be at thermodynamic, diffusive equilibrium in both the bulk
aqueous phase and in the surface phase, one must consider the diffusive equilibrium
of an electroneutral combination of the surfactant ion and its counterion. In other
words, at equilibrium, the sum of the chemical potentials of the two ions comprising
that electroneutral combination must be the same in both the bulk aqueous phase
and the surface phase. This is analogous to the treatment of phase equilibrium of
ionic species in two coexisting bulk, three-dimensional phases.4 3
2.2.2.1 Surface Equation of State for Solutions Containing Ionic Surfac-
tants Below the CMC
The effect of electrostatic interactions on the surface pressure, TI, is accounted for
here by incorporating it as an additive contribution. 14,1, 28 Specifically,
S= rNI + rlelec (2.18)
where HNI is the contribution to the surface pressure resulting from all non-electro-
static interactions, and rlelec is the contribution to the surface pressure arising from
the electrostatic interactions. This implicitly assumes that electrostatic interactions
can be decoupled from all other interactions, an assumption which may break down for
very highly-charged interfaces or in the presence of polyelectrolytes at the interface,
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since long-range ordering may exist under these conditions. In other words, the
nonionic contribution, HNI, can be calculated by treating the surfactant molecules
as if they were not charged, as described above in Section 2.2.1, and then adding to
that the excess surface free energy per unit area associated with charging the ionic
surfactants and their counterions, captured in rlelec. 1 4
As described in Section 2.2.1, for the nonionic surfactants, the non-electrostatic
contribution to the surface pressure, HNI, which includes repulsive hard-disk and
attractive van der Waals interactions is given by [see Eq. (2.5)]:
n __(_n 2
Gi 70 iri n
rlNI B ±=i 2 +j B A2  (2.19)
now written in terms of the variables qj, rather than Nq, since qj represents the actual
number of surfactant molecules of type i in the monolayer itself [see Eq. (2.14)].
The first step in calculating the electrostatic contribution to the surface pressure,
Tleiec, is to model the equilibrium spatial distribution of ions in the diffuse region of
the double layer, and then to calculate the resulting electrostatic potential. First,
the aqueous region is divided into two parts, a Stern layer and a diffuse layer, as
described earlier in Section 2.2.2. In the Stern layer, the charge density vanishes due
to the steric exclusion of any ions, and therefore, the Poisson equation reduces to:
d24' - 4 WPelec
d 2  - =0 ,for 0<x<d (2.20)dX2 ES
where I' is the electrostatic potential, Peiec is the local charge density, and e, is the
dielectric constant in the Stern layer, which was estimated to have an effective value
of 42 (see Section 2.3.1).
The spatial distribution of ionic species in the diffuse layer is assumed to be
described by the Boltzmann distribution, given by:
ni (x) = nw exp -zeTiX) (2.21)
kBT
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where zi is the valence of ions of type i, nw is the bulk aqueous number density of ions
of type i, and e is the charge of a proton. The distribution in Eq. (2.21) arises from
the balance between the entropic-driven tendency for a uniform ion number density
and the electrostatic-driven tendency for the ions to order themselves with respect to
the charged monolayer. An important approximation regarding Eq. (2.21) is that the
ions in the bulk aqueous solution are point charges, having no excluded volume. This
approximation is expected to be valid for electrolyte solutions that are reasonably
dilute and will be discussed further in Appendix A. Combining Eq. (2.21) with the
Poisson equation (in cgs units) yields the governing equation of the diffuse layer, that
is, the familiar Poisson-Boltzmann equation: 14,28 ,44
d 2 4 - 4 7Pelec -47e Sn(.2
dX2  -zin (x) (2.22)
-4ire 
-ze()5zin exp , for x > d
E i kT
where E is the dielectric constant in the diffuse region, assumed to be that of pure
water. Two important approximations leading to Eq. (2.22) include: (i) treating
the ions in the bulk aqueous solution with a uniform, smeared, charge density, Pelec,
and (ii) assuming that the dielectric constant, E, is uniform throughout the diffuse
region. This latter assumption will be examined in detail in Appendix A. Equations
(2.20) and (2.22) are two second-order ordinary differential equations for T, thus
requiring four boundary conditions for their solution (two for each equation). The
first boundary condition can be obtained by relating the electric field, -diJ/dx, to the
surface charge density, &,4 leading to:
d'IF 
-47r& (2.23)
dx x=0 ES
The second boundary condition can be obtained by arbitrarily choosing a distance
infinitely far from the interface as the reference point of the electrostatic potential.
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Specifically, the electrostatic potential is chosen to vanish at infinity, that is,
T (x -+ 00) = 0 (2.24)
The third boundary condition can be obtained by requiring that the electrostatic
potential, T, be continuous across the Stern boundary at x=d, namely, that
T (x = d-) = I (x - d+) (2.25)
where '(x=d-) denotes the electrostatic potential at x=d in the Stern layer, and
'I(x=d+) denotes the electrostatic potential at x=d in the diffuse layer. The final
boundary condition can be found by relating the electric field at the boundary between
the Stern and the diffuse layers (x=d) as follows:
d' = E d' (2.26)Cdx xd Cdx xrd+
Note that in utilizing Eq. (2.26) it has been assumed that the counterions do not
bind or adsorb onto the Stern layer. Integrating Eq. (2.20) twice, and using Eqs. (2.23)
and (2.25) as boundary conditions, yields the solution for the electrostatic potential
in the Stern layer. Specifically,
dx = ,for 0 < x < d (2.27)dx ES
and
S= XFd + (d-x), for 0<x<d (2.28)
Es
where 4Wd = (x = d) is the value of the electrostatic potential at the boundary
between the Stern layer and the diffuse layer.
The solution to the electrostatic potential in the diffuse layer can be found by
integrating Eq. (2.22) once to solve for dT/dx, and using the fact that the electric
field vanishes at infinity (as a result of the entire system being electroneutral). This
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yields:
dT ) 87rkBTnze
(d) 2 kT(exp ) (2.29)
i=1
If only monovalent ions are present, that is, if Izi = 11, which corresponds to the
ionic surfactant SDS considered in this chapter, Eq. (2.29) reduces to:1 4
dI 2 87rkBTn 2sinh e 2
dx E 2kBT
d'I 2kBTK e'Id- - sinh kT (2.30)dX e (2kBT)
where nw Z rn = 0 nw, and K-1 F kBTe is the familiar Debye-Hiickel
cations anions
screening length. Note that the negative square root was used above in Eq. (2.30)
since, in the case of a positively-charged monolayer, T will be positive, leading to
a positive value of sinh(eI/2kBT), resulting in a negative value of (dP/dx). This
is expected physically, since the potential, IF, is positive near the interface, and
should decrease to zero with increasing distance from the monolayer. Similarly, for
a negatively-charged monolayer, T will be negative, resulting in a positive value of
(dl'/dx). In addition, note that if multivalent ions are present, the analysis which
follows must be done numerically, as described in Section 2.2.2.4.
By combining Eqs. (2.26) and (2.27), the surface charge density, &, can be ex-
pressed as follows:
-edT
= dli(2.31)47rdx xd+
Combining Eqs. (2.30) and (2.31) yields:
(en(2kBT' ( e'IdN
& - = K - 2BT smnh (e(2.32)47r e 2kBT(
Finally, solving Eq. (2.32) for 4 d, and combining with Eq. (2.28), one obtains the
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following expression for the potential at x=O, To:
2kBT 27re& ( 27e& 2 4rd&
e in kT + 1 + &kT + (2.33)
e ErkBT V EnkBT ES
Note that the first term in the right-hand-side of Eq. (2.33) results from the distri-
bution of the ions in the diffuse layer, and the second term results from the Stern
layer.
The electrostatic contribution to the surface pressure, rleiec, is the free energy
per unit area required to build up the charge in the monolayer, in the presence
of the counterions, from zero surface charge density, to a surface charge density of
& = eziqi/A, given by the following integral: 14,46
_ eziqi/A
i=1
felec &ol - o (&) d& (2.34)
E ezi?7i/Ai=10
Inserting the expression for To, given in Eq. (2.33), into Eq. (2.34) yields the
following expression for the electrostatic contribution to the surface pressure:
n 2
rlelec (r-) (2kBT [cosh ( 2') + -d (=1 (2.35)\47E/ e _ 2kBT) E S A
The first term in the right-hand-side of Eq. (2.35) is the electrostatic term in the famil-
iar Davies equation of state. 28 ,44 The second term in the right-hand-side of Eq. (2.35)
is the new contribution from the Stern layer. Note that if the Stern layer is removed
by setting d = 0, the original Davis term is recovered.
Using Eq. (2.32) to calculate cosh(e4o/2kT), and then utilizing this result in
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Eq. (2.35) yields:
Felec = (E) (kBT)2
7r e
(2-e 2
EnkBT
eZigi
n 2
27rd ezi )
ES A
Equation (2.36) provides an expression for the electrostatic contribution to the sur-
face pressure written explicitly in terms of the various numbers of surfactant molecules
present in the monolayer, qj. Note that although the various excess number of ions in
the diffuse layer, Aj, do not appear explicitly in Eq. (2.36), their existence is accounted
for through the integral in Eq. (2.34), and therefore, they do contribute to the elec-
trostatic surface pressure, rlelec. Electroneutrality dictates that the excess number of
counterions is not independent of the excess number of surface active species present
in the monolayer (see Ref. 42 for a more detailed discussion of this topic).
The total surface pressure, H, can now be obtained by combining Eqs. (2.19) and
(2.36). Specifically,
H =kBT 1
a - ja
(2.37)
n 2
n 2 +B
(a - ia)2 j
2i2e
+ EK)( kBT 2 ( ( ezj)i
7r e EskBT a
n2
27rd7d eij
+ -
7:s::
n fl
where a = A/ I ri and j - 71/ E nj are intensive variables, and represent the
i=1 j=1
area per surfactant molecule actually adsorbed in the monolayer and the fraction of
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- 1] (2.36)
molecules of type i actually adsorbed in the monolayer, respectively. Note that if all
the surfactant species are nonionic, then zi=O, and ij=N, (since there is no diffuse
layer, that is, Aj=0) for each i. In that case, Eq. (2.37) reduces to the original equation
of state for nonionic surfactants, Eq. (2.19), or equivalently, Eq. (2.5). Consequently,
Eq. (2.37) serves as a general equation of state for both single ionic and nonionic
surfactants, as well as for their mixtures.
2.2.2.2 Surface Chemical Potential for Ionic Surfactant Solutions Below
the CMC
As an illustration of the application of the theoretical framework developed so far,
an aqueous solution containing only one monovalent ionic surfactant species (denoted
by subscript s) and its oppositely-charged counterion (denoted by subscript c), along
with an arbitrary number of nonionic surfactants is considered. In particular, this
would apply to an aqueous solution of a single ionic surfactant, such as SDS, or
to an aqueous solution containing a binary mixture of a single ionic surfactant and
a single nonionic surfactant, such as the binary mixtures of SDS-C 12E6 and SDS-
C12Maltoside considered in this chapter. Attention is also restricted to systems that
do not contain any added salt.
The use of electroneutral combinations of ions constitutes a common approach to
theoretically model phase equilibrium of electrolytes in bulk solutions.43 As stated in
Section 2.2.2, one can treat phase equilibrium of charged species by requiring that the
sum of the chemical potentials of each ion in an electroneutral combination be equal
in all the phases that are in thermodynamic diffusional equilibrium. For example,
consider two phases, a and 3. One can use the following equation to describe the
diffusional equilibrium of an electroneutral combination of the surfactant, s, and its
counterion, c, between these two phases:
ps + P a = po + po (2.38)
Defining the sum of the chemical potentials of ions s and c by p, that is, pcp,+pc,
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Eq. (2.38) can be rewritten as follows:
a = PO (2.39)
Physically, [-t represents the incremental rate of change of the free energy when
equal amounts of species s and species c are added to the corresponding phase.
Mathematically, this can be expressed as follows for the surface phase:*
a" = (2.40)SC No) T,PA,NtS, ONc )T,P,AN3aSC
since dNs IT,PA,N;,, = dNf 1T,PA, NIO' in order to maintain electroneutrality (that is,
any change in s must be accompanied by an equal change in c if the amount of all
other species are held constant). In Eq. (2.40), the term Nj54,c denotes the number
of molecules in the surface phase of all types other than s and c.
Utilizing Eq. (2.40), the surface chemical potential of surfactant ion s and coun-
terion c , pW, can be written as follows:
=( = (,F (2.41)
s) T,PA,Nks,c s T,PA,7k~s s T,P,A,NGOs,c
Using the approximation given in Eq. (2.17) that q, Ns, it follows that:
(07 ) = 1 (2.42)
N / T,PA,Nk#s,c
Using Eq. (2.42) in Eq. (2.41) then yields:
a" = ~F (2.43)Psc 9Nso T,P,A,NkO,c 077s) T,P,A,nkO, 2.3
*The excess surface free energy used here is defined as F=F-Fv-FL+PVv+PVL, where F is the
total Helmholtz free energy of the system, Fv and FL are the Helmholtz free energies of the vapor
and liquid phases, respectively, and VV and VL are the volumes of the vapor and liquid phases,
respectively. Accordingly, the pressure, P, is held constant in the differentiation of Eq. (2.40) (see
Ref. 34 for a detailed discussion).
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Note that q, = 0 in this model (see Section 2.2), and therefore, does not need
to be held constant in the second partial derivative in Eq. (2.43). In analogy to
the derivation for nonionic surfactants presented in Section 2.2.1 (see Eq. (2.9)), the
surface chemical potential of an ionic surfactant s with its counterion c, /-', can be
expressed as follows:
A
IL = Fo ,id J (r1 id) dA (2.44)
A
=Faid _ ( Hid) dA
00 AT, P,1kts
A
Hid_ d
= p;+O+kBT 1 +In (H 0 )+ Ins) /(a-(H -i dAC0o 00
where PjO is the standard-state surface chemical potential at a reference surface
n
pressure, H0 , chosen arbitrarily to be 1 dyn/cm, Hid = kBT k/A is the ideal
k=1
surface pressure, and FUid is the corresponding ideal surface free energy (for details,
see Section 2.2.1). Using the expression for H given in Eq. (2.37) in Eq. (2.44), one
obtains the following expression for the surface chemical potential, /to':
n
a. + 27rr,E krk
± kBT n n (2.45)
k=1 k=1
n 2
7ras (E krk 2
+ ( =k )2 Y BSkk +2 a ,s~
a - E 6kak k=1
k=1
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In Eq. (2.45), E denotes summation over all the surfactant species, one ionic and the
k=1
remaining nonionic. In deriving Eq. (2.45), only the presence of one ionic surfactant
species was considered, and therefore, there are no summations in the last two terms
in Eq. (2.45), since they originate from the electrostatic interactions.
As expected, for a nonionic surfactant (z. = 0), the electrostatic contribution
in Eq. (2.45) vanishes (and since there is no counterion in that case, A' would be
replaced by ptq). In addition, note that Eq. (2.45) yields the same results for an
anionic (z. = 1) or cationic (z. = -1) surfactant. This is expected, since physically,
there is no inherent difference between anionic and cationic surfactants in the context
of the theoretical description presented here.
2.2.2.3 Bulk Aqueous Chemical Potential for Ionic Surfactant Solutions
Below the CMC
For solutions containing ionic surfactants at concentrations below the CMC, the sys-
tem is sufficiently dilute (typically, less than, or on the order of, 10 millimolar) that
the ideal solution approximation may be invoked. Note that below the CMC, all
of the added surfactant molecules are present as monomers. As a result, the bulk
aqueous ionic surfactant monomer concentration, nwi, is equal to the bulk aqueous
concentration of ionic surfactant, nw. Therefore, the bulk aqueous chemical potential
of a surfactant molecule s and its counterion c, pw, can be expressed as follows:
pLsc = 1t f+ kBT In + kBT In (2.46)SC B7 nw nw
where pw;f is the corresponding standard-state bulk aqueous chemical potential, and
nw is the bulk aqueous concentration of counterion c. Although electrostatic inter-
actions are long-ranged in nature, the use of the ideal-solution approximation (which
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assumes negligible interactions between the solute molecules) is justified in this case
since the solutions are sufficiently dilute. Indeed, the inclusion of non-ideality in the
context of a Debye-Hiickel activity coefficient model43 was found to have a negligible
effect on the theoretical predictions of the model presented in this chapter. In the
absence of added salt containing the counterion c, it follows that n' = n' in order
to ensure bulk electroneutrality, in which case Eq. (2.46) can be rewritten as follows:
piC= pWf, + 2kBT n ) (2.47)
Equating the bulk aqueous chemical potential, pic, from Eq. (2.47), and the surface
chemical potential, p c, from Eq. (2.45), yields the required thermodynamic diffusional
equilibrium condition. Specifically,
n
n a. + 27rr, Z (Grk
2 In (1C+ In E s + k=1)(2.48)
nW a kB k ak a - E kak
k=1 k=1
In 2
7ra, E\ Grk) 2
n a
a - E kak k=1
k=1
27re 2  / (2re 2  s)2 47rd (zse) 2
+2z 81n ZSoS + 1+ zs +ErkBTa \ &KkBTa s kBTEs a
As in the nonionic surfactant case, the standard-state chemical potential differ-
ence, Apo - P - w1O is an unknown constant parameter that can be determined
by a single surface tension measurement at a known concentration of the single ionic
surfactant, s, as described in Section 2.2.1. For an aqueous solution of one ionic sur-
factant and n - 1 nonionic surfactants, Eq. (2.48) for the ionic surfactant, along with
the system of n - 1 equations given in Eq. (2.13) for the nonionic surfactants, can be
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combined with the additional constraint that I = I to yield a total of n+1 equa-
i=1
tions. The solution of this set of n + 1 equations then yields the equilibrium values
of the n + 1 unknowns: a and {{1, ..., $n}. These values can then be utilized in the
surface equation of state, Eq. (2.37), to predict the equilibrium surface pressure, H,
and therefore, the equilibrium surface tension, -= O - H, of the surfactant solution.
2.2.2.4 Ionic Surfactant Solutions Above the CMC
For surfactant solutions above the CMC, the theoretical model for ionic surfactants
presented in Sections 2.2.2.1 - 2.2.2.2 is further complicated by the electrostatic in-
teractions involving the charged micelles. This may include electrostatic interac-
tions between the charged micelles and the charged surfactant monomers, between
the charged micelles and the charged surface, and between the charged micelles and
other micelles. In keeping with the spirit of the Gouy-Chapman model, one would
have to include electrostatic interactions between the micelles and the surface in the
Poisson-Boltzmann equation (see Eq. (2.22)). Similarly, electrostatic intermicellar
and micelle-monomer interactions in the bulk aqueous region should be included in
the bulk aqueous chemical potential model, Eq. (2.46). The modeling of such ionic
interactions in the bulk aqueous solution and in the diffuse region of the double layer
would require a more detailed model than that based on the Gouy-Chapman theory.
In view of the above, the discussion will be restricted to micellar solutions that
are sufficiently dilute such that the various electrostatic interactions involving charged
micelles are unimportant (see below). In that case, the electrostatic surface pressure
model presented in Section 2.2.2.1, as well as the bulk aqueous chemical potential
model presented in Section 2.2.2.2, are still applicable. This is similar to the neglect
of non-electrostatic interactions involving micelles in the nonionic surfactant case
presented in Section 2.2.1 and Ref. 12. In addition, note that the surface properties
often do not vary much above the CMC, and therefore, one is primarily interested in
predicting surface tension and surface adsorption over a relatively dilute surfactant
concentration range below and slightly above the CMC. To determine the surfactant
concentration range where the neglect of micellar interactions constitutes an accept-
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able approximation, the Debye-Hiickel screening length, ti§, provides an estimate
of the length scale for the decay of the electrostatic interactions within the surfac-
tant solution.43 ,47 In other words, the electrostatic effects associated with a charged
particle or charged surface will be significantly reduced at a distance which is sev-
eral Debye-Hiickel screening lengths away. If the average distance between micelles,
estimated by n'/3 (where nmic is the micelle number density), is much larger than
the Debye-Hfickel screening length, r-1, then on average, the electrostatic effects of a
micelle on the surface (or on a surfactant monomer, or another micelle) are expected
to be small, since the average distance between a micelle and the surface (or between
a micelle and a surfactant monomer, or between two micelles) will be sufficiently large
in that case. In other words, as long as
n-/3 >> - (2.49)
to a good approximation, the various electrostatic interactions involving micelles may
be neglected. The inequality in Eq. (2.49) is satisfied for the aqueous ionic surfactant
solutions considered in this chapter having total bulk aqueous surfactant concentra-
tions as large as approximately 10 times the CMC. Figure 2-2 shows an example of
the variation of the ratio of the Debye-Hiickel screening length, ri7, and the average
intermicellar distance, nm /3 as a function of the total bulk aqueous surfactant con-
centration, ntot, for an aqueous binary mixture of 10% SDS and 90% C12 E6 at 25'C.
The micelle number density was predicted using the bulk molecular-thermodynamic
theory of micellization described in Refs. 35-37. Figure 2-2 indicates that below the
CMC (indicated by the arrow), the intermicellar distance is infinite, and therefore,
K-1/n2/ vanishes. Above the CMC, as the total bulk aqueous surfactant concen-
tration, ntot, increases, the intermicellar distance decreases (as more micelles form),
thus increasing the value of -1/nr . However, even at concentrations ten times
larger than the CMC, the ratio remains small compared to unity (approximately 0.1).
As illustrated by this example, even if electrostatic interactions involving micelles are
neglected, the theory developed here should still be applicable over the surfactant
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concentration range that is relevant for many of the practical applications involving
ionic surfactants.
Figure 2-3 shows a schematic illustration of the bulk micellar solution when
Eq. (2.49) is satisfied. The area surrounded by box A represents a region in the
bulk aqueous solution were the electrostatic effects associated with the charged mi-
celles are negligible. Accordingly, the chemical potential of a surfactant monomer of
type s inside the region of Box A may be modeled by the ideal solution approximation,
that is,
Pi= p' + kBT n (xi) = ,o + kBT In (2.50)S nw
where xs 1 and nw are the bulk aqueous mole fraction and concentration, respectively,
of surfactant monomers of type s which can be predicted as a function of the total
bulk aqueous surfactant concentration, ntot, and bulk aqueous solution composition,
asoln, using the bulk molecular-thermodynamic theory discussed in Refs. 35-37. In
the absence of added salt, the number density of the counterions in region A is
equal to the number density of the ionic surfactant monomers in order to maintain
electroneutrality in region A. The chemical potential of the counterions in region A
can therefore be written as follows:
= + kBT In (xs1) - pw, + kBT n 251)
where the counterion mole fraction, Xe, has been replaced by x,1 as explained above.
Equations (2.50) and (2.51) yield the same expression for pw = pw + ,w = wpo +
2kBTln (x1s) as that given in Eq. (2.47) for the bulk aqueous chemical potential, with
the exception that, above the CMC, the surfactant monomer concentration differs
from the total surfactant concentration.
In addition, above the CMC, the effect of the charged micelles on the surface
equation of state and on the surface chemical potentials must also be examined. In
the remainder of this section, two different methods for treating the micelle-surface
electrostatic interactions are considered. In the first method, the Poisson-Boltzmann
model is utilized, and the charged micelles are treated as just another ionic species
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Figure 2-2: Variation of the ratio of the Debye-Hiickel screening length, K-1, and the
average intermicellar distance, n-13 with total bulk aqueous surfactant concentra-
tion, nW
SDS + nW12  for an aqueous binary surfactant mixture of 10% SDS and 90%
C12 E6 at 25'C. Note that below the CMC (indicated by the arrow), the intermicellar
distance is infinite, and therefore, the ratio vanishes. Above the CMC, as the to-
tal surfactant concentration increases, the intermicellar distance decreases (as more
micelles form), thus increasing the ratio. However, even at concentrations ten times
larger than the CMC, the ratio remains small compared to unity.
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Figure 2-3: Schematic illustration of a bulk micellar solution consisting of a single
ionic surfactant species and its counterions when the Debye-Hiickel screening length,
rU-1, is much smaller than the intermicellar distance, n-mi 3 (see text for details).
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present in the diffuse region of the double layer. In the second method, the presence
of the charged micelles is neglected altogether. The first and second methods provide
upper and lower bounds, respectively, for the effect of the micellar electrostatic inter-
actions on the surface properties of the surfactant solution. Moreover, for a micellar
solution not too far above the CMC (where the inequality in Eq. (2.49) is valid), both
methods yield similar results. Consequently, when the micellar concentration is small
and Eq. (2.49) is therefore valid, neglecting the contribution of the charged micelles
to the surface equation of state represents a reasonable approximation.
In the first method for the treatment of micelle-surface electrostatic interactions,
the charged micelles can be included in the Poisson-Boltzmann model by simply
treating them as any other ionic species. Specifically, the Poisson-Boltzmann equation
(see Eq. (2.22)) takes the following form:
d2 -47re n -47re - zse( -ze
dx2  -zini (x) =- znT/exp kB Cexp kBT
+ Zmielrniexp (2.52)
where niw is the bulk aqueous monomer number density of the single ionic surfactant,
s, (that is, far away from the charged interface), nw is the bulk aqueous number
density of the counterion, c, nw is the bulk aqueous number density of micelles, and
zmic is the total valence of the micelle. Note that for simplicity, Eq. (2.52) was written
for a monodisperse micelle population. The extension of Eq. (2.52) to a polydisperse
micelle population is straightforward. The three terms on the right-hand side of
Eq. (2.52) correspond to the three different ionic species present in the solution: the
monomers, the counterions, and the micelles. Note that nw, nW, and zmic can be
predicted using the bulk molecular-thermodynamic theory of micellization discussed
above. 35 17 The validity of including the charged micelles in the Poisson-Boltzmann
model in this manner will be discussed below. Note that since the micelles are not
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monovalent, the closed form solution of the Poisson-Boltzmann equation derived in
Section 2.2.2.1 is not applicable. Instead, a numerical solution to Eq. (2.52) is utilized
as follows. Integrating Eq. (2.52) once, and then using the fact that the electric field,
(dI/dx) vanishes at infinity yields:
dT 2 -87rkBT {w (exp (-zseI) - + -Z (exp (-zce')
dx E S1 kBT C kB
-zmice (-3+ ic exp ') 1 (2.53)
The electrostatic potential at the Stern layer, Td, can be found as a function of
the number of surfactant molecules in the monolayer, q,, by numerically solving the
following equation for "' using any one of the many numerical techniques for solving
one equation for one unknown quantity:48
2=(-6 dT )2 EkBT zse' d (.4& 2 = - -- n gr e x P -J .5 4
47r dx xd27r S1( kBT
± ne"(exp zeeF -- + nic (exp( zmiceFd)
where & = ezri,/A is the surface charge density. Once XF d is known, the surface elec-
trostatic potential, To, can be determined using Eq. (2.28). Finally, the electrostatic
surface pressure, elec, can be found by numerically integrating Eq. (2.34), and the
total surface pressure can be found using = FINI + 1eiec, where HNI is given by
Eq. (2.19). The surface chemical potential of the ionic surfactant s and counterions
c, p can then be found by integrating Eq. (2.44).
Physically, it is anticipated that this method of including the charged micelles
in the Poisson-Boltzmann model should overestimate the electrostatic effects of the
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micelles on the surface monolayer, since it assumes that all the ions are uniformly
smeared out in the bulk aqueous solution (that is, it does not include the possibility
of "counterion binding" to the micelles, and also does not account for the electrostatic
intermicellar interactions). In reality, one would expect a fraction of the counterions
to be ordered around the micelles, thus lowering the effective charge of each micelle.
Furthermore, the effect of the relatively large size of the micelles, which should fur-
ther reduce the ability of the micelles to screen the surface electrostatic charge, is
not taken into account here. Hence, this first method does not represent a realistic
approximation to the actual system, but rather serves as an upper bound for the ef-
fect of electrostatic interactions between the charged micelles and the charged surface
monolayer.
As an alternative, one can underestimate the electrostatic effects of the charged
micelles on the charged surface monolayer by completely neglecting the effect of the
charged micelles on the surface equation of state, as was done in Sections 2.2.2.1-
2.2.2.2. This should serve as a lower bound for the effect of the electrostatic inter-
actions between the charged micelles and the charged surface monolayer. Figure 2-4
shows a comparison of the two methods, with (-) and without (- - -) micelles in the
Poisson-Boltzmann model for the surface equation of state, for the surface tension, -,
as a function of the total bulk aqueous surfactant concentration, ntot, for an aqueous
binary mixture of 10% SDS and 90% C12 E6 at 25'C. Note that for dilute micellar so-
lutions (nltt is less than approximately 5 x 10- 6mol/cm 3 , which is 10 times the CMC
of 5 x 10- 7mol/cm 3) where the inequality in Eq. (2.49) is satisfied, the two methods
yield identical results (the full and the dashed lines in Figure 2-4 are indistinguish-
able). This supports the previous assertion that electrostatic interactions between
the micelles and the charged surface are negligible for dilute micellar solutions. For
more concentrated micellar solutions, Figure 2-4 shows that the two methods devi-
ate, suggesting that electrostatic interactions between the charged micelles and the
charged surface monolayer become increasingly important as nitot increases. In that
case, a more complex theory is required to make accurate predictions at these higher
surfactant concentrations. Note that at higher nitot values (nrtot > 5 x 10- 6mo/cm 3),
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Figure 2-4: Illustration of the effect of micelle-surface electrostatic interactions on
the predicted surface tension vs. total bulk aqueous surfactant concentration, n'DS +
nC for an aqueous binary surfactant mixture of 10% SDS and 90% C1 E6 at
25 C. Predictions were made by including (solid) and neglecting (dashed) micellar
electrostatic interactions with the charged surface in the Poisson-Boltzmann model.
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accounting for the presence of the ionic micelles on the surface equation of state leads
to increased electrostatic screening. This enhanced electrostatic screening allows more
ionic surfactant molecules to adsorb at the surface, leading to an overall increase in
the total number of surfactant molecules at the surface, and therefore, resulting in
an increase in the non-electrostatic contribution to the surface pressure, LNI. This,
in turn, results in higher total surface pressure, H, or equivalently, a lower surface
tension, 0- =-o - H, when charged micelles are accounted for in the surface equation
of state (see Figure 2-4).
2.3 Results and Discussion
2.3.1 Calculation of Molecular Parameters
The surface tension, surface concentration, and surface composition were predicted
for aqueous solutions containing either SDS, C12E6 , and C12Maltoside, as well as for
aqueous solutions containing binary mixtures of SDS-C 12 E6 and SDS-C 12Maltoside.
The corresponding hard-disk head area sizes, aj, hard-disk radii, ri, Stern-layer thick-
ness, d, second-order virial coefficients, Bij and Bij, and standard-state chemical
potential differences, Apo4, are listed in Tables 2.1 and 2.2. An analysis of the sen-
sitivity of the theoretical predictions to the values of these parameters is presented
in Appendix B. The estimation of ai for CjEj nonionic surfactants was discussed in
detail previously,24 and was used here to determine the value of 42A 2 for C1 2E6 . The
hard-disk head area of the C12Maltoside nonionic surfactant was obtained through
small angle neutron and X-ray scattering experiments performed by Dupuy et al.49
Their experiments determined that the effective head-area size depends on the curva-
ture of the micelle surface. The head-area size used here for the surface equation of
state, 32A 2, corresponds to the experimentally determined value at a point of minimal
surface curvature since the solution-air interface is flat. The head-area size used in
the bulk, micellization model, 58A2, corresponds to that in a spherical micelle. The
hard-disk head area of the SDS surfactant calculated by the bond angles and lengths
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of the sulfate group has been previously determined36,5 to be 25A 2. The Stern-layer
thickness, d, for SDS was also calculated using the geometry of the sulfate group as
well as the size of the sodium counterion. For the dielectric constant in the Stern layer,
es, the value of 42 suggested by Bockris and Reddy4 7 which is in reasonable agreement
with experimental measurements5 1 has been utilized. Note that a 10% change in the
value of e, results in a change of less than 1% in the final predicted surface tension.
Accordingly, the results are not extremely sensitive to the precise value of e, with
the approximate value utilized here providing sufficient accuracy. The second-order
virial coefficients were computed using the determined head-area sizes as described
in Ref. 12. As described in Section 2.2.1, the standard-state chemical potential dif-
ferences, Api, were calculated by fitting one measured surface tension value for each
single surfactant solution considered. The bulk aqueous surfactant concentrations,
nitot, chosen for this fit are 5.4 x 10- 6mol/cm 3 for SDS, 1.7 x 10-8mol/cm 3 for C12 E6 ,
and 6.1 x 10-8mol/cm 3 for C12Maltoside. Since the theoretically predicted surface
tensions were found to be in good agreement with the experimentally measured sur-
face tensions (see below), the precise choice of nitot for the fit is quite arbitrary and
does not greatly affect the theoretical predictions. However, in general, it is recom-
mended to choose a surfactant concentration, nitot, below the CMC. In that case,
any inaccuracy in the prediction of the CMC and surfactant monomer concentration
by the bulk molecular-thermodynamic theory of micellization will not have a strong
influence on the value of the bulk aqueous chemical potential, since below the CMC,
all the surfactant is present in monomeric form. Moreover, one should also avoid ex-
tremely low surfactant concentrations, where the percent uncertainty in the surface
pressure measurement is large due to the low value of the surface pressure.
2.3.2 Comparison with Experimental Surface Tension and
Adsorption Measurements
Experimentally measured surface tensions and surface concentrations and composi-
tions (measured directly using neutron scattering) were reported 2 for single surfac-
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Table 2.1: Values of the hard-disk areas, aj, second-order virial coefficients, Bij, Stern
layer thickness, d, and standard-state chemical potential differences, A/2, correspond-
ing to the three surfactants C12Maltoside, C12 E6 , and SDS.
Table 2.2: Values of the second-order virial coefficients, Bij, for the two binary com-
binations corresponding to the three surfactants C12Maltoside, C12 E6 , and SDS.
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Surfactant i ai (A2 ) Bij (A 2 ) Id(A) ]Ap (kBT)
C12Maltoside 32 -157 - -48.6
C12E6 42 -77 - -53.0
SDS 25 -367 4.05 -59.0
Surfactant Pair Bij (A2)
C12Maltoside-SDS -225
C12E6-SDS -135
tant aqueous solutions of SDS, C12Maltoside, as well as for binary surfactant aqueous
solutions of SDS-C 12Maltoside. Experimentally measured surface tensions were re-
ported",'5 for single surfactant aqueous solutions of SDS and C12E6 , as well as for
binary surfactant aqueous solutions of SDS-C 12E6 . All of the reported measurements
were conducted at 25'C.
The surface tension predictions were made by first predicting the monolayer con-
centrations of both surfactants through a simultaneous solution of Eq. (2.13), for
either the nonionic surfactant C12 E6 , or the nonionic surfactant C12Maltoside, and
Eq. (2.48) for the ionic surfactant SDS. For these two binary surfactant systems,
Eqs. (2.13) and (2.48) reduce to:
ln( 1B) A ( NB aB + 2 lrrB ( ArA + BrB)
n kBT \-0AaA -BaB/ 
-~AaA - BaB
Wa (Oa + A B B 62
+ raB(ArA rB2 + (BBAA + BBBB) (2.55)
(a - 6AaA - BaB)2  a
and
2In - __ ___LA'+_nA aA + 
27TrA ( ArA + 6ArA)
SkB T - AaA--BaB ce - AaA -BaB
7raA (6ArA + BrB)2 2
O AA + BB 2 + a (BAA A + BAB6B) (2.56)
(a'-0AaA - OaB)
21 27re 2  27re 2  2 47rd (zAe) 2  A+ nZ k T&ZAOA + /1± + Ik~I ZAOAJ + kB&ErxkBTaz ErkBIz kBTEs a
where the subscript A refers to SDS and the subscript B refers to C12 E6 or C12 Malto-
side. First, the values of niA and niwB are predicted for a given total bulk aqueous
surfactant concentration, nitot, and bulk aqueous solution composition, aso", using the
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bulk molecular-thermodynamic theory of micellization discussed earlier in Section
2.2 and Refs. 35-37. Subsequently, Eqs. (2.55) and (2.56) can be solved for the
two unknown quantities, a and A (note that B can be eliminated using A +B
=1) using a two-dimensional Newton-Raphson technique.48 For the single nonionic
surfactant cases (C 12E6 or C12Maltoside), a is determined by solving Eq (2.55) alone,
with the constraint that A= 0 and B= 1 . For the single ionic surfactant case (SDS),
a is determined by solving Eq (2.56) alone with the constraint that A= 1 and B=O.
The surface pressure, 1I, and the corresponding surface tension, o= Uo-Fi, are finally
calculated using Eq. (2.37), which for this binary system reduces to:
I = kBT 1 { +X (AArA + BrB) 2  (2.57)
a - AaA - BaB (Ce - AaA ~ BaB2
_AA OAOB _BB
+ BA^ 2 + BAB 2 +BBB 2B
a2  a
2 a
S) 2kB 2 47r )2 e2 )2 (A)2 + 2,rd (ezAA)2
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In Figure 2-5, the predicted surface tensions as a function of total bulk aqueous
surfactant concentration, nitot, are compared to the experimentally measured sur-
face tensions of aqueous solutions of the single surfactants SDS (A), C12 E6 (U), and
C12Maltoside (0). In Figure 2-6, the predicted surface tensions as a function of to-
tal bulk aqueous surfactant concentration, nitot, are compared to the experimentally
measured surface tensions of aqueous binary surfactant mixtures of SDS and C12 E6
at solution compositions, aSO~l" aSDS/ (mnDS + ri 1 2 E 6 ), of 0.05 (0), 0.4 (0), and
0.9 (A). In Figure 2-7, the predicted surface tensions as a function of total bulk
aqueous surfactant concentration, nitt, are compared to the experimentally measured
surface tensions of aqueous binary surfactant mixtures of SDS and C12Maltoside at
solution compositions, asol - nwSDS (Ds + nC2 Maltoside), of 0.2 (0), 0.5 (0), and
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Figure 2-5: Predicted (various lines) and measured (various symbols) surface tensions,
0-, as a function of the total bulk aqueous surfactant concentration, n', of single
surfactant aqueous solutions of SDS (A), C12 E6 (0), and C12Maltoside (@) at 25'C.
The reported experimental uncertainty is within 0.1 dyn/cm.
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Figure 2-6: Predicted (various lines) and measured (various symbols) surface tensions,
a-, as a function of the total bulk aqueous surfactant concentration, n'DS C2E'
of aqueous solutions containing binary mixtures of SDS and C12E6 at 250C, at bulk
aqueous solution compositions, a"o" - nwD SD "C26,of 0.05 (0), 0.4 (0),
and 0.9 (A). The reported experimental uncertainty is within 0.1 dyn/cm.
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Figure 2-7: Predicted (various lines) and measured (various symbols) surface
tensions, -, as a function of the total bulk aqueous surfactant concentration,
nSDS C12 Maltoside, of aqueous solutions containing binary mixtures of SDS and
C12Maltoside at 25'C, at bulk aqueous solution compositions, aSO f nSDS/ SDS +
nWo2 Maltoside), of 0.2 (0), 0.5 (*), and 0.8 (A). The reported experimental uncertainty
is within 0.1 dyn/cm.
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0.8 (A). Note that the reported experimental uncertainty in the surface tension mea-
surements is better than, or on the order of, 0.1 dyn/cm, which is smaller than the
size of the symbols used in Figures 2-5 through 2-7. Figures 2-5 through 2-7 show that
the predicted surface tensions are in good agreement with the experimentally mea-
sured values, both for the single surfactants (which contain the one fitted parameter,
Ap9), as well as for the binary surfactant mixtures (which contain no additional fitted
parameters). One area of only marginal agreement between the predicted and the
experimental surface tension values is for the ionic surfactant SDS above the CMC
(see A's in Figure 2-5). For the SDS system, the predicted surface tensions above the
CMC are larger than the experimentally measured values. This can be explained by
the fact that the bulk molecular-thermodynamic theory of micellization utilized here
under-predicts the CMC for this ionic surfactant. This, in turn, leads to a predicted
SDS monomer concentration that is too low, resulting in too low of a bulk aqueous
chemical potential of the SDS monomers, which leads to an under-prediction of the
SDS surface concentration, and hence, to an under-prediction of the surface pressure
(which corresponds to the observed over-prediction of the surface tension in Figure
2-5). Since the slope of the surface tension vs. logio(ntot) curve for SDS is very steep,
the small difference between the predicted and the experimentally measured CMC has
a relatively large effect on the difference between the predicted and the experimentally
measured surface tensions above the CMC. This error could be reduced by improving
the bulk molecular-thermodynamic theory of micellization for ionic surfactants, an
endeavor which is currently in progress.5 3
Figures 2-8 through 2-10 show a comparison of the predicted and the experimen-
tally measured values (using neutron scattering52 ) of the monolayer concentration
of SDS, rSDS (A, - - -), and C12Maltoside, jC 12 MaItoside (*, ), as a
function of the surface pressure, 1I, for solution compositions, asin, of 0.2 (Fig-
ure 2-8), 0.5 (Figure 2-9), and 0.8 (Figure 2-10). The theoretical predictions, for
FSDS and for FC12 Maltoside, are in reasonable agreement with the experimental val-
ues, typically within 0.3x10 10mo1/cm 2 . Note that this difference is within the error
range of the neutron scattering measurements which is reported to be on the order
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Figure 2-8: Predicted (various lines) and measured (various symbols) surface concen-
trations of SDS, FSDS (A, - - -), and C12Maltoside, FC12Maltoside (*)
as a function of surface pressure, H, at a bulk aqueous solution composition, asoln,
of 0.2 for aqueous solutions containing binary mixtures of SDS and C 12Maltoside at
25 C. The reported experimental uncertainty is on the order of 0.1x1010 mo1/cm 2.
83
40
0
0
3~ 2
0 - - - -- - - - - - - ' - - - ' -
15 20 25 30 35
Surface Pressure (dyn/cm)
Figure 2-9: Predicted (various lines) and measured (various symbols) surface concen-
trations of SDS, FSDS (A, - - -), and C 12Maltoside, FC12 Maltoside (0,
as a function of surface pressure, H, at a bulk aqueous solution composition, a soln
of 0.5 for aqueous solutions containing binary mixtures of SDS and C12Maltoside at
25 C. The reported experimental uncertainty is on the order of 0.1 x110mo/cm2.
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Figure 2-10: Predicted (various lines) and measured (various symbols) surface concen-
trations of SIDS, IFSDS (* - -. _), and C12Maltoside, FC12Mztoside (, - ),
as a function of surface pressure, 1I, at a bulk aqueous solution composition, a soln
of 0.8 for aqueous solutions containing binary mixtures of SIDS and C12Maltoside at
25'C. The reported experimental uncertainty is on the order Of 0.1 x1010mol/CM2.
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Figure 2-11: Predicted surface composition (mole fraction of SDS in the monolayer),
SDS, as a function of total bulk aqueous surfactant concentration, nSDS +2En, of
aqueous solutions containing binary surfactant mixtures of SDS and C12E at 25 C
at bulk aqueous solution compositions, a"o", of 0.05 ( -), 0.4 ( - - - - - ), and
0.9( - - -). The three arrows indicate the predicted mixture CMC's corresponding
to the three solution compositions considered.
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of 0.1x10 10mo1/cm2 52
Figure 2-11 shows the predicted surface composition, SDS, as a function of to-
tal bulk aqueous surfactant concentration at solution compositions, aso", of 0.05
( ), 0.4 ( - - - - - ) and 0.9 ( - - -) for an aqueous binary surfactant
mixture of SDS and C12E6 at 25'C. The predicted CMC's of each solution, 8.9 x
10-8mol/cm3 for 5% SDS, 1.3 x 10- 7 mol/cm3 for 40% SDS, and 3.4 x 10- 7mo1/cm 3
for 90% SDS, are indicated by the three arrows corresponding to the three solu-
tion compositions considered in Figures 2-11. No experimental measurements of the
surface composition or concentration are currently available for this system. Nev-
ertheless, it is interesting to note that at very low total bulk aqueous surfactant
concentrations, nitt, the composition of the monolayer is mostly C12E6 ( SDS ~ 0),
due to the fact that C12E6 is much more surface active than SDS. The higher surface
activity of C12 E6 relative to SDS is also reflected by the fact that, for an aqueous
solution of C1 2 E6 , the total bulk aqueous surfactant concentration, nitt, at which
the surface tension begins to decrease significantly from that of pure water is signifi-
cantly lower than that for which an aqueous solution of SDS shows the same surface
tension lowering (see Figure 2-5). However, at the CMC's of the SDS-C 12E6 mixed
surfactant solutions for the 40% and 90% SDS cases, SDS increases sharply. This can
be explained physically by noting that below the surfactant mixture CMC, the bulk
aqueous surfactant monomer composition, a - niSDS sDs 1CE 6), is equal
to the bulk aqueous solution composition, asln, since all the surfactant molecules are
present in monomeric form. Above the CMC, the bulk aqueous surfactant monomer
composition, a,, as predicted by the bulk molecular-thermodynamic theory of micel-
lization,-3 deviates from the bulk aqueous solution composition, a"". In this case,
a1 increases due to the fact that C12 E6 , which has a lower CMC than SDS, parti-
tions preferentially into the C12E6-SDS mixed micelles, thus leaving a higher fraction
of SDS in monomeric form. As a result, there are relatively fewer C12E6 molecules
available to adsorb at the surface, leading to an increase in the relative amount of
SDS at the surface (since the surfactant molecules at the interface are in equilibrium
with those in the bulk). This sharp change in surface composition near the CMC
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was also predicted theoretically" for mixtures containing only nonionic surfactants
-a trend that was qualitatively verified experimentally for similar CjEj type surfac-
tants." Note that in Figure 2-11, the 5% SDS solution contains too little SDS to
exhibit this effect.
2.4 Conclusions
A theoretical framework to model surfactant adsorption at the air-solution inter-
face was presented for aqueous solutions containing mixtures of ionic and nonionic
surfactants. This theory can predict the surface tension and surfactant surface con-
centration and composition of these solutions both below and above the CMC. A
comparison of the theoretical predictions with experimental surface tension and sur-
factant surface concentration measurements for aqueous solutions containing binary
surfactant mixtures of SDS-C 12 E6 and SDS-C 12Maltoside shows good agreement.
The theory presented in this chapter utilizes a molecularly-based surface equation
of state developed in the context of a nonideal two-dimensional adsorbed gas model.
Nonideal interactions that are accounted for include: (i) steric, excluded-area interac-
tions between the adsorbed surfactant molecules treated as hard-disks, (ii) attractive,
van der Waals interactions between the surfactant tails that are incorporated through
a virial expansion truncated at second order in surfactant surface concentration, and
(iii) electrostatic interactions in the case of ionic surfactants. All the parameters ap-
pearing in this surface equation of state for the mixed surfactant monolayer can be
estimated from the known molecular characteristics of the surfactants. These molec-
ular parameters include the valences of the ionic surfactants, the cross-sectional areas
of the surfactant molecules, the distance of closest approach between the absorbed
ionic surfactants and their counterions, and the second-order virial coefficients, which
can be calculated from the known number of carbons in the surfactant hydrocar-
bon tails and their cross-sectional areas. In contrast with other existing theories for
mixtures of surfactants at interfaces, there are no mixture-dependent experimentally-
fitted, empirical parameters in the mixture surface equation of state presented in this
88
A
chapter.
The resulting surface equation of state can be combined with a description of the
bulk aqueous surfactant solution chemical potential, including a single experimentally-
determined parameter, the difference in the standard-state chemical potential of a
surfactant molecule at the surface and in the bulk aqueous solution, for each single
surfactant present in the mixture, to predict the total amount and composition of
adsorbed surfactant. This can then be combined with the surface equation of state to
predict the surface tension. The standard-state chemical potential difference for each
surfactant species can be determined from a single surface tension measurement. No
additional parameters are required for the mixed surfactant solutions. This greatly re-
duces the amount of experimentation that would be required to predict the interfacial
behavior of mixed surfactant solutions.
Surfactant mixtures having multiple charge layers, including mixtures of ionic sur-
factants or zwitterionic surfactants, will be discussed in Chapter 3, and investigations
into modifying the relatively simple Poisson-Boltzmann model utilized in this chapter
to describe the diffuse region will be discussed in Appendix A. Furthermore, as will
be shown in Chapter 4, the theoretical methodology presented in this chapter can also
be extended to the oil-water interface, where the surfactant behavior is expected to
be analogous to that at the air-water interface, but with a reduction in the attractive
van der Waals interactions between the adsorbed surfactant hydrocarbon tails. In
addition, in Chapters 5 and 6, the theoretical framework for the equilibrium adsorp-
tion of surfactants developed in this chapter will be used as a basis for a diffusion
limited dynamic adsorption model capable of predicting the surface concentration
and composition, as well as the surface tension, as a function of time. Finally, the
theory presented in this chapter can be implemented in relatively fast, user-friendly
computer programs (see Chapter 7) that may be utilized to reduce the need for time-
consuming and tedious experimentation when developing surfactant-based products
having the desired interfacial properties.
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Chapter 3
Prediction of Equilibrium Surface
Tension and Surface Adsorption of
Aqueous Surfactant Mixtures
Containing Zwitterionic
Surfactants
3.1 Introduction
As discussed in Chapter 1 and Section 2.1, the development of a quantitative, molecul-
arly-based thermodynamic theory capable of predicting the interfacial properties
of aqueous solutions containing surfactants (and in particular, surfactant mixtures)
would be extremely valuable for the design of new surfactant formulations exhibiting
the desired interfacial behavior, since the availability of such a theory would also alle-
viate the need for tedious and time consuming trial-and-error type experimentation.
In this chapter, the theoretical framework developed in Chapter 2 is extended to treat
mixtures containing zwitterionic surfactants.
Among the various types of surfactants, those of the zwitterionic type are of
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particular practical interest because: (i) they are commonly utilized in commercial
formulations, particularly in personal care products (including soaps, shampoos, and
lotions), where they are typically found to be less irritating to the skin,5 5 and (ii)
they often exhibit significant synergism (that is, strong, favorable interactions) at
the interface when mixed with ionic surfactants, while comparably little synergism is
observed when mixed with nonionic surfactants.5 2 ,5 6 This varying degree of synergism,
in addition to being of practical importance, should also provide a useful test of the
predictive capabilities of any theory developed to describe the interfacial behavior
of aqueous mixtures containing zwitterionic surfactants. Accordingly, a comparison
between the predicted interfacial behavior of a zwitterionic-ionic aqueous surfactant
mixture and that of a zwitterionic-nonionic aqueous surfactant mixture should provide
a stringent test of the theoretical framework presented in this chapter.
In Chapter 2, a theoretical framework was presented to predict the interfacial
properties of aqueous mixtures of nonionic and ionic surfactants at the air-aqueous
solution interface. There, it was assumed that all the charges associated with the
ionic surfactant molecules adsorbed in the monolayer are located at a single, two-
dimensional charge layer. In this chapter, the theoretical framework of Chapter 2
is extended to model interfaces that contain multiple, two-dimensional electrostatic
charge layers, such as those that may result from the adsorption of a single zwitteri-
onic surfactant (two charge layers), or of a binary mixture of zwitterionic and ionic
surfactants (three charge layers). This new theoretical framework will allow for the
quantitative prediction of the extent of interfacial synergism that results from the
adsorption of zwitterionic, ionic, and nonionic surfactants at the air-aqueous solution
interface.
The interfacial behavior of surfactants has been investigated theoretically by nu-
merous researchers (see Section 2.1 for more detailed background, as well as for a com-
parison between the theoretical treatment presented in this thesis and other theoret-
ical treatments). Two important differences between previous theoretical treatments
of surfactant adsorption and the theory presented here are that: (i) our theoretical
description is molecularly based, relying explicitly on the chemical structures of the
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various surfactants species adsorbed at the interface, and as such, the resulting surface
equation of state does not contain any experimentally determined parameters, while
the adsorption isotherm contains only one experimentally determined parameter for
each surfactant species, and (ii) the theory can be applied to mixtures that contain
any number of surfactant components without introducing any additional experimen-
tally determined parameters, and therefore, no additional experiments on the mixed
surfactant solutions are required. This is to be contrasted with other popular models
of single surfactant adsorption, such as the Langmuir or the Frumkin based mod-
els, 28,57,58 which require two or more experimentally determined parameters to model
the adsorption of a single surfactant species. Moreover, when applied to surfactant
mixtures, our theory has a notable advantage over other popular models of mixed
surfactant adsorption at interfaces which are based on the Regular Solution The-
ory (RST) approach.,1 1 2 1-2' These RST based approaches all contain experimentally
determined parameters which require measurements on the mixed surfactant solu-
tions. Accordingly, the theoretical framework presented here significantly reduces
the amount of experimentation required to predict the interfacial behavior of mixed
surfactant solutions.
The surface equation of state developed in Chapter 2 and in this chapter is based
on a two dimensional kinetic gas-like treatment of the adsorbed surfactant mono-
layer. 34 The non-electrostatic contribution to this surface equation of state includes
two types of interactions: 12 (i) steric repulsions, which are included using a hard-disk
model, and (ii) van der Waals attractions which are modeled using a virial expan-
sion in surface concentration, truncated to second order. Electrostatic effects, which
form an additive contribution to the surface pressure, are treated using the Gouy-
Chapman2 8 ,4 4 ,2 9 ,3 0 description of the diffuse region of the electrostatic double layer.
The electrostatic description is further refined by including a Stern layer, 32 that is, a
region where the counterions in the aqueous, diffuse region cannot penetrate due to
steric repulsive interactions with the adsorbed surfactant heads. Furthermore, it is
assumed that the charges of the adsorbed surfactant molecules that form the mono-
layer are contained in multiple charge layers. For example, in the case of a single
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zwitterionic surfactant species, there are two charge layers corresponding to the posi-
tive and negative charges associated with the dipolar moiety. This is to be contrasted
with the single charge layer used in the original Gouy-Chapman treatment to model
the adsorption of a single ionic surfactant species.57
The theoretical approach presented in this chapter requires the specification of four
molecular characteristics for each surfactant species present in the solution. These in-
clude: (i) the number of carbons in the surfactant hydrocarbon tail, (ii) the molecular
cross-sectional area of the surfactant hydrophilic head, (iii) the valence and position
of each charged group in the surfactant head, and (iv) the distance of closest approach
between the centers of charge of an adsorbed surfactant molecule and its counterion.
Characteristics (i), (ii), and (iii) can be determined from the known molecular struc-
ture of the surfactant hydrophobic tail and hydrophilic head, while the determination
of characteristic (iv) also requires knowing the chemical structure and size of the
counterion, including hydration. Note that requirement (iv) does not apply in the
case of zwitterionic surfactants, and requirements (iii) and (iv) do not apply in the
case of nonionic surfactants. In addition, the difference in the standard-state chem-
ical potentials of a surfactant molecule in the monolayer and in the bulk solution is
needed for each surfactant species, which can be determined from one surface tension
measurement for each single surfactant species present in the solution.
The remainder of the chapter is organized as follows. The theory of adsorption
at the air-aqueous solution interface for nonionic, ionic, and zwitterionic surfactants
below the critical micelle concentration of the surfactant solution is presented in
Section 3.2. This theory is then utilized in Section 3.3 to predict the surface ten-
sion and surface concentration and composition of several single as well as mixed
surfactant systems, and these predictions are compared with available experimental
measurements from the literature. The surfactant systems examined include: (i) sin-
gle surfactant aqueous solutions of dodecyl maltoside (C12Maltoside), dodecyl betaine
(C12 Betaine), and sodium dodecyl sulfate (SDS), (ii) binary surfactant aqueous solu-
tions of C12Maltoside-C 12Betaine and C12Betaine-SDS, and (iii) a ternary surfactant
aqueous solution of C12Maltoside-C 1 2Betaine-SDS. Finally, concluding remarks are
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presented in Section 3.4.
3.2 Theory
3.2.1 The Gibbs Interfacial Model and Theoretical Assump-
tions
The Gibbs interfacial model forms the basis of our molecular-thermodynamic treat-
ment." Specifically, a two-dimensional, planar Gibbs dividing surface is chosen within
the actual three-dimensional interfacial region at a position where the Gibbs surface
excess number of solvent (water) molecules, N', vanishes. Recall that the Gibbs
surface excess number of molecules of type i, N', is defined as follows:
0 00
L i f [ni (x) - nf]dx [ri (x) - n]dx (3.1)
-00 0
where A is the area of the planar Gibbs dividing interface, Fj is the surface excess
number density of molecules of type i (referred to hereafter as the surface concen-
tration of molecules of type i), x is the distance perpendicular to the interface, such
that the aqueous phase lies on the side of positive x, ni(x) is the number density of
molecules of type i located at position x, nwis the bulk aqueous number density of
molecules of type i (limiting value of ni(x) as x -4 oc), and nr is the bulk vapor
number density of molecules of type i (limiting value of ni(x) as x -+ -oo).
As was discussed in more detail in Section 2.2, it is assumed that the adsorbed
surfactant molecules form a monolayer which is positioned at the Gibbs dividing
surface (x = 0). The first integral on the right-hand side of Eq. (3.1) can be neglected
since on the vapor side of the monolayer (x < 0), both the local number density, ni(x),
and the bulk vapor number density, nv, vanish because the surfactant molecules are
assumed to be non-volatile.
When surfactants containing a net charge (ionic surfactants) are present in the
solution, an electrostatic diffuse layer is formed in the aqueous region near the mono-
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layer where thermal diffusion is balanced by the long-range electrostatic interactions
between the ionic species in the solution and the charged monolayer (see Section
2.2.2). In the electrostatic treatment presented here, it is assumed that zwitteri-
onic surfactants, which posses no net charge, do not contribute to the formation of
a diffuse region. In other words, it is assumed that the concentration of zwitteri-
onic surfactants is uniform throughout the aqueous region extending from the Stern
layer to infinity. This is reasonable because the local electric field generated in the
aqueous region by the ionic surfactants adsorbed in the monolayer interacts much
more strongly with other ionic species (ionic surfactants or counterions) than with
the zwitterionic surfactants. In addition, if only surfactants possessing no net charge
are present in the solution (for example, nonionic and zwitterionic surfactants, as
well as their mixtures), then no local electric field, and therefore, no diffuse layer, is
generated in the aqueous region when these surfactants adsorb at the monolayer (see
Section 3.2.3.2 for a more detailed explanation).
In modeling surfactant electrostatic effects, it is assumed hereafter that the charg-
ed surfactant molecules and their counterions are fully dissociated. In other words,
although the charged surfactants and their inorganic counterions interact through
attractive Coulombic forces, it is assumed that they do not remain bound together as
a single entity. This is expected to be valid for organic salts, such as SDS considered
here, but may not be valid for organic fatty acids at low pH where a certain fraction
of the fatty acids may remain undissociated. Furthermore, it is also assumed that
there is no binding of ions (including H+ or OH-) to the charged groups of the
zwitterionic surfactants. This last assumption may not be valid at very high or very
low pH's depending on the surfactant. Our description treats all the ions in the bulk
solution as point charges having no physical excluded volume, except for a minimum
distance of closest approach (the so-called Stern layer described below). In addition,
the diffuse region is treated as having a uniform, "smeared" three-dimensional local
charge density, and the ions are assumed to interact through a structureless solvent
having a uniform dielectric constant. The assumptions that: (i) the ions in the diffuse
region can be treated as point ions, and (ii) the dielectric constant is uniform, are
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discussed further in Appendix A.
Each charge-containing surfactant present in the monolayer is modeled as having
an electrostatic charge (or charges) located at particular position(s) on the surfactant
head. For example, an anionic or cationic surfactant has a single charge, and a
zwitterionic surfactant has two charges. Note that, in principle, the theory presented
here can be applied to model surfactants that contain any number of charge groups. It
is assumed that the discrete charges on the heads of the adsorbed surfactant molecules
can be smeared in the two directions parallel to the interface, forming a set of L two-
dimensional charge layers, where L is equal to the sum of the number of charge
groups on each of the surfactant molecules present in the monolayer (see Figure 3-
1 for an illustration). For example, if only one ionic surfactant species is present,
then there is only one charge layer, which when combined with the diffuse region,
forms the familiar electrostatic double layer.5 7 If a binary mixture comprising an ionic
and a zwitterionic surfactant is present, then there are three charge layers within
the monolayer (as depicted schematically in Figure 3-1). As discussed in Section
3.1, a Stern layer (that is, a region between the last charge layer (layer L) and the
diffuse region where counterions are excluded by steric repulsive interactions with the
surfactant molecules adsorbed in the monolayer.32 ) is also included (see Figure 3-1).
The position of the Stern layer is approximated here by the distance that the longest
surfactant head extends into the aqueous region plus the radius of the counterion
(see Figure 3-1). Note that for the surfactant mixtures considered in this chapter,
the surfactant heads are quite similar in length, and the resulting monolayers are
compact (see Section 3.4). Note also that if one considered a surfactant mixture
containing a small amount of a surfactant having a relatively long head, then one
may need to assume a smaller effective Stern layer thickness. In addition, one could
also treat multiple counterion types having different sizes (leading to multiple Stern
layer thicknesses) by generalizing the equations developed in this chapter, and then
solving them numerically. However, such an analysis is not necessary here, with the
equations presented below leading to a closed-form analytical equation for the surface
pressure (see Section 3.2.3).
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Figure 3-1: Schematic illustration of the adsorption of a zwitterionic and a monova-
lent anionic surfactant from an aqueous solution at the air-solution interface. Note
that, in this case, there are three, two-dimensional charge layers (Layers 1, 2, and
3, corresponding to the positive charge on the zwitterionic head, the negative charge
on the anionic head, and the negative charge on the zwitterionic head, respectively);
two regions between the three charge layers (Regions 1 and 2); a Stern Region; and
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a Diffuse Region.
In the context of the diffuse layer model presented here, two different quantities
related to the surface excess number of ions of type i can be defined: 77, the number
of molecules of type i actually adsorbed in the monolayer, and Aj, the excess number
of molecules of type i in the diffuse region, as described in detail by Hachisu.4 2
Specifically, qj and Ai can be expressed as follows:
= lim (ni (x) - nw)dx = lim f ni (x) dx (3.2)A --+o j-+O
and
00
S lim (ni (x) - ni)dx (3.3)
E
By combining Eqs. (3.1)-(3.3), one finds that, in general,
Nf = rj + Ai (3.4)
However, as stated above, for a surfactant having no net charge (for example, a non-
ionic or a zwitterionic surfactant), there are no net Coulombic interactions between
the charged monolayer and the surfactant molecules in the bulk solution. As a result,
the local surfactant number density everywhere in the aqueous region, ni(x > 0), is
equal to the bulk surfactant number density, nv, which leads to Ai = 0 in Eq. (3.3).
In that case, Eq. (3.4) indicates that:
Nj = 71i (3.5)
For an ionic surfactant, A, does not vanish, but as discussed in Section 2.2.2, Ai << 77,
and, to a good approximation, one still obtains:
Nf ~ gi (3.6)
In our description, it is further assumed that the counterions do no adsorb directly
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in the monolayer. Accordingly, for the counterions, qj = 0, leading to:
Ng = A (3.7)
3.2.2 Notation Conventions
In the analysis presented below, the following notation conventions will be used. The
various charge layers comprising the monolayer, described above, will be numbered
from 1 to L, such that layer 1 is closest to the air side of the air-solution interface,
with the corresponding positions of each layer denoted as dj, d2,...,dL (see Figure 3-1
for an example when L = 3). The regions between the charge layers will be numbered
from 1 to L - 1 such that region 1 is between charge layer 1 and charge layer 2, etc.
The subscript S will refer to the Stern region, and the subscript D will refer to the
diffuse region. In addition, Greek letter subscripts will be utilized to index the various
charge layers and the corresponding inter-charge layer regions. For example, do will
denote the position of charge layer q, o will denote the charge density of charge
L
layer 0, and E will denote the summation over charge layers 1 to L. In addition, the
0=1
symbol ( will denote the valence of surfactant molecules of type i located at layer
#. For example, a zwitterionic surfactant of type i with a positive charge at the first
layer and a negative charge at the third layer will be characterized by Q = 1, (2 - 0,
and (j= -1. Accordingly, using this notation, it follows that the charge density of
charge layer, #, is given by:
n
o= e( i /A (3.8)
where e is the proton charge and A is the area of the monolayer. Note also that using
this notation, the valence of surfactant molecules of type i, zi, is given by:
L
z = ( (3.9)
As expected, Eq. (3.9) indicates that zi = 0 for zwitterionic surfactants. Although
the theoretical analysis presented in this section can be applied to any number of
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surfactant species, each containing any number of charge groups, Section 3.3 will
focus on a few specific cases corresponding to the surfactant systems of interest in
this chapter.
To simplify the presentation that follows, a different notation will be used to
represent the electrostatic potential in the various regions of interest. Specifically,
I'(x) will denote the electrostatic potential in the 0th inter-charge layer region (dp <
x < d0+ 1), Js(x) will denote the electrostatic potential in the Stern region (dL x <
ds), and XID(X) will denote the electrostatic potential in the diffuse region (x > ds).
Accordingly, the total electrostatic potential function, '(x), is given by:
Jo (x), for d. < X < do+,
T (x) = 's(x) , for dL < x < ds (3.10)
XD (X), for x > ds
3.2.3 Calculation of the Surface Pressure
3.2.3.1 Calculation of the Non-Electrostatic Surface Pressure
The effect of electrostatic interactions on the surface pressure, H = -o - -, where Uo
is the surface tension of the pure solvent (water, for which the experimental value
of 72dyn/cm at 25'C is adopted"), and - is the surface tension in the presence of
the surfactant monolayer, is accounted for here by incorporating it as an additive
contribution. 28 ,14 Specifically,
H = INI + elec (3-11)
where IINI is the contribution to the surface pressure resulting from all non-electro-
static interactions, and rleec is the contribution to the surface pressure arising from the
electrostatic interactions. Equation (3.11) assumes that the electrostatic interactions
can be decoupled from all other interactions, an assumption that may break down
in the case of very highly-charged interfaces for which electrostatically-induced long-
range correlations may develop.
As has been described in Chapter 2,12 the non-electrostatic contribution to the
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surface pressure, IINI, which includes repulsive hard-disk and attractive van der Waals
interactions, can be modeled as follows:
n n 2
NI B n n 2 + } B (3.12)
A - qj g ai A - 1' i ij=l
where kB is the Boltzmann constant, T is the absolute temperature, ri and a are
the hard-disk radius and area of surfactant molecules of type i, respectively, and Bij
is the second-order virial coefficient corresponding to surfactant molecules of type i
n
and j. In Eq. (3.12), Z denotes summation over all the surfactant species present
n
at the interface, and E denotes summation over all possible pairs of surfactant
ij=1
species, while avoiding double counting. Note that in the development of this non-
electrostatic model, steric interactions are assumed to operate on a single plane. In
other words, the surfactant molecules are treated as two-dimensional disks, rather
than as more complex three-dimensional structures. This approximation is made in
order to develop a simplified working model, and was previously shown to yield good
results. 12
3.2.3.2 Calculation of the Electrostatic Potential
Next, the electrostatic potential, '(x), and the electrostatic contribution to the sur-
face pressure, I1eec, are calculated. As will be shown in detail below, this is accom-
plished by first determining the electrostatic potential corresponding to the various
inter-charge layer regions comprising the monolayer, J'(x) where q = 1 to L - 1, as
well as the electrostatic potential corresponding to the Stern and the diffuse regions,
Ts (x) and TD (x), respectively, by solving the governing electrostatic equations, along
with the appropriate two boundary conditions at each charge layer (which are based
on the continuity of the electrostatic potential and the discontinuity of the electric
field across a charged two-dimensional surface)." Once the electrostatic potential,
I(x), is known everywhere [see Eq. (3.10)], the electrostatic contribution to the sur-
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face pressure, Ileiec, can be calculated using the method of Hachisu.4 ' Recall that for
an aqueous solution consisting solely of surfactants having no net charge (for example,
nonionic or zwitterionic surfactants), there are no diffuse or Stern regions.
Since it has been assumed that no counterions or coions can penetrate into the
monolayer (that is, into the regions between the charge layers created by the adsorbed
charge-containing surfactant molecules), the charge densities in the inter-charge layer
regions all vanish. As a result, the electrostatic potential, To (x) with # = 1 to L - 1,
is governed by the Laplace equation. Specifically,
d__ 
-O 0 (3.13)
dx2
Furthermore, since it has been assumed that the electrostatic charge on the various
charge layers can be smeared in the direction parallel to the interface, thus forming
a uniform, two-dimensional flat charged surface, the gradient of the electrostatic
potential in inter-charge layer region, q, and the gradient of the electrostatic potential
in the adjacent inter-charge layer region, 0+1, exhibit a discontinuity at their common
boundary located at x = do+,, given by:59
dqf - E4P+1 =~+ 47ro-g+1 (3.14)dx d dx (3.14
where eo (Eg+1) is the dielectric constant in inter-charge layer region + (+1), whose
value will be discussed in detail in Section 3.3, and ao+ 1 is the charge density on charge
layer 0 + 1. In addition, the electrostatic potentials are required to be continuous
across each charge layer, that is,
T$ (do+,) = IF$+1 (do+,) (3.15)
Note that Eqs. (3.14) and (3.15) each represents a set of (L - 2) equations, ranging
from q = 1 through # = L - 2 (with the Lth charge layer, which forms the boundary
between inter-charge layer region L - 1 and the Stern region, to be discussed below).
In the Stern region, that is, in the region between the last charge layer of the
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monolayer (layer L, located at dL) and the closest approach distance of the center
of charge of the counterions (located at ds), the charge density also vanishes due
to steric repulsions associated with the Stern region. Therefore, the behavior of
the electrostatic potential in the Stern region, Ts, is also governed by the Laplace
equation, that is, by:
d 2 = 0 (3.16)
dx 2
Similar to Eqs. (3.14) and (3.15), the following two boundary conditions must be
satisfied between the (L-1)th inter-charge layer region and the Stern region at their
common boundary located at x=dL:
d'L-1 d_
EL- 1 d - ES = 47rL (3-17)
dx dL dx dL
and
"FL-1 (dL) = Ts (dL) (3.18)
where Es is the dielectric constant in the Stern region, whose value will be discussed
in detail in Section 3.3. Finally, under the assumptions discussed above that: (i) the
diffuse region can be treated by smearing out the charges of all the ions into a uniform
charge density that varies with x, (ii) the ions can be treated as point ions without
any physical size, and (iii) the solvent has a uniform dielectric constant, ED (assumed
to be that of pure water), one obtains the well-known Poisson-Boltzmann equation
which governs the behavior of the electrostatic potential in the diffuse region, XFD-
Specifically,2 8 ,14
d2 4'D -4lrPeiec -47re n 4e n (-zieD ()
dX2  Ezin (x) zin exp kBT 19)
where Pelec is the charge density in the diffuse region, ni(x) is the number density of
molecules of type i, and nw is the bulk number density of molecules of type i (limit of
ni(x) as x -+ oc). Similar to Eqs. (3.14) and (3.15), with the difference that there is
no charge on the layer that separates the Stern region from the diffuse region (recall
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that it has been assumed that the counterions do not bind or physically adsorb to
the monolayer), the following two boundary conditions must be satisfied between the
Stern region and the diffuse region at their common boundary located at x = ds:
d__ d'FDEs = ED (3.20)dx d, dx
and
Is (ds) = TD (ds) (3.21)
Finally, due to overall electroneutrality of the system, the gradient of the electro-
static potential must vanish far away from the charged monolayer (x -+ oc). Specifi-
cally,14
dX= 0 (3.22)
The zero point of the electrostatic potential has been selected to be at infinity, that
is,
FD (X + 00) = 0 (3.23)
There are now L +1 second-order ordinary differential equations {the set of (L -1)
equations given in Eq. (3.13) [corresponding to the (L - 1) inter-charge layer regions],
as well as Eq. (3.16) [corresponding to the Stern region], and Eq. (3.19) [corresponding
to the diffuse region]}. To solve these equations, there are also the necessary 2(L + 1)
boundary conditions {the set of (L -2) equations given in Eq. (3.14), the set of (L -2)
equations given in Eq. (3.15), as well as Eqs. (3.17), (3.18), and (3.20)-(3.23)}.
Integrating Eq. (3.19) once from x = ds to infinity, along with Eq. (3.22) as a
boundary condition, the following expression is obtained:
00 0
dqfD dTD dqfD 47TPelec dx 47r z i()d
n I
___ _d___=-ezifr (x) do
d4' _, dI' _ dI' ad (D
dxd dd 0 dD
= 47r ezjAj (3.24)
D A
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Note that in deriving Eq. (3.24), Eq. (3.3) was utilized where the lower limit of
integration, e -+0, has been replaced by ds due to the presence of the Stern region,
as well as the fact that ezin = 0 due to overall electroneutrality in the bulk
solution.
Equation (3.24) can be rewritten in terms of the monolayer number densities of
adsorbed surfactant species, qh, by exploiting the electroneutrality of the entire surface
phase3 4 which requires that E ezjNO/A = E ezjAj + E eziqr = 0. Specifically, one
obtains:
d''D 
-47r n ezi7j (3.25)
dx d. ED
Note that the governing equation for the electrostatic potential in the diffuse
region, Eq. (3.19), and the two boundary conditions, Eqs. (3.23) and (3.25), are
the same as those obtained when ionic surfactants are adsorbed in a single charge
layer, the case considered in Chapter 2. In particular, the resulting expression for
the electrostatic potential at the boundary between the diffuse and the Stern regions,
located at x = d1 , ID(dS), is the same as that corresponding to the single charge layer
case (see Section 2.2.2 for a detailed derivation). In particular, when only monovalent
ions (zi = ±1) are considered, one obtains:
iT,2kB KD S~kB +2+ eDkB 21
q'D (ds) = 2 kBTIn 2 + 1 + 2we& 2 (3.26)
eDk BT +ED, kBT
L
where & = E ezjrj/A = E u-p is the total charge density of the monolayer and K-1
- i 0=1kBTeD/(87nwe2) (where nw is the bulk number density of the monovalent anions
or cations) is the Debye-Hfickel screening length. Note that multivalent ions were
considered in Chapter 2 and in Refs. 60 and 61, and the corresponding solution of
the electrostatic potential in the diffuse region could be used in place of Eq. (3.26) to
treat solutions containing multivalent ions. However, this is beyond the scope of this
chapter since only solutions containing monovalent ions are considered.
In the Stern region, integrating Eq. (3.16) once yields a constant value of d4,/dx,
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which when combined with Eqs. (3.20) and (3.25) yields:
d'IS -47 n ezj7j -47r 2
a (3.27)dx E i_ A E,
Integrating Eq. (3.27) over the Stern region (dL x < ds), in combination with
Eqs. (3.21) and (3.26), yields Is(dL) {or 'IL-1(dL), since the electrostatic potential
is continuous across the boundary (at x = dL) between the (L - 1) inter-charge layer
region and the Stern region}. Specifically, one obtains:
Ts (dL) = TL-1 (dL) (3.28)
(ds-dL47r 2 kBT 27e& + + ( 27re& 2
ES e EDKkBT + EDKkBT)
Equation (3.28) will be utilized below for the evaluation of the various inter-charge
layer electrostatic potentials, TO(x). Note that if only surfactants with no net charge
are considered (for example, nonionic or zwitterionic), then & = 0 in Eqs. (3.26) and
(3.28), which results in D (ds)=O and 's (dL)='L-1(dL)=O, respectively.
Turning next to the calculation of the various inter-charge layer electrostatic po-
tentials, TO(x), [with do < x < do+1 for 1 < / < (L - 1)], Eq. (3.13) is integrated
once (for each q from 1 to L - 1) which results in a constant value of d'o/dx within
each region. To determine the values of these various constants, one could start with
Eq. (3.17) to determine d'o/dx for # = L - 1 with (d4s/dx)|dL given in Eq. (3.27).
Then, by utilizing Eq. (3.14) successively at each charge layer, one can determine the
value of d"o/dx in decreasing order from q = (L - 2) to 0 = 1. Alternatively, one
could start with dxF/dx = 0 for x < di (due to the electroneutrality of the system),
and then utilize Eq. (3.14) successively to determine d'o/dx in increasing order from
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= 1 to # = L - 1. With either method, the following general expression is obtained:
dJ' -4r
Zcow (3.29)dx E
The inter-charge layer electrostatic potential at any of the charge layers (x =
do) can be related to the Stern layer potential, Is(dL), by integrating Eq. (3.29)
successively for each charge layer from # = (L - 1) to # = 1, and applying the
boundary conditions given in Eq. (3.18) for # = (L -1) and Eq. (3.15) for q = (L -2)
to # = 1. This yields:
L-1
T (do) = (dw+ - d) - Z + T (dL) (3-30)
L-1 4
E (dw+i - d) or + (d - dL
2 kBT 27re( 2we& 2
+ In .+ + 2eke DkB +DKkBT
where Eq. (3.30) uses the definition of the total electrostatic potential, I(x), given
in Eq. (3.10).
3.2.3.3 Calculation of the Electrostatic Surface Pressure
To calculate the electrostatic surface pressure, the method introduced by Hachisu4 2
is generalized to allow for the presence of multiple charge layers. Using this method,
the electrostatic surface pressure, flelec, can be written as follows:
00 00
rlelec- f Pelec (x) dx + J POSM (x) dx (3.31)
-00 -00
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where Posm(x) is the osmotic pressure resulting from the excess of ions in the diffuse
region, and Peiec is the electrostatic pressure given by:
6 / d''(x) \ 2
Peiec (X) = -E2 (x) = -(332)87r 87 dx
where E = -dxI/dx is the local electric field. The first integrand in Eq. (3.31)
vanishes for x < di (recall that E(x) = 0 for x < di). Accordingly, the first integral
in Eq. (3.31) can be evaluated as a sum of integrals over each of the (L - 1) inter-
charge layer regions, the Stern region, and the diffuse region. The second integrand
in Eq. (3.31) vanishes for x < ds, and therefore, the second integral in Eq. (3.31)
extends solely over the diffuse region (from x = ds to oc). With this in mind, ,eiec
in Eq. (3.31) can be rewritten as follows:
L-1 do+ 1  do Jos0
Helec = Z f Pelec (x) dx + J Peec (x) dx + Pelec (x) dx + Posm (x)dx (3.33)
#=1 do dL d, d,
The last two terms in Eq. (3.33) were already calculated by Hachisu in Ref. 42. To
evaluate the first two terms in Eq. (3.33), Eqs. (3.29) and (3.32) are utilized for the
first term of Eqs. (3.27) and (3.32) is utilized for the second term. This calculation
yields:
n 2
L-1 do+ , 2 d, E eZ4w 7
Helec E Z J 8w a dx + I 47 ( =1A dx (3.34)
0=1 87 PW=1 f 7 Edo1 dL
n 2
)2 2 Eezin];
(EDK) (kBT) + 27 e 2 =1 
7F e EDrkBT
where the last term in Eq. (3.34) corresponds to the result of Hachisu. By carrying
out the integrations in Eq. (3.34), and using Eq. (3.8), the following expression for
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rleiec is obtained:
n 2
L-1 0 n 2 Eeij
Heiec E -{ e ?rii/A (do+1 - do) + (di 2
#=1 E' (=1 (i=1 E
n 2
)2 2 ezini
+ K kT) 1 + -)(1 (3.35)
7r e EDrkBTA
Note that for the single ionic surfactant case where there is only one charge layer
(L = 1), the first term in Eq. (3.35) vanishes, thus yielding the expression for Helec
obtained in Section 2.2.2. If, in addition, the Stern layer is neglected (in which case
dL = ds), then the second term in Eq. (3.35) also vanishes, leading to the well-known
Davies expression for Helec. 28 If only surfactants having no net charge (for example,
zwitterionic surfactants) are considered, then zi = 0 for all i and the last two terms
in Eq. (3.35) vanish, reflecting the fact that there are no Stern or diffuse regions in
this case. Finally, if only nonionic surfactant species are considered, then zi = 0 and
(i = 0 for all i and w, leading to Helec = 0 in Eq. (3.35) as expected in this case.
Equation (3.11) can now be utilized, along with Eqs. (3.12) and (3.35), to obtain
the following expression for the surface equation of state, that is, for the surface pres-
sure, H, as a function of the temperature, T, the monolayer area, A, and the number
of adsorbed surfactant molecules of each type, rh, along with the various physical
constants and molecular parameters characterizing the surfactants. Specifically,
n n 2
H = kBT{+ ( r 2 +2 + (3.36)
A -- ±ia) A za1
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n 2
L-1 2 ez
" E - e(Ze T/A (d.+ 1 - d ) + (ds - dL)
#=1 E=1 A
" (EDk) ( )BT 2 + 27re )2(zi zi7i)2
7r/ e + \EDKkBT
Equation (3.36) can also be rewritten in intensive form as follows:
n 2
7r iri n
H= kBT 2 + B (3.37)
a -E as a - & (as 3=
n 2
L-1 n 2 z
+ 2e~w&a (d0+1 - d ±) + (ds - dL)
+ =1 W=1 (i=1 E) (
n 2
7F/ e ) EDKkBT/
where a = A Z is the area per surfactant molecule in the monolayer, and &
n
r7 E N is the monolayer mole fraction of surfactant molecules of type i. The
lk~1
first term in Eq. (3.37) is the contribution to the surface pressure, H, from the non-
electrostatic (that is, hard-disk and van der Waals) interactions, the second term is
the contribution to H associated with the inter-charge layer regions corresponding to
the adsorbed charged surfactant molecules, the third term is the contribution to H
from the Stern region, and the last term is the contribution to H from the diffuse
region.
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3.2.3.4 Calculation of the Surface Chemical Potential
As an illustration of the application of the theoretical framework developed so far, an
aqueous solution containing only one monovalent ionic surfactant species (denoted by
subscript s) and its oppositely-charged counterion (denoted by subscript c), along with
an arbitrary number of surfactant species that have no net charge, including nonionic
or zwitterionic surfactants is considered. The subscript N will be used hereafter to
denote any one of these nonionic or zwitterionic surfactant species. Consideration is
restricted to solutions that do not contain any added electrolyte. These restrictions
simplify the mathematical analysis that follows, and allow for a description of the
experimental surfactant solutions considered in Section 3.3. The analysis is also
restricted to surfactant solutions below the critical micelle concentration (CMC).
Although one could utilize a bulk thermodynamic theory of micellization to make
predictions for surfactant solutions above the CMC, as was done in Chapter 2, the
focus here will instead be on the interfacial properties at surfactant concentrations
below the CMC. Note that this does not pose a serious limitation, since it is below
the CMC that one observes the largest variation in the interfacial properties of the
surfactant solution.
As was shown in detail in Section 2.2.2 and Ref. 12, the surface chemical potential
of surfactant molecules of type N, p'v, which have a net electrostatic charge of zero,
and are therefore characterized by Nov'r/N [see Eq. (3.5)], is given by:
A
P -o F ,id -f (Hiid ) dA (3.38)N A,T,P,N:N:N
= p +g0  kBT 1±ln (p 0 ) Aln N) - n id) dA
A,T,P,N 
oN
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where F',id is the ideal surface free energy given by:
Fa'id= Nf ( ' + kTIn( + kBT In ) (3.39)
and Hid is the ideal surface pressure given by:
rid kBT NY/A (3.40)
and AO$' is the standard-state surface chemical potential of surfactant molecules of
type N at a reference pressure, H0. Note that the reference pressure is chosen arbi-
trarily to be ldyn/cm, since cgs units are used throughout this thesis. Note also that
the choice of the reference pressure will affect the numerical value of the standard-
state surface chemical potential, but will not affect the final predicted surface tensions
or surface concentrations and compositions.
Utilizing Eq. (3.36) for H (with ZN= 0) in Eq. (3.38) leads to the following ex-
pression for the surface chemical potential of an uncharged surfactant species:
aN± 27rrN > iri
rN B n ± (3.41)
n )2
+ aN ( iri n
(+ja 2 + Z BiN~in ai=
i1
L-1 ~L--1 )4, n e(^
+ e( (dw+ - de}
#0=1 .W=0 EW-=1 i=1a
where "O = kBT{1I + n (kBT/Ho)} has been introduced for convenience.
Note that for a nonionic surfactant, (0 = 0 for all values of <$, and therefore, the
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last term in Eq. (3.41), which results from the electrostatic charges on the surfactant
molecules, vanishes. On the other hand, for a zwitterionic surfactant, (N 0 0 for
two values of q, and consequently, the last term in Eq. (3.41) does not vanish. Note
L
also that using Eq. (3.30), along with the fact that ZN= E ( = 0 for any uncharged
#=1
surfactant species (see Eq. (3.9) with i replaced by N), the last term in Eq. (3.41),
the electrostatic contribution to the surface chemical potential, can be written in a
L
more compact form as E e(N' T (do). However, a more detailed expression was used in
0=1
Eq. (3.41) to show that, indeed, Eq. (3.41) yields an expression for the surface chemical
potential in terms of the temperature, T, the monolayer area, A, and the number of
surfactant molecules of each surfactant species adsorbed in the monolayer, {qi}, along
with the various physical constants and molecularly-based surfactant parameters.
For the ionic surfactant (s), one must consider the combined chemical potential
of the electroneutral combination of the surfactant ion and its counterion (c), po (see
Section 2.2.2 for a detailed derivation). Specifically,
A
/is, + / - P J (r-I Hid) dA (3.42)
A0 AT
or' rid A a(j-fid)
= C p;+kBT ( n (10)+ ln s -TI dA
90 69,A,T,P,NogN
Similar to Eq. (3.41), utilizing Eq. (3.36) for H in Eq. (3.42) leads to the following
expression for the surface chemical potential of the ionic surfactant and its counterion,
n
a( + 27rr, (rj
pSC = ;+kBT In +a 1  ± (3.43)
ce- jaj ce- jaj
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n 2
+ )= 2+ - Bejd( a-~~
a - & (aj =
L-1 
_L-1 W n eQi4rZn z-
+ Ze( (dw+i - dw) 4(+ (dz dL _ ez
± =1 [=# ) Jj + i=1
27re E ezj 27re ezi
+ 2zskBTln + I +
EDKkBT + D B &DKkBT)
Note that the last two terms in Eq. (3.43) represent the contributions from the
Stern and the diffuse regions, respectively. In addition, note that as in Eq. (3.41), the
last three terms in Eq. (3.43) (the electrostatic contribution to the surface chemical
L
potential) can be written in a more compact form as E e(t I (dO). However, the more
$=1
detailed expression given in Eq. (3.43) is preferred here to stress that it is indeed
an expression for the surface chemical potential of the charged surfactant and its
counterion in terms of the temperature, T, the monolayer area, A, and the number of
surfactant molecules adsorbed in the monolayer, {r7i}, along with the various physical
constants and molecularly-based surfactant parameters.
3.2.3.5 Thermodynamic Equilibrium between the Surface and the Bulk
Phases
In general, the bulk, aqueous chemical potential of any solute (surfactant or coun-
terion) molecule of type i, pi, can be determined using a bulk equation of state or
free energy model. For surfactant solutions below the CMC, the solute concentra-
tions are typically sufficiently dilute that the ideal solution model provides a good
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approximation. In that case,
/ w
A = pL1' + kBT n (xi) ~ p , + kBT n nw (3.44)
~W
where [t' 0 is the bulk standard-state chemical potential of surfactant molecules of
type i, and xi = n ng + n ~ nw/n is the bulk aqueous mole fraction of
j=1
surfactant molecules of type i, a is the bulk aqueous concentration (as a number
density) of surfactant molecules of type i, and nw is the bulk concentration (as a
number density) of water molecules. Note that, since the surfactant solutions are
dilute, nr is approximately constant and equal to the bulk concentration of pure
water. Also note that since only pre-micellar solutions are considered in this chapter,
the surfactant monomer concentration, ni, which was used in Chapter 2, is equal to
the total surfactant concentration, n7 used here.
For nonionic or zwitterionic surfactants (which have no net charge), thermody-
namic diffusional equilibrium requires equating the bulk chemical potential, pI, given
in Eq. (3.44), and the surface chemical potential, p'N, given in Eq. (3.41). This yields:
(n
IaN + 2'7rN Ziri
kBT n A)Nt% + kBT jn N + N -
n )2
7raN iri
+ 2 + - BNii (3.45)
n =1=
L--1 ~L -1 47 n e"
+ - e([ 1{(d,+ 1 - d() - :) }
0=1 N_W=0 E -y=1 i=1 .
where ApoN - j4. The quantities APN [along with Ap1 , defined below in
Eq. (3.46)] are the only parameters in the theory that are not calculated by direct
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molecular modeling. Instead, AzpL can be found by using a single experimental
surface tension measurement at a known total bulk surfactant concentration for each
individual surfactant species comprising the mixture, and then fitting the solution of
Eqs. (3.37) and (3.45) (or Eq. (3.46) for Ap-t') to the measured surface tension value.
Specifically, one can first determine the surface pressure, II, by measuring the surface
tension, -, using II= -o - -. This value of the surface pressure can then be used in
Eq. (3.37) for a particular single surfactant type N to determine a, the interfacial
area per molecule. Note that, in this case, the monolayer mole fraction of surfactant
molecules of type N, %, is unity, while the monolayer mole fractions of all the other
surfactant types, COON, vanish since only a single surfactant type, N, is present in this
case. This value of a can then be used in Eq. (3.45) to determine APON (see Section
3.3 for a discussion of the recommended total bulk surfactant concentration to be
used for this surface tension measurement).
Similarly, for the ionic surfactants, equating the combined bulk chemical potential
of the surfactant (s) and its counterion (c), pt + [t = Mw, using Eq. (3.44) with i
- s and c, and the combined surface chemical potential of the surfactant and its
counterion, P, given in Eq. (3.43), yields the required thermodynamic diffusional
equilibrium condition (see Section 2.2.2 for a detailed discussion). Specifically,
n
( ) n w a + 27rrs , 6rikBTl n + kBTln (poc B n 1
n )2
Eas 6iri n
+ 2 + 2 B 2.5 (3.46)
n a
L147 W ne
+ (N? (d__-d)_
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+ (ds - dL) 47ez ez
n n 2
27re ezj; 27re E ezjgi
± 2zskBTln I + 1+
EDkBTa EDKkBTa
where Apo = P - pwO is determined by fitting to a single surface tension value,
measured at a known bulk surfactant concentration, of an aqueous solution containing
only the ionic surfactant and counterion of interest, as described above for ApoN-
Note that once the values of ApoN and Apo are determined in this manner for each
surfactant species present in the solution, no additional experimental measurements
involving the surfactant mixture are necessary.
Note that Eqs. (3.45) and (3.46) represent a set of n equations, one for each of the
surfactant species present in the solution. Therefore, as will be shown in Section 3.3
for a few specific cases of interest, one can simultaneously solve this set of n equations,
along with the additional constraint that the surface mole fractions sum to unity,
n
that is, Z j = 1, to determine the n + 1 unknown quantities, a and {1, One
can then use these determined values of a and { 1,..., ,}, along with Eq. (3.37), to
determine the surface pressure, H, and hence, the surface tension, o = o-o - fl.
3.3 Results and Discussion
3.3.1 Calculation of Molecular Parameters
The surface tension, o-, surface concentration, F = 1/a, and surface composition,
{6,..., , were predicted for: (i) aqueous solutions containing either C12Maltoside,
C12Betaine, or SDS, (ii) aqueous solutions containing binary mixtures of C12Malto-
side-C 12 Betaine and C 12Betaine-SDS, and (iii) an aqueous solution containing a tern-
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ary mixture of C12Maltoside-C 12Betaine-SDS. Note that the aqueous solution of
C12Maltoside-SDS was discussed in detail in Chapter 2, and therefore, will not be
discussed here. The corresponding values of the hard-disk radii, ri, hard-disk areas,
aj, second-order virial coefficients, Bei and Bij, and standard-state chemical potential
differences, AP9, are listed in Tables 3.1 and 3.2. An analysis of the sensitivity of the
theoretical predictions to the values of these parameters is presented in Appendix B.
The positions of the various charge layers, do, corresponding to the various surfac-
tant systems examined, are listed in Table 3.3, and the corresponding charge-layer
valences, f, are listed in Tables 3.4 and 3.5. The estimation of ai for SDS and
C12Maltoside was discussed in detail previously in Section 2.3.1. The hard-disk area
of the C12Betaine surfactant was estimated to be 29A2 using the bond lengths and
angles of the betaine head group as estimated by the Molecular Modeling Pro software
package by ChemSW.6 2 The second-order virial coefficients were computed using the
determined head area size as described in Ref. 12. For the dielectric constant values in
the Stern region, ES, and in the inter-charge layer regions, eo, an estimated value of 42,
suggested by Bockris and Reddy,4 7 which is in reasonable agreement with the exper-
imental values, has been utilized. Note that a 10% change in the values of Es and Eo
results in a change of less than 1% in the final predicted surface tension. Accordingly,
our results are not extremely sensitive to the precise values of Es and eO, with the
approximate value utilized here providing sufficient accuracy. For mathematical con-
venience, eo will be replaced by Es in the equations that follow since their values are
assumed to be identical. The positions of the electrostatic charges in the sulfate and
betaine heads, as well as the position of the Stern layer, measured relative to the first
carbon atom in the hydrocarbon tail group, were also calculated using the Molecular
Modeling Pro software by ChemSW.62 Note that the choice of this reference point in
the hydrocarbon tail is arbitrary, and will not effect the final predictions since the
results depend solely on the thickness of each layer, that is, on the relative positions
of the various do's. Specifically, for aqueous solutions containing only the zwitteri-
onic surfactant C12Betaine, or aqueous solutions containing the binary mixture of the
nonionic surfactant C12Maltoside and the zwitterionic surfactant C12Betaine, there
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are two charge layers positioned at d1=1.5Aand d2 =3.9Acorresponding to the positive
and negative charges on the dipolar Betaine head, respectively (see Table 3.3). Recall
that there are no Stern or diffuse regions in this case since the surfactant molecules
considered have no net charge. For aqueous solutions containing a binary surfactant
mixture of C121Betaine and the ionic surfactant SDS, there are three charge layers posi-
tioned at d1=1.5A, d2=2.3A, and d3 =3.9Acorresponding to the positive charge on the
betaine head, the negative charge on the sulfate head, and the negative charge on the
betaine head, respectively, as well as a Stern layer positioned at ds=7.8A. For aque-
ous solutions containing a ternary surfactant mixture of C12Maltoside, C12Betaine,
and SDS, the positions of the three charge layers and the Stern layer are the same as
in the previous case (see Table 3.3).
As indicated in Section 3.2.3.5, the standard-state chemical potential differences,
pi , were calculated by fitting one measured surface tension value for each single
surfactant solution considered. The bulk surfactant concentrations, n, chosen for this
fit are 1.7 x 10- 8mol/cm 3 for C 12Maltoside, 6.7 x 10- 7mol/cm 3 for C 12Betaine, and
5.4 x 10- 6mol/cm 3 for SDS. Since the theoretically predicted surface tensions were
found to be in good agreement with the experimentally measured surface tensions
(see below), the precise choice of n for the fit is quite arbitrary and does not greatly
affect the theoretical predictions. However, in general, one should avoid extremely
low surfactant concentrations, where the percent uncertainty in the surface pressure
measurement is large due to the low value of the surface pressure.
3.3.2 Comparison with Experimental Surface Tension and
Adsorption Measurements
Experimentally measured surface tensions and surface concentrations and compo-
sitions (measured directly using neutron scattering) were reported for the aqueous
solutions listed above in Section 3.3.1. All the reported measurements were con-
ducted at 25'C, except for the monolayer composition measurements of the ternary
surfactant solution, which were performed at 400 C.5 2,5 6,63
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Table 3.1: Values of the hard-disk areas, aj, second-order virial coefficients, Bij, and
standard-state chemical potential differences, Ap[, corresponding to the three surfac-
tants C12Maltoside, C12Betaine, and SDS.
Table 3.2: Values of the second-order virial coefficients, Bij, for the three binary
combinations corresponding to the three surfactants C12Maltoside, C12Betaine, and
SDS.
Table 3.3: Values of the charge layer positions, do, and the Stern layer position, ds,
corresponding to the various surfactant systems considered.
Surfactant Pair di (A) d2 (A) d3 (A) ds (A)
C12 Maltoside-C 12Betaine 1.5 3.9 - -
C12Maltoside-C 12Betaine-SDS 1.5 2.3 3.9 7.8
C12Betaine-SDS 1.5 2.3 3.9 7.8
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Surfactant i ai (A2) Bij (A2) 0/u (kBT)
C12Maltoside 32 -157 -48.6
C12Betaine 29 -222 -48.1
SDS 25 -367 -59.0
Surfactant Pair Bij (A2)
C12Maltoside-C 1 2Betaine -185
C12Maltoside-SDS -225
C12Betaine-SDS -294
, I~ I -
Table 3.4: Values of the charge layer valences, (1, representing the valence of the
charges of surfactant molecules of type i positioned at layer 0, for an aqueous single
surfactant solution of C12Betaine (b), or for an aqueous binary surfactant mixture of
C12Maltoside (m)-C 12Betaine (b).
Table 3.5: Values of the charge layer valences, (0, representing the valence of the
charges of surfactant molecules of type i positioned at layer 0, for an aqueous binary
surfactant mixture of C12Betaine (b)-SDS (s), or for an aqueous ternary surfactant
mixture of C12Maltoside (m)-C 12Bletaine (b)-SDS (s).
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Layer (q) i Q0
1 0 +1
1 0 -1
Layer (q) QI' (t
1 0 +1 0
2 0 0 -1
3 0 -1 0
The predicted surface tensions of aqueous solutions containing only SDS or C12-
Maltoside were reported previously in Chapter 2, and are shown here again in Figure
3-2 for comparison purposes. For C12Betaine (b), the monolayer area per molecule,
a, for a given bulk concentration, ng, is found by solving Eq. (3.45) for a. For this
single zwitterionic surfactant, N = b, L = 2, 'a = 1, and Eq. (3.45) reduces to:
,___ 
3 ab a 2Bbb
kBT n A/-o + kBT In 2a + bb
nb a - a+ a - a +) a
4ire2
+ (d2 - di) c-a (3.47)
Once a is known, the surface tension, -, can be determined by calculating H using
Eq. (3.37). Recall that the last two terms in Eq. (3.37) vanish since there are no Stern
or diffuse regions in this case. Specifically,
rrim f 1 ab Bbbo 22re 2
So-1 - U = o-o - kB + + - 2 (d2 - di) (3.48)
a - ab (a - a) a2 J sa
Figure 3-2 shows both the predicted (lines) and experimentally measured (various
symbols) values of the surface tension, -, as a function of bulk surfactant concentra-
tion, nri, where i= m, b, or s, for single surfactant aqueous solutions of C12Maltoside
(A), C12Betaine (0), and SDS (0) below the CMC. The quoted experimental error in
these and the other surface tension values reported here is less than 0.1dyn/cm. In all
three cases, the theoretical predictions are in good agreement with the experimental
results.
For aqueous solutions containing the binary surfactant mixture of C12Maltoside
(m) and C12Betaine (b), the monolayer area per molecule, a, and composition, m
and b, for given total bulk surfactant concentration, nw= n- + n , can be found
by simultaneously solving the set of two equations given in Eq. (3.45), along with the
constraint that m + = 1. For this binary surfactant mixture, i = m and b, L = 2,
N = m [for Eq. (3.49)] and N = b [for Eq. (3.50)], and therefore, Eq. (3.45) reduces
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Figure 3-2: Predicted (various lines) and measured (various symbols) surface tensions,
o-, as a function of the bulk surfactant concentration, nT, of single surfactant aqueous
solutions of C12Maltoside (A), C12Betaine (0), and SDS (0) at 25 0C. The reported
experimental uncertainty in the surface tension values is within 0.1 dyn/cm.
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to the following two equations:
po + kB In (a- Gaa b-- la,,) + am + 27rrm ( brb + mrm)a - Gbab - cmam
± 7ram ( brb -±mrm)
2
(a - &bab - man)2
2
(GbBmb + mBmm)
kBT In ( w
n!:w )
A b + kBT In (a b
a - bab - mam ;
+
ab + 2l7rb (brb + mrm)
a - bab - (rnam
+ 7rab( brb+mrm)2
(a - Gbab - rmam)2
+ 2 (GBb0z + mBmb)}
+ (d2 - di) 47re 2 bEsa
Once a, m, and Gb, are known, the surface tension, a, can be determined by
calculating H using Eq. (3.37). Note that as in the previous case, there are no Stern
or diffuse regions. Specifically,
= o - kBT {
a -a- mam
+ Bbb + 2 bomBmb + 2 Bmm}
+0 2
4 7r (brb + mam)
2
(a - Gab - mam)
_ 2re2  d
Es2 (d02- di)
Figure 3-3 shows both the predicted (lines) and experimentally measured (various
symbols) values of the surface tension, -, as a function of the total bulk surfac-
n
tant concentration, rit Z w7 for an aqueous binary surfactant mixture of 50%
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kBT n (n)
n W
and
(3.49)
(3.50)
a- =g-o - HI (3.51)
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Figure 3-3: Predicted (various lines) and measured (various symbols) surface tensions,
o-, as a function of the total bulk surfactant concentration, nr + n, of aqueous solu-
tions containing a binary surfactant mixture of 50% C12Maltoside and 50% C12Betaine
(0) at 25'C. Also shown for comparison are the surface tensions of single surfactant
aqueous solutions of C12Maltoside (A) and C12Betaine (M) at 25'C. The reported
experimental uncertainty in the surface tension values is within 0.1 dyn/cm.
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Figure 3-4: Predicted (solid line) and measured (0) monolayer compositions,
C12Betaine, as well as predicted (dashed line) and measured (M) total monolayer con-
centrations, F', as a function of the surface pressure, rI, of aqueous solutions containing
a binary surfactant mixture of 50% C12Maltoside and 50% C12Betaine at 25'C.
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C12Maltoside and 50% C12Betaine (0). For comparison purposes, the surface ten-
sion curves of aqueous solutions of the two single surfactants, C12 Maltoside (A) and
C12Betaine (0), are also shown in Figure 3-3. Figure 3-4 shows both the predicted
(solid line) and experimentally measured value (0) of the monolayer composition, b,
as well as the predicted (dashed line) and experimentally measured value (U) of the
total monolayer concentration, F = 1/a, as a function of the surface pressure, HI, for
an aqueous binary surfactant mixture of 50% C12Maltoside and 50% C12Betaine. The
predicted values of the surface tension and both the monolayer composition and con-
centration are in reasonable agreement with the experimental results. As discussed
in Section 3.1, the mixture of C12Maltoside and C12Betaine shows little synergism,
as is evidenced by the fact that the surface tension curve of the mixed surfactant so-
lution lies between those of the two single surfactant solutions. Note that our theory
successfully predicts this lack of synergism since both the surface tension and mono-
layer concentration and composition predictions are in reasonable agreement with
the experimental results. Note that, for clarity, only one bulk solution composition is
shown, since the agreement between theory and experiment was found to be similar
for other bulk solution compositions.
For aqueous solutions containing the binary surfactant mixture of SDS (s) and
C12Betaine (b), the monolayer area per molecule, a, and composition, , and Gb, for
given bulk surfactant concentrations, n' and n', can be found by simultaneously
solving the set of two equations given in Eqs. (3.45) and (3.46), along with the con-
straint that , + b = 1. For this binary surfactant mixture, i = b and s, N = b,
L = 3, and Eqs. (3.45) and (3.46) reduce to the following two equations:
kBT In ($n)= AA4+kBT In ( b a) + ab+ 27rb(brbn+ Sr)
nw b (a - (s a, a - bab - ,as
7rab ((brb + ers) 2  2
+ (abab-+a 8 ) 2 + - (bBbb± +sBsb) + (3.52)
(a - 6b- ,a, )2 a
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Once a, Gb, and ,, are known, the surface tension, -, can be determined from the
surface pressure, H, using Eq. (3.37) as follows:
co-kB{ a a,
__-__a__-__ as
+ 7 (brb + -sr,)2
(a - Gnab-- , a, )2
Bb + 2&6s2Bb8 + 2 Bss
az
2
di) - 2 bas (d3 - d2 )} +
kBT n
n W
+
(3.53)
a - Gab - Esa,
4wre 2
+ {2s (ds - d2) - b (d3- d2)}
}
a- = o - r
+ }
2ire2
2e 2 {W (ds - d2) + b2 (d3 -
(3.54)
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Figure 3-5 shows both the predicted (lines) and experimentally measured (various
symbols) values of the surface tension, -, as a function of the total bulk surfactant
concentration for an aqueous binary surfactant mixture of 50% C12Betaine and 50%
SDS (A). For comparison purposes, the surface tension curves of the two single
surfactant aqueous solutions, C12 Betaine (0) and SDS (0), are also shown in Figure
3-5. Figure 3-6 shows both the predicted (solid line) and experimentally measured
values (0) of the monolayer composition, ,, as well as the predicted (dashed line) and
experimentally measured values (0) of the total monolayer concentration, F = 1/a,
as a function of the surface pressure, H, for an aqueous binary surfactant mixture of
50% C12Betaine and 50% SDS. The predicted values of the surface tension as well
as of the monolayer composition and concentration are in reasonable agreement with
the experimental results. As discussed in Section 3.1, the mixture of C12Betaine
and SDS shows significant synergism, 56 as is clearly reflected in Figure 3-5 by the
fact that the surface tension curve of the mixed surfactant solution lies to the left
of the surface tension curve of the two single surfactant solutions. Note that our
theory successfully quantitatively predicts this strong synergism since both the surface
tension and monolayer concentration and composition predictions are in reasonable
agreement with the experimental results.
For aqueous solutions containing a ternary surfactant mixture of C12Maltoside
(M), C12Betaine (b), and SDS (s), the monolayer area per molecule, a, and compo-
sition, (m, db, and ,, for given total bulk surfactant concentrations, n', n', and n,
can be found by simultaneously solving the set of three equations given in Eqs. (3.45)
and (3.46), along with the constraint that m+ G+ , =1. For this ternary surfactant
mixture, i = m, b, and s, L = 3, N = m [for Eq. (3.55)] and N = b [for Eq. (3.56)],
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Figure 3-5: Predicted (various lines) and measured (various symbols) surface tensions,
o-, as a function of the total bulk surfactant concentration, n' + n, of aqueous
solutions containing a binary surfactant mixture of 50% C12Betaine and 50% SDS
(A) at 25'C. Also shown for comparison are the surface tensions of single surfactant
aqueous solutions of C12Bletaine (M) and SDS (0) at 25'C. The reported experimental
uncertainty in the surface tension values is within 0.1 dyn/cm.
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Figure 3-6: Predicted (solid line) and measured (0) monolayer compositions, SDS,
as well as predicted (dashed line) and measured (0) total monolayer concentrations,
I', as a function of the surface pressure, HI, of aqueous solutions containing a binary
surfactant mixture of 50% C12Betaine and 50% SDS at 25'C.
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and Eqs. (3.45) and (3.46) reduce to the following three equations:
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Once a, (m, gb, and , are known, the surface tension, o, can be determined from
the surface pressure, H, using Eq. (3.37) as follows:
-=o-r = o--kBT{I + 7r ( mrm + brb + srs)2
a - mam - bab - sa, (c - mam - &bab- sas) 2
( Bmm + b2B + (2Bes + 2 mGbBmb ± 2 m sBms + 2 6bs Bbs+ a2 }
2wre 2
- 2 { (d - d2 ) + ? (d3 - di) - 2sto (d3 - d2 )1
(EDI (kBT) 2 [ ( h272,  ) J (3.58)
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Figure 3-7 shows both the predicted (line) and experimentally measured (@) val-
ues of the surface tension, -, as a function of the total bulk surfactant concentration
for an aqueous ternary surfactant mixture of 50% C 12Betaine, 25% C12Maltoside, and
25% SDS. Figure 3-8 shows both the predicted (solid columns) and experimentally
measured (striped columns) values of the monolayer composition, m, &b, and ., at
the solution CMC (nw = 2 x 10- 7mol/cm 3) for an aqueous ternary surfactant mix-
ture of 50% C 12Bletaine, 25% C12Maltoside, and 25% SDS. The predicted values of
the surface tension and of the monolayer composition are in reasonable agreement
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Figure 3-7: Predicted (line) and measured (0) surface tensions, -, as a function of the
total bulk surfactant concentration, n" + nw + n, of an aqueous solution containing
a ternary surfactant mixture of 25% C12Maltoside, 50% C12Betaine, and 25% SDS at
25 C. The reported experimental uncertainty in the surface tension values is within
0.1 dyn/cm.
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Figure 3-8: Predicted (solid) and measured (striped) monolayer composition,
&C12 Maltoside, C1 2Betaine, and SDS, at the CMC (2x 10- 7mol/cm 3) of an aqueous solu-
tion containing a ternary surfactant mixture of 25% C 12Maltoside, 50% C 12Betaine,
and 25% SDS at 40*C.
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with the experimental results. Note that, as discussed in Section 3.1, for all the
binary and ternary surfactant mixtures examined, no additional experimentally de-
termined parameters are required in order to make predictions of the surface tension
and surface concentration and composition, apart from the standard-state chemical
potential differences of each single surfactant, AtP, which were determined from a
single surface tension measurement of each single surfactant solution.
3.4 Conclusions
A theoretical framework has been presented to predict the surface tension and mono-
layer concentration and composition at the air-solution interface for aqueous solutions
containing mixtures of nonionic, ionic, and zwitterionic surfactants, with the central
theme of this chapter being the rigorous treatment of electrostatic effects associated
with the adsorption of zwitterionic surfactants at the interface. Good agreement was
found between the theoretical predictions and the experimentally measured surface
tensions and monolayer compositions for aqueous solutions containing binary sur-
factant mixtures of C12Maltoside-C 12Betaine, which exhibit a relatively small extent
of synergism, and C12Betaine-SDS, which exhibit a relatively large extent of syner-
gism. Good agreement was also found between the theoretical predictions and the
experimentally measured surface tensions and monolayer compositions for aqueous
solutions containing the ternary surfactant mixture of C12Maltoside-C 12Betaine-SDS,
thus demonstrating that a notable advantage of the theoretical formulation presented
in this chapter is that it can be readily extended to multi-component mixtures, with-
out requiring any additional experimentally-determined parameters.
The theory presented in this chapter utilizes a molecularly-based surface equation
of state developed in the context of a nonideal, two-dimensional adsorbed gas model.
Nonideal interactions that are accounted for include: (i) steric, excluded-area interac-
tions between the adsorbed surfactant molecules treated as hard-disks, (ii) attractive,
van der Waals interactions between the surfactant tails that are incorporated through
a virial expansion truncated at second order in surfactant surface concentration, and
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(iii) electrostatic interactions in the case of ionic or zwitterionic surfactants, which
are treated using a Gouy-Chapman based model. However, instead of the traditional
electrostatic double layer consisting of a single two-dimensional charge layer at the
interface and a diffuse region in the aqueous phase near the interface, the theory
presented here allows for the presence of multiple two-dimensional charge layers at
the interface, as well as for a Stern region where steric repulsions exclude the ions
present in the diffuse region. By allowing for multiple two-dimensional charge layers,
the theory was extended to treat electrostatic effects in solutions that contain zwit-
terionic surfactants, either as a single species, or when mixed with ionic or nonionic
surfactants.
All the parameters appearing in the surface equation of state for the mixed sur-
factant monolayer can be estimated from the known molecular characteristics of the
surfactants. These molecular characteristics include the cross-sectional areas of the
surfactant molecules, the valence and position of each of the charged groups in the
surfactant head, the distance of closest approach between an adsorbed ionic surfactant
and its counterion, and the second-order virial coefficients, which can be calculated
from the number of carbons in the surfactant hydrocarbon tails and the surfactant
cross-sectional areas. The resulting surface equation of state can be combined with
a description of the bulk surfactant solution chemical potential, including a single
experimentally-determined parameter, the difference in the standard-state chemical
potential of a surfactant molecule at the surface and in the bulk solution, for each
single surfactant species present in the mixture, to predict the surface tension and
monolayer concentration and composition. In contrast with other existing theories for
mixtures of surfactants at interfaces, there are no mixture-dependent experimentally-
fitted, empirical parameters in the mixture surface equation of state presented in this
chapter. This can significantly reduce the amount of experimentation that would be
necessary to predict the interfacial behavior of mixed surfactant solutions.
In the next chapter, the theory developed in Chapter 2 is extended to model the
adsorption of mixtures of surfactants at the oil-water interface.
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Chapter 4
Theoretical and Experimental
Investigation of the Equilibrium
Oil-Water Interfacial Tensions of
Solutions Containing Surfactant
Mixtures
4.1 Introduction
As discussed in Chapter 1, surfactant adsorption at the oil-water interface, along with
the resulting lowering of the interfacial tension, plays a central role in controlling the
desired interfacial properties in many practical applications involving surfactants.
As a result, a molecular-based theory capable of predicting the oil-water interfacial
behavior of solutions containing surfactant mixtures would be valuable for the design
and optimization of surfactant systems exhibiting desirable interfacial properties, and
would also help alleviate the need for costly and time consuming trial-and-error type
experimentation.
There have been a number of recent theoretical and experimental investigations
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of the equilibrium adsorption of surfactants at an oil-water interface. The Langmuir
adsorption model is most commonly utilized to describe the equilibrium adsorption of
nonionic surfactant molecules at the oil-water interface in the case of single surfactant
solutions,64-71 with the addition of a Gouy-Chapman based treatment of electrostatic
effects in the case of ionic surfactants.29 30 16 ,72 Recent modifications to the Langmuir
adsorption model include the treatment of molecular reorientation at the interface as
the interfacial concentration increases ,64,73-75 and accounting for possible clustering
of the adsorbed surfactant molecules.7" Furthermore, the Langmuir adsorption model
has been extended to treat binary surfactant mixtures, either by assuming no inter-
actions between the different adsorbed surfactant molecules, 77-79 or through the use
of a Regular Solution Theory (RST) based approach to treat these interactions.69 80 81
Note that, for a single surfactant solution, the Langmuir adsorption model requires
two experimentally determined parameters, while the modified forms of this model
all require three or more such parameters. In addition, the use of RST in the case
of multicomponent surfactant mixtures requires introducing an additional parameter,
for each surfactant pair considered, which is determined from experiments performed
on that binary surfactant mixture.
In addition to the adsorption of surfactants at the oil-water interface, which can
be described by an adsorption model of the type discussed above, one must also
consider the equilibrium partitioning of surfactant molecules between the bulk oil
phase and the bulk aqueous phase." For dilute surfactant solutions below the critical
micelle concentration (CMC), the bulk oil and bulk aqueous phases are commonly
modeled as ideal solutions, leading to a constant ratio of the surfactant concentrations
in the oil and aqueous phases (referred to as the surfactant partition coefficient, see
Section 4.2.2.2 for more a more detailed description). 66,67,69 - 71 ,8 2 -8 4 Note that CMC
refers here to the surfactant concentration beyond which the surfactant molecules
begin to aggregate (as micelles, swollen micelles, reverse micelles, or swollen reverse
micelles) in either the aqueous or the oil phase. Since the surfactant concentrations
in both bulk phases are typically very low, it is often difficult (although not impos-
sible) to directly measure these concentrations to determine the surfactant partition
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coefficient.66 In addition to directly measuring the surfactant partition coefficient by
measuring the surfactant concentrations in each bulk phase,8" Ref. 66 shows that the
surfactant partition coefficient can be determined by combining air-water surface ten-
sion measurements with oil-water interfacial tension measurements. Moreover, Ref.
70 describes a method to determine the surfactant partition coefficient by utilizing
dynamic interfacial tension measurements, along with a detailed model describing the
dynamic surfactant adsorption. In addition, Refs. 83 and 86 show that the surfac-
tant partition coefficient can be deduced by determining the CMC through the use
of oil-water interfacial tension measurements, along with an alternative method for
determining the CMC (for example, through the measurement of air-water surface
tensions), under the assumption that the presence of the oil phase has a negligible
effect on the CMC. It should also be noted that in some cases (including those dis-
cussed in this chapter), where the surfactant molecules exhibit extreme partitioning
into one of the two bulk phases, the actual determination of the surfactant partition
coefficient becomes unnecessary. 69
The theory presented in this chapter and in Ref. 87 to predict the interfacial
behavior of surfactant mixtures adsorbed at the oil-water interface is based on the
molecular-thermodynamic framework that was presented in Chapters 2 and 3 to pre-
dict the interfacial behavior of surfactant mixtures adsorbed at the air-water inter-
face.12 ,88 ,8 9 This theoretical framework models the adsorbed surfactant molecules as
a two-dimensional, nonideal gas-like monolayer of hard disks, interacting through
both attractive van der Waals interactions originating from the surfactant alkyl tails,
as well as through electrostatic interactions, originating from charges present in the
surfactant polar heads. More specifically, electrostatic effects are incorporated as
an additive contribution to the surface pressure, which is calculated using a Gouy-
Chapman based description of the diffuse layer, including a Stern layer of counterion
steric exclusion.3 2 The main difference between the air-water interface case consid-
ered in Chapters 2 and 3 and the oil-water interface case considered in this chapter,
is in the magnitude of the attractive van der Waals interactions operating between
the surfactant alkyl tails of the adsorbed surfactant molecules in each case. Specifi-
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cally, in the case of surfactants consisting of linear alkyl tails interacting through an
intervening linear alkane oil phase considered here, the attractive van der Waals inter-
actions between the surfactant alkyl tails are negligible.90' 91 On the other hand, when
the intervening medium is air, the van der Waals attractions between the surfactant
alkyl tails are not negligible, and were modeled using a virial expansion in surfactant
surface concentration truncated at quadratic order, with the resulting second-order
virial coefficients computed molecularly.'2,88 However, the values of the other sur-
factant molecular parameters, which include the molecular cross-sectional area and
the valence and location of any electrostatic charges present in the surfactant polar
head, are the same as those used in the air-water interface case. As a result, one can
utilize the same theoretical framework to predict both the air-water and the oil-water
interfacial tensions.
In addition to the surfactant molecular parameters discussed above (see Section
4.2 for more details), the theory presented in this chapter also requires, for each
surfactant component considered, knowledge of the standard-state chemical poten-
tial difference corresponding to a surfactant molecule adsorbed at the interface and
present in either the bulk aqueous phase or the bulk oil phase, along with the oil-water
surfactant partition coefficient. This standard-state chemical potential difference can
be determined from a single interfacial tension measurement, at a known bulk sur-
factant concentration, for each single surfactant solution. As discussed in detail in
Section 4.2, the surfactant partition coefficient is not needed when the surfactant
molecules exhibit extreme partitioning into one of the two bulk phases. Furthermore,
in those cases when the surfactant partition coefficient is needed, a new method is
proposed to determine its value by conducting two interfacial tension measurements
on the single surfactant solutions at two different oil-water volume ratios.
Once the required surfactant parameters have been determined, the theoretical
framework presented here can be utilized to predict the interfacial tension and the
interfacial concentration and composition as a function of the total bulk surfactant
concentration and composition as well as of the oil-water volume ratio (that is, the
total amount of each surfactant component in the mixture, and the volumes of the
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aqueous phase and the oil phase) for a solution containing any number of surfactant
components below the CMC, without the need to conduct any additional measurements
on the mixed surfactant solutions.
Although many experimental measurements of oil-water interfacial tensions of sin-
gle surfactant solutions have been reported, the number of reported interfacial tension
measurements for mixed surfactant solutions is quite limited.6 9,79- 8 1 ,92 Therefore, in
this chapter, the results of oil-water interfacial tension measurements of single as well
as of mixed surfactant solutions are presented. Specifically, solutions of: (i) the non-
ionic surfactant dodecyl hexa(ethylene oxide) (C 12 E6 ), (ii) the ionic surfactant sodium
dodecyl sulfate (SDS), and (iii) binary mixtures of C12 E6 and SDS are considered.
The two surfactants, C12 E6 and SDS, were selected to test the theory developed in
this chapter for the oil-water interface case because these same surfactants were used
to test the theory for the air-water interface case. Specifically, in Chapter 2, it was
shown that the theory can successfully predict the surface tensions of these surfac-
tants and their mixtures. Accordingly, if using the same molecular parameter values
for C1 2E6 and SDS as those utilized in Chapter 2, the theory can successfully predict
the oil-water interfacial tensions of these two surfactants and their binary mixtures,
this will provide additional support for the range of validity and applicability of the
theory. To further test the theory presented here, the interfacial tension predictions
are compared with the reported experimental hexadecane-water interfacial tensions
of binary mixtures of the nonionic surfactants dodecyl di(ethylene oxide) (C12 E2 ) and
dodecyl octa(ethylene oxide) (C1 2 E8 ). 69
The remainder of the chapter is organized as follows. The theory of surfactant
adsorption at the oil-water interface, including a description of the equilibrium distri-
bution of the surfactant molecules among the interface, the oil phase, and the aqueous
phase, as well as the determination of surfactant partition coefficients, is presented
in Section 4.2. A description of the experimental technique used to carry out the
interfacial tension measurements is presented in Section 4.3. In Section 4.4, the re-
sults of the experimental interfacial tension measurements, along with the results of
interfacial tension measurements reported in the literature, are compared with the
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interfacial tensions predictions of the theory described in Section 4.2. Finally, con-
cluding remarks are presented in Section 4.5.
4.2 Theory
4.2.1 Surface Equation of State
An expression for the surface equation of state can be obtained by assuming that the
electrostatic interactions associated with any charged surfactant molecules present at
the interface form an additive contribution to the surface pressure. Specifically, the
total surface pressure, H = o - o (where a is the interfacial tension of the surfactant
solution, and ao is the interfacial tension between pure oil and water), can be written
as follows: 90' 88
H =FNI + lelec (4.1)
where HNI is the contribution to the surface pressure resulting from all non-electro-
static interactions, and rlelec is the contribution to the surface pressure arising from
the electrostatic interactions (see Chapter 2). For the non-electrostatic contribution
to the surface pressure, it is assumed that the adsorbed surfactant molecules form
a two-dimensional, nonideal gas-like monolayer of hard disks. The radius, ri, and
the cross-sectional area, ai - Trr, of each surfactant component i in the mixture can
be determined from the known chemical structure of that surfactant (see Chapter
2).12,88,89 Furthermore, as discussed in Section 4.1, it is assumed that any attractive
van der Waals interactions between the surfactant alkyl tails adsorbed at the oil-water
interface are negligible. This approximation is reasonable when the oil phase has a
chemical composition similar to that of the surfactant tails (this is, indeed, the case
for the surfactant tails and oils considered in this chapter, which consist of linear
alkane chains), but may not be appropriate in cases where the surfactant tails and
the oils considered have dissimilar chemical compositions (for example, when the oil
phase consists of a highly unsaturated hydrocarbon and the surfactant tails consist of
a saturated hydrocarbon). In the latter case, the van der Waals attractions between
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the surfactant tails through the intervening oil phase need to be accounted for (for
example, by generalizing the approach presented in Ref. 12 for the air case). The
nonionic contribution to the surface pressure can then be written as follows:1 2
n n 2
HNI = kB i a (4.2)
1 - EFiai 
- ZFias
where kB is the Boltzmann constant, T is the absolute temperature, ri, and ai are
the radius and the cross-sectional area of the adsorbed surfactant molecules of type i,
respectively, F, is the interfacial concentration of surfactant molecules of type i, and
n is the number of surfactant components comprising the mixture.
The electrostatic contribution to the surface pressure, Helec, can be estimated by
making the following assumptions. First, the charge at the interface can be smeared
into a single, uniform, two-dimensional charge layer in the case of a single ionic
surfactant (see Chapter 2),88 or into multiple, parallel, two-dimensional charge layers
in the case of mixtures containing ionic and zwitterionic surfactants (see Chapter
3).9 Secondly, it is assumed that the surfactant ions and the counterions are present
exclusively within the aqueous phase (that is, that they are completely insoluble in
the nonpolar oil phase). This assumption will be discussed further in Section 4.2.2.4,
and will be substantiated in Section 4.4. Third, it is also assumed that the charges
associated with the surfactant ions and the counterions which are dispersed in the
bulk aqueous phase can similarly be smeared into a uniform, three-dimensional charge
density which varies with the distance from the two-dimensional, planar interface
(forming the so called "diffuse region"). Fourthly, it is assumed that the ions are
completely dissociated, and interact within the diffuse region in a medium having
uniform dielectric constant. Finally, a Stern layer is also included in the electrostatic
description, that is, a distance of closest approach of the counterions, between the
adsorbed surfactant molecules and the diffuse region, and assume a different, uniform
dielectric constant within the Stern layer (see Chapters 2 and 3 for a more detailed
discussion of these assumptions). Implementing these assumptions, the electrostatic
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contribution to the surface pressure is given by:88
re kBT )2 27re )2 n 
27d n
7eiec =( ) 1+ eziF) - 1 + -- ezi)7r ekBT Es _
(4.3)
where e is the dielectric constant in the diffuse region (for which the value corre-
sponding to pure water, 78, was used), K-1 is the Debye-Hiickel screening length, e
is the charge of a proton, zi is the valence of the surfactant molecules of type i, d
is the Stern-layer thickness (which can be determined from the chemical structures
of the surfactant and the counterion),88 and e, is the dielectric constant in the Stern
layer (for which a value of 42 was used, see Chapter 2). Note that Eq. (4.3) is written
for the case of a single charge layer (that is, all the charge at the interface resides
in the same two-dimensional plane), which corresponds to the adsorption of a single
ionic surfactant component and any number of nonionic surfactant components, since
this is the relevant case for the surfactants considered in this chapter. In the case
of mixtures containing ionic and zwitterionic surfactants, the full expression for flelec
given by Eq. (3.35) in Chapter 3 should be utilized instead of Eq. (4.3).
Finally, using Eqs. (4.2) and (4.3) in Eq. (4.1), along with the definition of the
surface pressure, the following expression for the surface equation of state is obtained:
n 7T(n 2
- = - =- - kBT 2 (4.4)
1-F_ riai I- ( )a }
S kBT 2 H 27e 2 n 27rd (
(E7K1 + rk ezjFj - 1 Eezi]Pi)2L
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4.2.2 Adsorption Equilibrium
4.2.2.1 Equilibrium Among the Interface and the Two Bulk Phases for
Nonionic Surfactants
Equation (4.4) relates the interfacial tension, -, to the surface concentration, Fi,
of each surfactant component i present in the mixture. In order to compute the
dependence of the interfacial tension on the total bulk surfactant concentration and
composition of the surfactant mixture, at a given temperature and pressure, it is
necessary to first relate the surface concentration, Fi, to the total bulk surfactant
concentration and composition of the surfactant mixture (the actual experimentally-
controlled variables). For this purpose, one must consider the diffusional equilibrium
of each surfactant component i among three coexisting phases: the aqueous phase,
the oil phase, and the interfacial phase. In this section, only nonionic surfactants
are considered, and ionic surfactants are discussed in Section 4.2.2.4. The diffusional
equilibrium condition can be satisfied by equating the chemical potentials of each
surfactant component i in each of the three coexisting phases, following the approach
of Chapters 2 and 3. Specifically, the interfacial chemical potential of surfactant
molecules of type i, p', is given by: 12
Acy p ' +kB In 17i (4.5)
1 -E Fkak
k=1
n nZ krk )2aai + 2rriE r raj E ]Fkr)
+ 1 k=1 (k=1 2
1 - E rkak 1-E 17kak
k=1 k=1
where p"O is the standard-state chemical potential of surfactant molecules of type i
adsorbed at the interface.
Since the bulk surfactant concentrations are dilute in the pre-micellar solutions
considered here, the chemical potentials of the surfactant molecules in the bulk aque-
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ous and oil phases can be modeled quite accurately using the ideal-solution approx-
imation. Specifically, the chemical potential of surfactant molecules of type i in the
aqueous phase, p1 , can be written as follows:
plf = p-'i + kB T n n(4-6)
n W)
where p'L is the standard-state chemical potential of surfactant molecules of type
i in the aqueous phase, n is the concentration (as a number density) of surfactant
molecules of type i in the aqueous phase, and nw is the concentration (as a number
density) of water (and therefore, nO/nw is approximately equal to the mole fraction of
surfactant molecules of type i in the aqueous phase). Note that, since the surfactant
concentration is dilute, nw is approximately constant and equal to the molar density
of pure water given by nw$ = pw/MWw (where pw and MWw are the density and
molecular weight of water, respectively).
Similarly, the chemical potential of surfactant molecules of type i in the oil phase,
Pi, can be written as follows:
p?= 0 + kBT n ($' (4.7)
(-0)
where pt'O is the standard-state chemical potential of surfactant molecules of type i in
the oil phase, m is the concentration (as a number density) of surfactant molecules of
type i in the oil phase, and no is the concentration (as a number density) of oil (and
therefore, n9/n' is approximately equal to the mole fraction of surfactant molecules
of type i in the oil phase). Note again that, since the surfactant concentration in the
oil phase is dilute, no is approximately constant and equal to the molar density of
pure oil given by no = po/MWo (where po and MWo are the density and molecular
weight of the oil, respectively).
Note, however, that the surfactant concentrations in the bulk aqueous and oil
phases, nw and n9, respectively, are not known a priori. Instead, the total number of
surfactant molecules of type i in the system, Ni, along with the volumes of the aqueous
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phase, V', and of the oil phase, V0 , are known. Since the surfactant molecules of
type i are in diffusional equilibrium between the aqueous phase and the oil phase, it
follows that:
Pi = p(4.8)
which, through the use of Eqs. (4.6) and (4.7), yields:
= (no) exp k ,) = Kp (4.9)
where Kpi is the oil-water partition coefficient of surfactant molecules of type i, a
quantity that will be discussed in more detail in Section 4.2.2.2. As discussed in
Section 4.1, when the surfactant molecules partition extremely into either the aqueous
phase or the oil phase (a condition which is satisfied by the surfactants considered
in this chapter, see Section 4.4), the values of W" (or n?) are approximately equal to
Ni/Vw (or Ni/V 0 ), and therefore, knowledge of Kp1 is not required in those cases.
On the other hand, when Kpi needs to be determined in order to calculate nw (or
no), a new procedure for determining Kp1 , involving the measurement of interfacial
tensions, will be presented in Section 4.2.2.2.
Using Eq. (4.9), along with the requirement that the total number of surfactant
molecules of type i in the two-phase system, Ni, satisfies Ni = nwVw + nV 0 , the
concentration of surfactant molecules of type i in the aqueous phase, ni, can be
written as follows:
n = (+1 ( V) Kpj (4.10)
Note that in deriving Eq. (4.10), it was assumed that the number of surfactant
molecules adsorbed at the interface is negligible compared to the total number of
surfactant molecules (that is, that I'iA << nwVw + n'V 0 ). Equation (4.10) can be
combined with Eq. (4.6) to obtain the following expression for the chemical potential
of surfactant molecules of type i in the bulk aqueous phase:
L = it +'kBT In 1 + (VJK, (4.11)
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Diffusional equilibrium of surfactant molecules of type i between the aqueous phase
and the interfacial phase can be satisfied by equating the chemical potentials of sur-
factant molecules of type i in each phase, that is, by demanding that p1" = [-t. This
requirement, along with Eqs. (4.5) and (4.11), yields:
n n(-/w'O a E rk + 27rri E Fkrk
n O Ai + In + k=1 k=1
n ) kB n
1 - E rkak 1 - kak
k=1 k=1
7raj rr
I -
-Zkaak=1
where
io ' -I P' + kBTln (1+ (') Kp,) (4.13)
is the modified standard-state chemical potential difference associated with the ad-
sorption of surfactant molecules of type i from the aqueous phase to the interfacial
phase, reflected in p 'O - pt'Q, as well as with their partitioning between the aqueous
phase and the oil phase, reflected in the term containing Kp. The quantity A a '
is the only parameter in the adsorption isotherm, Eq. (4.12), that is not predicted
molecularly. As such, Api 'O needs to be determined experimentally (see Section
4.2.2.2 for a detailed description).
In the case of the surfactant molecules of type i present in the oil phase, their
concentration, ni, can be determined using Eq. (4.9), along with the mass balance
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requirement that Ni = nrV' + nV 0 . This yields:
Ni (4.14)
ny y(1 + (VW K,-(.4
Using Eq. (4.14) in Eq. (4.7) for p9, and then demanding that p = pF to satisfy the
condition of diffusional equilibrium of surfactant molecules of type i between the oil
phase and the interfacial phase, one obtains:
n n
(/0,0 a E ]k + 2ri E Fkrk
In = + ln + k=1
nOVO kBT "1-Z E Ika 1 - E Fkak
k=1 k=1
n 2
7rai E krk
n 
2  (4.15)
1 - E rkak
k=1
where
0/o, o- o,0 O P( (V) -1"16Afii' - '"- _' + kBT In (+ v K) (4.16)
is the modified standard-state chemical potential difference associated with the ad-
sorption of surfactant molecules of type i from the oil phase to the interfacial phase,
reflected in p,'" - , as well as with their partitioning between the aqueous phase
and the oil phase, reflected in the term containing K,. As in the case of Ap '
in Eq. (4.12), the quantity Ai /' is the only parameter in the adsorption isotherm,
Eq. (4.15), that is not predicted molecularly. As such, Ap 'O needs to be determined
experimentally (see Section 4.2.2.2 for a detailed description).
Note that the two adsorption isotherms, Eqs. (4.12) and (4.15), are equivalent.
Indeed, by combining Eqs. (4.12) and (4.15), one simply recovers Eq. (4.9). In other
words, Eqs. (4.9), (4.12), and (4.15) reflect the simultaneous equilibrium that exists
among surfactant molecules of type i at the interface, in the aqueous phase, and in
the oil phase. Accordingly, although either Eq. (4.12) or Eq. (4.15) may be utilized
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to describe the condition of diffusional equilibrium of surfactant molecules of type
i among the interface and the two bulk phases, for consistency, Eq. (4.12) will be
arbitrarily utilize throughout the remainder of the chapter.
4.2.2.2 Experimental Determination of the Modified Standard-State Chem-
ical Potential Difference
As discussed in Section 4.2.2.1, the quantity A0 ''0 in Eq. (4.12) is the only param-
eter in the adsorption isotherm, Eq. (4.12), that is not predicted molecularly. Below,
a description of a procedure for determining AZ '/w'o experimentally using interfacial
tension measurements is presented. Specifically, for each surfactant component i, the
measured value of the oil-water interfacial tension is used in Eq. (4.4), along with the
known values of the molecular parameters, ri and aj, which is then solved to calculate
the interfacial concentration, Fj. The resulting value of Fl can then be utilized in
Eq. (4.12), along with the known value of N/Vw, to determine the quantity Ap ' .
Once the values of Afi /'o for every surfactant component i have been determined
in this manner, one can predict all the interfacial concentrations, {F }, as well as the
interfacial tension of the surfactant mixture for any given total bulk amount of surfac-
tant and any bulk surfactant composition for this particular oil-water volume ratio.
Specifically, for a given set of n values of {N/Vw} (one for each of the n surfactant
components comprising the mixture), one can solve the set of n equations given by
Eq. (4.12) to calculate the set of n unknown interfacial concentrations, {FI}. These
values of {i } can then be utilized in Eq. (4.4) to predict the interfacial tension of
the surfactant mixture.
Since the value of Ap /W'' depends on the oil-water volume ratio (see Eq. (4.13)),
if a new oil-water volume ratio is utilized, then a new value of A ' will need to
be determined using the procedure described above. This, in turn, would require
measuring the oil-water interfacial tension of a solution of surfactant component i
for each oil-water volume ratio considered. However, an examination of Eq. (4.13)
indicates that, in fact, only two interfacial tension measurements are required for
each surfactant component i. Indeed, Eq. (4.13) shows that A4 /W'0 depends on
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p' - pi' , which is independent of the oil-water volume ratio, and on Kp1 , which
is also independent of the oil-water volume ratio. Accordingly, if one determines
the values of Ap '' at two different oil-water volume ratios using the procedure
described above, one can deduce (W4'O - p4 '") and Kp,, and then use these values
in Eq. (4.13) for any desired oil-water volume ratio. Specifically, for each surfactant
component i, an interfacial tension measurement, for a known amount of surfactant i,
is carried out at two different oil-water volume ratios, denoted as [6]A and [6] ,
respectively. Denoting the corresponding deduced values of A4/p'O as[ /w'O
and [Ap T/w'O B, respectively, one can then simultaneously solve Eq. (4.13) at the
two volume ratios to obtain the two unknown quantities, K and (/4"O - pu' 0). This
yields:
Kpi = 1o3 7y (4.17)
LVOJA L VO B
where
Y - exp (A[A [AwaO1 kB B (4.18)
kBT
and
Af/w'o 0a, p'- = [ - wo] - kBT n (1A [ K) (4.19)
Note that for a more accurate estimation of Kp, and Ap/w, one can measure inter-
facial tensions at more than two volume ratios, and then utilize a least-squares fit to
determine the best values of Kp, and Ap'/WO .
The ability to determine oil-water partition coefficients of surfactants using only
interfacial tension measurements should be of general interest. To demonstrate that
interfacial tension measurements are indeed sensitive enough to enable the determi-
nation of the surfactant oil-water partition coefficient using the procedure described
above, Figure 4-1 shows the predicted interfacial tension as a function of Ni/Vw
for a hypothetical nonionic surfactant at three different oil-water volume ratios: 0.5
( - - - - - ), 1 ( ), and 2 ( - - -). The surfactant molecular parameters
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Figure 4-1: Predicted oil-water interfacial tensions as a function of Ni/Vw at three
different oil-water volume ratios , 0.-5 ( - - - - - ), I ( -) , and 2 ( -. - -) , for
single surfactant solutions of a hypothetical nonionic surfactant having an oil-water
partition coefficient of I at T=25 C (see text for details).
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used in the predictions are: ai = 42A 2 (which is the value corresponding to C12E6
used in Section 4.4), At4/W'" = -50kBT, K = 1, T = 25'C, and o = 50.4dyn/cm.
Note that as the volume of the oil phase increases (which corresponds to an increase in
the oil-water volume ratio), the surfactant is effectively diluted in the aqueous phase,
since some of the surfactant molecules will diffuse from the aqueous phase to the oil
phase in order to maintain a concentration ratio of Kp, = 1. The dilution of the
surfactant in the aqueous phase leads to a decrease in the interfacial concentration,
with an associated increase in the interfacial tension. This can be seen in Figure 4-1
where, for a given value of Ni/Vw, the interfacial tension values increase as the oil-
water volume ratio increases. Note that even for the relatively moderate variations
in the oil-water volume ratios examined (0.5 - 2), the predicted interfacial tension
variations shown in Figure 4-1 (approximately 3 to 4 dyn/cm) are experimentally
measurable. This, in turn, demonstrates the use of the method proposed above to
determine oil-water partition coefficients of surfactants.
Once Kp, and Ap/'wO have been determined as discussed above, the value of
A i'T/wo for any oil-water volume ratio can be computed using Eq (4.13). In this
manner, the interfacial concentrations, {Ij}, along with the interfacial tension of the
surfactant mixture, can be predicted as a function of the total bulk amount and
composition of surfactant for any oil-water volume ratio by utilizing Eqs. (4.12) and
(4.4), as described earlier in this section.
4.2.2.3 Limiting Cases
Two important limiting cases corresponding to the expressions derived in Section
4.2.2.2 can be considered:
Case I
V K << 1 (4.20)
For systems where the oil-water volume ratio is of order unity (such as in the exper-
iments carried out using the ring method described in Section 4.3.2), the inequality
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in Eq. (4.20) is satisfied when Kp << 1. This corresponds to the case of a sur-
factant that partitions extremely into the aqueous phase, or equivalently, is almost
completely insoluble in the oil phase. In addition, the inequality in Eq. (4.20) is
satisfied in the case of a very small oil-water volume ratio. This is the case typically
encountered when interfacial tensions are measured using experimental techniques
that utilize a small drop of oil in a large aqueous phase, including the spinning-drop,
the drop-weight, and the pendant-drop methods.93 Physically, the case V 0/V' << 1
corresponds to most of the surfactant molecules being in the aqueous phase simply
because of the much larger volume of that phase, irrespective of the value of K . In
either case, when Eq. (4.20) is satisfied, Eq. (4.12) indicates that Afio/wO = AP/w,O
and consequently that:
n n
N /WO F ai E Fk +27ri E Fkrk
In N'Ai + In + k=k1
nwV") kBT "W1 
-: ] Fkak E Fkak
k=1 k=1
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Note that the oil-water volume ratio, Vo/Vw, does not appear in Eq. (4.21). In-
deed, for a solution containing only surfactant molecules of type i that partition
extremely into the aqueous phase, the interfacial concentration, Fi, does not depend
on the volume of the oil phase, or equivalently, on the oil-water volume ratio. This
is physically intuitive, since there are essentially no surfactant molecules of type i in
the oil phase, and therefore, its volume cannot affect their adsorption. In addition,
the resulting interfacial tension is also independent of the volume of the oil phase,
since, according to Eq. (4.4), the interfacial tension depends solely on the interfacial
concentration, F, of surfactant molecules of type i.
Similar to the method described in Section 4.2.2.2, the value of Ap'/w"O in Eq. (4.21)
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can be determined from a single interfacial tension measurement carried out on a
surfactant solution of surfactant component i. Specifically, the measured interfacial
tension value can be used in Eq. (4.4), along with the known surfactant molecular
parameters, ri and aj, to determine the value of Fi. The resulting value of Fj can then
be used in Eq. (4.21), along with the known value of N/Vw, to determine ApLXwO .
Once the values of A/O'0 for every surfactant component satisfying Eq. (4.20) have
been determined in this manner, one can predict the interfacial concentrations, {Fi},
as well as the interfacial tension of the surfactant mixture for any given total bulk
amount and composition of surfactant for any oil-water volume ratio. Specifically,
for a given set of n values of {N/Vw} (one for each of the n surfactant components
comprising the surfactant mixture), one can solve the set of n equations given by
Eq. (4.21), along with the known surfactant molecular parameters, ri and aj, to cal-
culate the set of n unknown interfacial concentrations, {Fi}. The resulting {f1i} values
can then be utilized in Eq. (4.4) to predict the interfacial tension of the surfactant
mixture.
Case II
V0 K >> 1 (4.22)
For systems where the oil-water volume ratio is of order unity (such as in the experi-
ments carried out using the ring method described in Section 4.3.2), the inequality in
Eq. (4.22) is satisfied when Kpi >> 1, and corresponds to the extreme partitioning
of surfactant molecules of type i into the oil phase, or equivalently, to their almost
complete insolubility in the aqueous phase. In addition, the inequality in Eq. (4.22)
is satisfied in the case of an extremely large oil-water volume ratio. This is the
case typically encountered when interfacial tensions are measured using experimental
techniques that utilize a small drop of water in a large oil phase (including the drop-
weight or pendant-drop methods for a drop of water). In either case, when Eq. (4.22)
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is satisfied, Eq. (4.16) indicates that AZ/Oi ' = Ap ', and Eq. (4.12) reduces to:
n n
0'/0,0 ai E ]Fk + 27rri E ]F rk
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Note that the oil-water volume ratio does not appear in Eq. (4.23). Indeed, for a
solution containing only surfactant molecules of type i that partition extremely into
the oil phase, the interfacial concentration, Fi, does not depend on the volume of
the aqueous phase, or equivalently, on the oil-water volume ratio. This is physically
intuitive, since there are essentially no surfactant molecules of type i in the aqueous
phase, and therefore, its volume cannot affect their adsorption. In addition, the
resulting interfacial tension is also independent of the volume of the aqueous phase
since, according to Eq. (4.4), the interfacial tension depends solely on the interfacial
concentration, l7j, of surfactant molecules of type i.
Similar to the method described above for Case I, the value of A[4'/' 0 in Eq. (4.23)
can be determined from a single interfacial tension measurement carried out on a so-
lution of surfactant component i. Specifically, the measured interfacial tension can
be used in Eq. (4.4), along with the known values of the surfactant molecular param-
eters, ri and aj, which can then be used to calculate the value of F. The resulting
values of Fj can then be used in Eq. (4.23), along with the known value of NI/V0 ,
to determine the quantity ApT/o'O. Once the values of Ap '/o, for every surfactant
component i satisfying Eq. (4.22) have been determined in this manner, one can
predict the interfacial concentrations, {fi}, as well as the interfacial tension of the
surfactant mixture for any given bulk total amount and composition of surfactant for
any oil-water volume ratio. Specifically, for a given set of n values of {Nj/V 0 } (one
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for each of the n surfactant components comprising the mixture), one can solve the
set of n equations given by Eq. (4.23), along with the known values of the surfactant
molecular parameters, ri and ai, to calculate the set of n unknown interfacial concen-
trations, {Fi}. The resulting values of {Fi} can then be used in Eq. (4.4) to compute
the interfacial tension of the surfactant mixture.
One should note that when either Case I or Case II are satisfied, one cannot utilize
the method described in Section 4.2.2.2 to determine the oil-water partition coeffi-
cients of surfactants. Indeed, as stressed above, in both cases, the interfacial tension
does not depend on the oil-water volume ratio. As shown above, one can neverthe-
less predict interfacial tensions in these two limiting cases by utilizing Eq. (4.21) or
Eq. (4.23) as the equilibrium adsorption isotherms.
If one nevertheless needs to determine the partition coefficient of surfactant molec-
ules of type i, Kp,, for other purposes, one can first adjust the oil-water volume ratio
such that (-) Kpi becomes of order unity, and then utilize the method described in
Section 4.2.2.2 to determine the value of Kp, using interfacial tension measurements.
Alternatively, one can carry out a single interfacial tension measurement at an ex-
tremely small oil-water volume ratio such that Eq. (4.20) is satisfied (Case I), and
then use this measured value to determine the value of ApV4/wO as described above.
Subsequently, one can carry out a second interfacial tension measurement at an ex-
tremely large oil-water volume ratio such that Eq. (4.22) is satisfied (Case II), and
then use this measured value to determine the value of Ap t4/' 0 as described above.
For example, these two measurements could be carried out using the drop-weight
method where, in the first case, an oil drop in a large aqueous phase is utilized, and
in the second case, a water drop in a large oil phase is utilized. Once Ap'/wO and
Apa1 '0 have been determined, the partition coefficient of surfactant molecules of type
Z, Kp,, can then be determined using Eq. (4.9) as follows:
K = exp ( i ) (4.24)
nw kBT
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4.2.2.4 Equilibrium Among the Interface and the Two Bulk Phases for
Ionic Surfactants
Sections 4.2.2.1-4.2.2.3 dealt with nonionic surfactants where electrostatic effects are
absent, and electroneutrality considerations are therefore not required. The derivation
of the adsorption equilibrium equations for ionic surfactants is quite similar, and
therefore, will only be discussed briefly in this section. The key difference between
the ionic and the nonionic surfactant cases is in the requirement of electroneutrality
in the ionic surfactant case. A convenient way to account for electroneutrality in the
interfacial phase, as well as in the bulk aqueous and oil phases, is to consider the
simultaneous adsorption and partitioning of the surfactant ion and its counterion in
these phases. In addition, the electrostatic contribution to the interfacial chemical
potential of the surfactant needs to be accounted for. Recall that since the aqueous
phase is dilute in surfactant, the ideal solution approximation can be utilized to
model the bulk chemical potentials of the surfactant ions and their counterions. In
the case of a single, monovalent ionic surfactant, denoted below by the subscript
s, and its counterion, denoted below by the subscript c, with or without any other
nonionic surfactants, and with no added electrolyte (which corresponds to the cases
considered in Section 4.4, for SDS and for a binary surfactant mixture of SDS and
C12 E6 ), the interfacial chemical potential of the ionic surfactant and its counterion,
pi + /Z = p4 , can be written as follows: 88
n n
a. E Fk + 2wrs Z Jkrk
PSC= PC IkBT {n ( ak + k=1 n k=1 (4.25)
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where [40 [ + pj-'0 , and E indicates summation over all surfactant types (which
k=1
includes the ionic surfactant species and any nonionic surfactant species, if present).
Similar to the nonionic surfactant case considered in Section 4.2.2.1, the simulta-
neous equilibrium of the surfactant molecules among the three phases (the interface,
the bulk aqueous phase, and the bulk oil phase), can be accounted for by first treating
the equilibrium partitioning of the surfactant molecules between the two bulk phases.
Note that although on physical grounds, one may expect that the solubility of any
electrolyte should be extremely low in a nonpolar oil phase, in this section, the more
general case where the ionic surfactant molecules and their counterions are allowed
to partition into the oil phase is treated. Subsequently, in Section 4.4 it is shown
that, as expected, the ionic surfactant considered in this chapter, SDS, does indeed
partition extremely into the aqueous phase.
Electroneutrality of the bulk aqueous and the bulk oil phases requires that the
concentration of the surfactant ions be equal to the concentration of the counterions
in each of these bulk phases (that is, that nw = nw and n* = no). Similar to
the nonionic surfactant case, the concentrations in either phase in the pre-micellar
solutions considered here are dilute, and therefore, the ideal solution approximation
can be utilized to model the chemical potentials of the surfactant molecules or the
counterions in either the aqueous phase or the oil phase (see Eqs. (4.6) and (4.7),
with i = s or i = c). Diffusional equilibrium demands that pw + w2 = po + j, which
along with Eqs. (4.6) and (4.7) and the fact that nw = nw and no = no, yields:
- = Kp= nexp ( kw T (4.26)
ny ny"" ng2kBT
where K, is the oil-water partition coefficient for the ionic surfactant and its coun-
W -w' 'Oo0 PoO 0,O
terion, p,; _ P + p', and P;' ' + p' . By utilizing an overall mass balance
of the surfactant and its counterion (that is, by demanding that N. = nwVw +n V'
and Nc = nwVw + n'V 0 , where N, is the total number of ionic surfactant molecules
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and N, = N, is the total number of counterions), the concentrations of the ionic
surfactant and its counterion in the aqueous phase can be written as follows:
and
_ 
Ns
.
W Ne
nc = VW 1
V+QV)
VQ
(4.27)
(4.28)
-1
KpSC
-PS
Finally, diffusional equilibrium of the surfactant ion s and its counterion c between
the aqueous phase and the interfacial phase, including electroneutrality, requires that
p" + [pW = pI + peo, which along with the use of Eqs. (4.25), (4.6), (4.27), and (4.28),
yields the following expression for the adsorption isotherm of an ionic surfactant s
and its counterion c:
In ( N sw)
;W
+ n ( )
;W
= 21n ( Ns )
n;W
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n
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Equation (4.29) can now be used for ionic surfactants in the same way that
Eq. (4.12) was used for nonionic surfactants. Specifically, Afij.w''o can be deter-
mined from one experimental interfacial tension measurement, and the values of KPsc
and .pt/w'O can be determined from two interfacial tension measurements using the
method described in Section 4.2.2.2. Once the values of KPc and Ap'/wO have been
obtained, Eq. (4.29) can be utilized to determine the surface concentration of the ionic
surfactant, I', at any bulk surfactant concentration and composition and oil-water
volume ratio. In the case of a mixture of ionic and nonionic surfactants, Eqs. (4.29)
and (4.12) can be solved simultaneously to determine the interfacial concentrations of
all the surfactant components. Once the interfacial concentrations of all the surfac-
tant components present in the mixture have been determined, the interfacial tension
of the surfactant mixture can be predicted using Eq. (4.4).
Furthermore, the same limiting cases considered in Section 4.2.2.3 can be applied
to Eq. (4.29) to arrive at similar conclusions. Specifically, one can show that if Case
I is satisfied (that is, if the surfactant ions and the counterions partition extremely
into the aqueous phase), then the interfacial tension will not depend on the volume
of the oil phase (that is, the interfacial tension will depend only on Ns/VW and not
on the oil-water volume ratio). Therefore, if one measures the interfacial tension at a
constant amount of surfactant, N, and a constant aqueous phase volume, Vw, but at
various oil phase volumes, V0 (while maintaining an oil-water volume ratio that is of
order unity), and observes that the interfacial tension is constant, one can conclude
that Eq. (4.20) is satisfied, and hence, that Kp, << 1. Physically, this corresponds
to approximately all the surfactant ions and their counterions partitioning into the
aqueous phase, which was an assumption made in Section 4.2.1.
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4.3 Materials and Methods
4.3.1 Materials
The nonionic surfactant used in this study, dodecyl hexa(ethylene oxide) (C12 E6 )
was obtained from Nikko Chemicals, Japan (lot number 4023) and, due to its high
purity (as indicated by the absence of a minimum in the experimental surface tension
versus C12E6 concentration curve), was used as received. The ionic surfactant used in
this study, sodium dodecyl sulfate (SDS) was obtained from Sigma chemicals (99%
purity, lot number 57H1242), and was further purified by foam fractionation until
no minimum in the experimental surface tension versus SDS concentration curve was
observed. All water used in the experiments was purified using a Millipore Milli-Q
system and had a specific resistance of 18 MQ cm. The decane used as the oil phase
in the experiments was obtained from Aldrich Chemicals (99+% purity, lot number
01618PY), and was used as received. All glassware was carefully cleaned by soaking
in a 1 M NaOH-Ethanol bath for at least 8 hours, followed by soaking in a 1 M
nitric acid bath for at least another 8 hours, rinsing copiously with Milli-Q water,
and finally drying in an oven overnight. The platinum ring used in the interfacial
tension measurements was cleaned by a thorough rinsing in Milli-Q water, followed
by a thorough rinsing in acetone, and finally held in a flame until an orange glow was
observed.
4.3.2 Methods
The equilibrium oil-water interfacial tension was measured using a Kriiss K-10 ten-
siometer with a platinum ring. Figure 4-2 shows a schematic illustration of this
technique. A ring made out of thin platinum wire is immersed in the lower, aqueous
phase. It is then pulled upwards and as it crosses from the aqueous phase to the
oil phase, the meniscus acts to pull down on the ring as shown in Figure 4-2. The
force on the ring is then measured by an electronic scale. The surface tension is
then calculated by the tensiometer by dividing this force by twice the perimeter of
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Figure 4-2: Schematic illustration of the ring method for determining the oil-water
interfacial tension.
the ring. The value of the surface tension is then modified slightly, as instructed by
the manufacturer, by the inclusion of a correction factor first tabulated in detail by
Harkins and Jordan.94
Each surface tension measurement was repeated three times, and the average
result is reported. The experimental uncertainty in the equilibrium interfacial tension
measurements was approximately 0.1dyn/cm. The temperature was held constant at
25.0 t 0.1'C by a thermostatically controlled jacket around the sample. Attainment
of equilibrium was verified by taking multiple measurements at various times until a
constant interfacial tension value was obtained, which typically occurred within one
to two hours. For the nonionic surfactant, C12 E 6 , a solution containing the desired
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amount of surfactant was prepared using decane as the solvent. This was then mixed
with a pure water phase, and the resulting interfacial tension was measured. It was
observed that the equilibrium interfacial tension was reached faster if this procedure
was implemented, instead of initially adding C12E6 to the water phase. Note, however,
that the same value of the equilibrium interfacial tension was obtained regardless of
the phase into which C12 E6 was added initially. This behavior is consistent with the
fact that C12 E6 partitions more readily into the oil phase than into the aqueous phase,
which will be discussed further in Section 4.4. That is, for equilibrium to be reached,
a smaller amount of C1 2 E6 needs to diffuse from the oil phase to the water phase,
when C12 E6 is added initially to the oil phase, than the amount of C12 E6 that needs
to diffuse from the aqueous phase to the oil phase, when C12 E6 is added initially to
the aqueous phase. Conversely, the ionic surfactant, SDS, was added initially to the
aqueous phase, since it partitions extremely into this phase. In fact, a solution of
SDS in decane could not be prepared reliably due to its extremely low solubility in
this nonpolar oil phase.
4.4 Results
Figure 4-3 shows the predicted (line) and the measured (symbols) decane-water in-
terfacial tensions as a function of NSDS/VW for single surfactant solutions of SDS
at three different oil-water volume ratios: 10mL/20mL (A), 10mL/10mL (0), and
20mL/10mL (O) at T = 25'C. Figure 4-3 clearly shows that the interfacial tensions
corresponding to the three oil-water volume ratios examined lie on the same curve,
and therefore, that the interfacial tension is independent of the oil-water volume ra-
tio. As discussed in Sections 4.2.2.3 and 4.2.2.4, this indicates that [v] KPSDS « 1.
Since the oil-water volume ratio is of order unity, one can conclude that KPSDS « 1,
or physically, that the majority of the SDS molecules reside in the aqueous phase.
This corroborates the assumption made in Section 4.2.1 that all the ionic species are
located in the aqueous phase. Therefore, for SDS, Eq. (4.21) can be utilized as the
equilibrium adsorption isotherm. To determine the value of Aft' 0 in Eq. (4.21), the
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Table 4.1: Cross-sectional areas, aj, and standard-state chemical potential differences,
AM'0/W and A ' 0,0 for the surfactants considered in this investigation.
measured interfacial tension at NSDS/Vw = 10- 6mOl/Cm 3 was utilized as described in
Section 4.2.2.3. The resulting value of Apa'' and of the SDS molecular parameters
are listed in Table 4.1. The value used for the pure decane-water interfacial tension,
-0 , was the measured value of 50.4 dyn/cm. Note that the values of the SDS molecular
parameters utilized here for the oil-water interface case are the same as those utilized
in Chapter 2 for the air-water interface case. Note also that the predicted interfacial
tension as a function of SDS concentration in Figure 4-3 is in good agreement with
the experimental values. In Chapter 2, good agreement was also found between the
predicted and the measured surface tensions of an aqueous SDS solution as a function
of SDS concentration. One can therefore conclude that the same theoretical frame-
work, utilizing the same SDS molecular parameters, is capable of accurately predicting
both the air-water and the oil-water interfacial tensions in the SDS case.
Figure 4-4 shows the predicted (line) and the measured (symbols) decane-water in-
terfacial tensions as a function of NC12E/V 0 f or single surfactant solutions Of C 12 E6 at
four different oil-water volume ratios: 10mL/10mL (0), 10mL/20mL (K), 10mL/30mL
(x), and 20mL/10mL (A) at T=250 C. Figure 4-4 clearly shows that the interfacial
tensions corresponding to the four oil-water volume ratios examined lie on the same
curve, and therefore, that the interfacial tension is independent of the oil-water volume
ratio. As discussed in Section 4.2.2.3, this indicates that [L] Kpc 1 2 E6 1. Since
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Surfactant i ai (A2) ,/w (kBT) UT/ )d(A)J
SDS 25 -67.9 - 4.05
C12E6 42 - -49.3 -
C12E2 25 -49.2 -
C12E8 53 -57.0 - -
the oil-water volume ratio is of order unity, one can conclude that K P12E6 >> 1, or
physically, that the majority of the C12E6 molecules reside in the oil phase. There-
fore, for C12E6 , Eq. (4.23) can be utilized as the equilibrium adsorption isotherm.
To determine the value of A4KC''E 6 in Eq. (4.23), the measured interfacial tension
at NC12 E6/V 0 = 10 69 mo1/cm 3 was utilized as described in Section 4.2.2.2. The re-
sulting value of Ap"t'E06 and of the C12E6 molecular parameters are listed in Table
4.1. Note that, as in the case of SDS, the values of the C12E6 molecular parameters
utilized here for the oil-water interface case are the same as those utilized in Chapter
2 for the air-water interface case. Note also that the predicted interfacial tension
as a function of C12 E6 concentration in Figure 4-4 is in good agreement with the
experimental values. In Ref. 12, good agreement was also found between the pre-
dicted and the measured surface tensions of an aqueous C12E6 solution as a function
of C12 E6 concentration. It can therefore be concluded, as in the case of SDS, that the
same theoretical framework, using the same C12E6 molecular parameters, is capable
of accurately predicting both the air-water and the oil-water interfacial tensions in the
C12E6 case.
Figure 4-5 shows the predicted (lines) and the measured (symbols) decane-water
interfacial tensions as a function of (NSDS + NC1 2 E 6 ) /VW = (NSDS + NC12 E6 ) /V 0 for:
(i) single surfactant solutions of SDS (A) and C12E6 (0), and (ii) binary surfactant
solutions of 50% SDS-50% C12E6 (D) and 85% SDS-15% C12E6 (KC) at T=250 C. In
all cases, the oil phase volume, V', and water phase volume, V", are equal to 10mL.
The surfactant molecular parameters used in the predictions of the interfacial tensions
are listed in Table 4.1. Recall that there are no mixture dependent parameters, and
therefore, that the interfacial tension predictions for the mixed surfactant solutions
were made without any fit to the corresponding measurements. Note, again, the
good agreement between the predicted interfacial tensions and the experimentally
measured values in Figure 4-5.
Finally, Figure 4-6 shows the predicted (lines) and measured (symbols) hexa-
decane-water interfacial tensions as a function of (NC12 E2 + NC1 2 E8) /VWfor: (i) single
surfactant solutions of C12E2 (A) and C12E8 (0), and (ii) binary surfactant solutions
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Figure 4-3: Predicted (line) and measured (symbols) decane-water interfacial tensions
as a function of NSDS/Vw for single surfactant solutions of SDS for three different oil-
water volume ratios: lOmL/lOmL (0), lOmL/2OmL (A), and 20mL/IOmL (O) at
T=250 C.
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Figure 4-4: Predicted (line) and measured (symbols) decane-water interfacial tensions
as a function of NC12E 6/V' for single surfactant solutions of C12 E6 for four different
oil-water volume ratios: 10mL/10mL (0), 10mL/20mL (K), 10mL/30mL (x), and
20mL/10mL (A) at T=250 C.
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Figure 4-5: Predicted (lines) and measured (symbols) decane-water interfacial ten-
sions as a function of (NSDS + NC12 E6 /VW = (NSDS +NC 12 E6 ) /V 0 for: (i) single
surfactant solutions of SDS (A, ) and C12 E6 (0, - - - - - ), and (ii) binary
surfactant solutions of 50% SDS-50% C12 E6 ([Ii, - - -) and 85% SDS-15% C12 E6
(, . . .-- ) at T=250 C. In all cases, the oil phase volume, V', and the water phase
volume, VW, are equal to 10mL.
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Figure 4-6: Predicted (lines) and measured (symbols) hexadecane-water interfacial
tensions as a function of (NC12 E2 + NC12 E) /Vw for: (i) single surfactant solutions of
C12E2 (A, ) and C12 E8 (0, - - - - - ), and (ii) binary surfactant solutions
of 62% C12E2-38% C12E8 (E, - - -) and 99% C12 E2 -1% C12E8 (0, - - - - ) at
T=250 C. The experimental interfacial tension values are those reported by Rosen and
Murphy in Ref. 69.
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of 62% C12E2-38% C12E8 (0) and 99% C1 2E2 -1% C12 E8 (K>). The experimental
measurements are those reported by Rosen and Murphy in Ref. 69, and were made
using the spinning-drop technique, where the oil-water volume ratio was extremely
small (0.025). Accordingly, as discussed in Section 4.2.2.3, Eq. (4.20) is satisfied and
Eq. (4.21) can be used as the equilibrium adsorption isotherm. Note that Eq. (4.20)
is satisfied in this case as a result of the extremely small oil-water volume ratio and
not as a result of an extremely small surfactant partition coefficient. The values of
the surfactant molecular parameters used in the interfacial tension predictions shown
in Figure 4-6 are listed in Table 4.1. The value used for the pure hexadecane-water
interfacial tension, 0-0, is the measured value of 52.1 dyn/cm.69 Note that the cross-
sectional areas of both surfactants were determined using the computational method
described in Ref. 12. To determine the values of Ap'/W'O and Ap(7W 0 in Eq. (4.21),C12EI 1C1 2E8
the measured interfacial tensions at: NCl 2 E 2 /VW = 1.3 x 10- 6 mol/cm 3 for C 1 2 E2
and NC12 E 8 /VW = 3.4 x 10- 8mO1/cm 3 for C 12E8 were utilized as described in Section
4.2.2.2. Note again that, although there are no parameters fitted to measurements
carried out on the mixed C12E2 -C 12 E solutions, there is good agreement between
the predicted interfacial tensions and the experimentally measured values in Figure
4-6.
4.5 Conclusions
In this chapter, a molecular-thermodynamic framework to predict the interfacial ten-
sion and the interfacial concentration and composition at the oil-water interface of
solutions containing mixtures having any number of surfactant components was pre-
sented. Because this theoretical framework is based on the molecular characteristics
of the surfactants considered, the surface equation of state contains no experimen-
tally determined parameters. Specifically, the surfactant molecular parameters in
the equation of state include the molecular cross-sectional area, and, in the case of
charged surfactants, the valence and the location of any electrostatic charges in the
surfactant polar head. The equilibrium adsorption isotherm contains only one exper-
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imentally determined parameter for each surfactant component i in the mixture -the
modified standard-state chemical potential difference of a surfactant molecule of type
i adsorbed at the interface and one present in either the bulk oil phase or the bulk
aqueous phase. This parameter can be determined from a single interfacial tension
measurement carried out on a solution of surfactant component i.
Furthermore, when applicable, the oil-water partition coefficient of surfactant com-
ponent i can be determined by conducting a second interfacial tension measurement
on the solution of surfactant component i. Note that the surfactant oil-water parti-
tion coefficients are not required to predict the interfacial tensions when the oil-water
volume ratio is held constant, or when the surfactant molecules partition extremely
into one of the two bulk phases.
A notable practical advantage of the theoretical framework presented in this chap-
ter is that it contains no mixture dependent experimentally determined parameters.
Indeed, no measurements on the mixed surfactant solutions are required. The pre-
dictions made by the theory presented here include the interfacial tension and the
interfacial concentration and composition as a function of the total bulk surfactant
concentration and composition and the oil-water volume ratio (that is, the total
amount of each surfactant component present in the mixture, and the volumes of
the aqueous and the oil phases), for a solution containing any number of surfactant
components below the CMC.
Good agreement was found between the theoretically predicted interfacial ten-
sions and the experimentally measured ones for solutions containing SDS, C12 E6 , as
well as their binary mixtures. Furthermore, in Chapter 2, good agreement was found
between the theoretically predicted and the experimentally measured air-water sur-
face tensions of solutions containing these same surfactants using the same molecular
parameters. Moreover, good agreement was also found between the theoretically pre-
dicted and the experimentally measured 69 interfacial tensions of solutions containing
C1 2 E2 , C12 E8 , and their binary mixtures, utilizing molecular parameters that were
determined using a previously developed computational procedure applicable to CjEj
type nonionic surfactants adsorbed at the air-water interface. 12 This ability to ac-
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curately predict both surface and interfacial tensions of solutions containing single
surfactants and their binary mixtures, using the same theoretical framework and
surfactant molecular parameters, demonstrates the broad range of validity and appli-
cability of the molecular-thermodynamic interfacial theory presented in Chapters 2,
3, and 4.
By reducing the number of experimentally determined parameters (as compared
to other commonly used theoretical approaches, such as those based on the Langmuir
adsorption model), as well as by eliminating altogether the need for any mixture
dependent parameters (such as the interaction parameters in Regular Solution Theory
based models), the theoretical framework presented in Chapters 2, 3, and 4 can
significantly reduce the amount of experimentation required to predict the interfacial
properties of mixed surfactant solutions. This predictive ability, in turn, can help
in the design and optimization of surfactant solutions of practical relevance that
display desirable interfacial behavior by reducing the amount of trial-and-error type
experimentation.
In the next chapter, the equilibrium theoretical framework developed in Chapter
2 is utilized as a basis to predict the dynamic surface tensions of surfactant mixtures
where adsorption at the air-water interface is diffusion controlled.
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Chapter 5
Theoretical Investigation of the
Dynamic Interfacial Adsorption in
Aqueous Surfactant Mixtures
5.1 Introduction
The dynamic interfacial properties of aqueous surfactant solutions, including the sur-
face tension, the surface concentration, and the surface composition, often play a key
role in many practical applications involving surfactants. As discussed in Chapter 1,
the dynamic, as opposed to the equilibrium, interfacial properties are important for
applications that have a timescale that is smaller than, or on the order of, the time-
scale for adsorption of the surfactant. Such applications include the stabilization of
foams in small-scale household applications involving detergents, as well as in large-
scale applications of fire-fighting foams, the rapid spreading of an active ingredient
in agricultural sprays or paints, where spreading must occur prior to the evaporation
of the solvent, and others (for an overview of applied aspects of dynamic interfacial
phenomena, see Ref. 95).
As a result of the importance of dynamic interfacial properties, this research
area has received considerable attention following the pioneering work of Ward and
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Tordai"6 (see Refs. 13, 97, and 98 for recent reviews). A number of researchers have
solved the Ward and Tordai model by assuming that the diffusion of the surfactant
molecules in the bulk solution constitutes the limiting barrier to adsorption. 9 9-1 0 3 This
assumption results in an instantaneous equilibrium between the surfactant molecules
adsorbed at the interface and those present in the aqueous phase adjacent to the
interface (referred to as the "sublayer"). This relationship between the surfactant
molecules at the interface and those in the sublayer is specified by a particular equi-
librium adsorption model. Experimental observations in many surfactant systems
(primarily those of the nonionic type) have shown good agreement with the diffusion-
controlled model. 101,104 1 06 Several researchers have added a kinetic adsorption bar-
rier, and found that this better describes the dynamic adsorption behavior of some
surfactants (for example, ionic surfactants and nonionic surfactants at higher con-
centrations).10 7-0 9, 31,1 1 0 -1 15 ,9 8 Specifically, if the timescale for diffusion is large, such
as in the case of a very dilute surfactant solution (see Section 5.2.2), then diffusion
becomes the rate-determining process (see Refs. 116-118 for a more detailed discus-
sion). More generally, the diffusion-controlled model provides a useful limiting rate,
in that adsorption cannot occur faster than diffusion. Note that the previous work
cited above has been concerned primarily with the dynamic interfacial adsorption of
a single surfactant species.
The examination of mixed surfactant solutions is of great interest since virtually
all practical applications of surfactants involve the use of surfactant mixtures. In
some cases, the use of mixed surfactants results from a desire to take advantage of
synergism between the individual surfactant species. In other cases, environmental
or health concerns dictate that a mixture of known and approved surfactants be
used instead of developing a new surfactant. Finally, the prohibitively high cost of
separating a single, pure surfactant often dictates that mixtures be used even in cases
when they are not employed intentionally.
The diffusion-limited dynamic adsorption in aqueous binary surfactant mixtures
has been investigated recently both theoretically and experimentally. 1 9- 122 The pri-
mary difference among the theories in Refs. 119-122, including the theory presented
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in this chapter, is in the equilibrium adsorption model utilized to relate the concentra-
tions of the various surfactant molecules present at the interface to those present in
the sublayer. Specifically, Fainerman and Miller 1 9, 120 utilized a generalized Langmuir
model that makes use of an experimentally determined partial molar area for each
surfactant component, and assumes no interactions between the adsorbed surfactant
molecules. Siddiqui and Franses 12 1 utilized the Nonideal Adsorbed Solution model
which makes use of a Langmuir-type isotherm for the individual surfactant com-
ponents, and treats interactions between the different surfactant components with
a regular solution theory-based approach which adds an experimentally determined
parameter for the binary surfactant mixture. Finally, Ariel et al. 122 utilized an equi-
librium model based on a free-energy formalism that is similar to the generalized
Langmuir approach with the addition of experimentally fitted parameters accounting
for the interactions between surfactant molecules of the same type, as well as between
the different surfactant components.
In this chapter, the Ward and Tordai model is further extended to include mix-
tures that contain any number of surfactant components. 123 This is accomplished
through the use of the equilibrium adsorption model developed in Chapter 2 (which
forms the underlying basis for the dynamic model) that is capable of treating mixtures
containing any number of surfactant components. 1288 89 Furthermore, as discussed
in Chapter 2, the equilibrium adsorption model used here is based on the molec-
ular characteristics of the surfactants. As a result, insight is provided as to how
these surfactant molecular characteristics, especially the molecular size, can lead to
interesting dynamic adsorption behavior. Another significant advantage of utilizing
the equilibrium adsorption model adopted in this chapter is in the ability to predict
both the equilibrium and the dynamic adsorption behavior of surfactant mixtures
without utilizing any mixture dependent parameters. In other words, no additional
experiments on the mixed surfactant system are necessary. As a result, the theoretical
framework presented here leads to a significant reduction in the amount of experimen-
tation required to predict the dynamic interfacial properties of surfactant mixtures.
A simplified timescale approach designed to allow "quick" insight into the relation-
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ship between the molecular structure of the surfactants and their dynamic interfacial
properties is developed for both single surfactants and surfactant mixtures.
Specifically, in this chapter, Fickian diffusion of all the surfactant components is
utilized to obtain a generalized version of the Ward and Tordai equation appropriate
for the treatment of surfactant mixtures. Only surfactants below the critical micelle
concentration (CMC) are considered, and it is assumed that surfactant diffusion in the
bulk solution constitutes the rate limiting process. The dynamic adsorption behavior
of micellar solutions is discussed in Appendix D.
Note that we restrict ourselves to nonionic surfactants so that the electric field
that would be generated in the case of adsorbed ionic surfactants, including its effect
on the diffusion of ionic surfactants, does not need to be accounted for. However,
one can extend the theoretical framework presented here to solutions containing ionic
surfactants by utilizing the quasi-equilibrium approximation (see Refs. 124 and 125
for a detailed discussion).
The surfactant molecular parameters required as inputs to the theoretical frame-
work presented here include those which appear in the equilibrium adsorption theory
(see Chapter 2). These include (for each surfactant component in the mixture): (i)
the molecular cross-sectional area (which can be deduced from the known surfactant
chemical structure), (ii) the second-order virial coefficients (which, for surfactants
having linear alkane tails, can be computed from the number of carbon atoms in the
appropriate surfactant tails), and (iii) the free energy of adsorption (see below). The
only other required surfactant molecular parameters are the diffusion coefficients of
each surfactant component which, in principle, can be estimated theoretically (for
example, by using the Stokes-Einstein theory or a scaling-law model1 26 ), or can be
obtained experimentally."' The predictions of the theoretical framework presented
here include the surface tension, the surface concentration, and the surface compo-
sition, all as a function of time, for a given total bulk surfactant concentration and
composition.
The remainder of the chapter is organized as follows. In Section 5.2, the theo-
retical model of the dynamic adsorption of surfactant mixtures is developed, and a
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simplified timescale approach for both single surfactants and surfactant mixtures is
presented. In Section 5.3, this theoretical framework, as well as physical insight, is
utilized to analyze four illustrative examples of interesting dynamic interfacial be-
havior exhibited by hypothetical surfactant mixtures where the surfactant molecular
parameters can be varied to demonstrate a range of interesting dynamic interfacial
behavior. These examples are also utilized to implement and test the simplified
timescale approach. In Section 5.4, concluding remarks are provided. A detailed
comparison of dynamic surface tensions predicted utilizing the theoretical framework
presented in this chapter, with experimentally measured dynamic surface tensions of
aqueous solutions containing binary nonionic surfactant mixtures is presented in the
next chapter.
5.2 Theoretical Framework
5.2.1 Diffusion Controlled Adsorption Model
First, the case of an aqueous surfactant solution containing a mixture of n nonionic
surfactants below the critical micelle concentration (CMC) is examined. As in the
case examined by Ward and Tordai, it is assumed here that the interface is initially
clean (that is, an interface where the surface concentrations of all the surfactant
components are zero at t = 0). This chapter specifically treats the case of a flat
interface (see Chapter 6 and Refs. 111 and 127 for a detailed treatment of the spherical
interface case), and assumes that the mass transport of each surfactant component
obeys Fickian diffusion. Under these assumptions, the mass transport in the aqueous
phase is given by:
= Dai (5.1)
at - x2
where ni is the concentration (as a number density) of surfactants of type i, Di is the
diffusion coefficient of surfactants of type i, t is time, and x is the distance from the
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flat interface. A mass balance at the interface yields:
ari Onj
= D2 O(5.2)
at ax x=O
where li = nV/A is the surface concentration of surfactants of type i (nq is the
number of surfactant molecules of type i adsorbed at the surface and A is the surface
area). Furthermore, the assumption that the interface is initially clean and created
instantaneously yields:
Fi (t = 0) =0 (5.3)
and
ni (t = 0, x) =n (5.4)
where ng is the bulk number density of surfactants of type i. Finally, the infinite
nature of the aqueous phase leads to the following boundary condition:
ni (t, x -+ oo) = nw (5.5)
Note that Eqs. (5.1)-(5.5) each represents a set of n equations corresponding to
i = 1 to n. Equations (5.1)-(5.5) can be solved in a manner analogous to the single
surfactant case, leading to a form of the Ward and Tordai equation generalized for
surfactant mixtures. Specifically,
Fj (t) = 2 nw Vt - fno (t - 0~ dVt (5.6)
0
where n' (t) = ni (t, x = 0) is the sublayer concentration of surfactants of type i. Note
that Eq. (5.6) is also a set of n equations corresponding to i = 1 to n.
As in the case of a single surfactant solution, in the mixed surfactant case, the set
of n equations given in Eq. (5.6) can be solved through the use of the set of n initial
conditions given by Eq. (5.3), along with a closure relationship between the surface
concentration, F1 (t), and the sublayer concentration, n' (t) =ni (t, x = 0), for each
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surfactant component. As stated in Section 5.1, it is assumed that the surfactant
adsorption is diffusion controlled, that is, that the surfactant molecules at the surface
remain in equilibrium with those in the sublayer at all times. Using the equilibrium
adsorption theory developed in Chapter 2, this equilibrium condition can be expressed
as follows: 12 ,8 8 ,8 9
n n
no A/19r ai E rk+ 2rri E rkrk
In - I -n - '~ + In n+ k= n k1) (a kBT+
n0,+ nk 1 rkak -E kak
k=1 k=1 k=1
n 2
7rai E Ikrk n
2 + 2 Bikrk (5.7)
I - E lkak k=1
k=1
where n9 n + E ~o ni/no is the mole fraction of surfactant molecules of
/ \ k=1/
type i in the sublayer (n is the number density of water in the sublayer, which is
approximately a constant since the surfactant concentration is dilute), ai and ri are
the cross-sectional area and radius of the adsorbed surfactant molecules of type i,
respectively, modeled as hard discs, Bij is the second-order virial coefficient between
surfactant molecules of type i and j, Ap9 is the difference in standard-state chemical
potential of a surfactant molecule of type i at the interface and in the bulk aqueous
phase 12 (also referred to as the free energy of adsorption of surfactant molecules of
type i), kB is the Boltzmann constant, and T is the absolute temperature. Note that
the free energy of adsorption, Ap, is the one fitted parameter for the equilibrium
adsorption isotherm. In addition, note that Eq. (5.7) represents a set of n equations
corresponding to i = 1 to n.
The surfactant surface concentrations as a function of time, Fi (t), can be efficiently
solved for numerically using an explicit iterative scheme similar to the one used in
Ref. 100 for the single surfactant case. Specifically, starting with Fj (t = 0) = 0 from
Eq. (5.3), the set of n surface concentrations, {F (t)}, and the set of n sublayer
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concentrations, {n' (t)}, at subsequent discrete time intervals can be calculated by
simultaneously solving the set of n equations given in Eq. (5.6) and the set of n
equations given in Eq. (5.7). The value of the step size in time should be much
smaller than the time scale for adsorption, TD, which will be discussed in detail in
Sections 5.2.2 and 5.2.3. For the predictions made in this chapter, a step size value
of 10- 3s was used. For surfactant systems that involve very different timescales for
adsorption, such as in the case of a mixture of a very fast adsorbing surfactant and
a very slow adsorbing surfactant, an implicit technique can be utilized (see Refs. 102
and 128 for details) to improve the stability of the numerical method. However, it
was found that this is not necessary for the surfactant systems considered here. Once
the set of {l' (t)} values is calculated, the dynamic surface tension can be predicted
using the equilibrium surface equation of state,110,129 which for the nonionic surfactant
mixtures considered here can be written as follows: 12,88,89
n 7T(n 2
U~a~okBT 1:g kk 1:(ZFkrk) ZBkik
or- o-o - kB_ k=1 (1k=1 2jkka) (5.8)
I - E ]Pkak 1-E irkak
k=1 k=1
where o is the surface tension of pure water.
Note that the equilibrium surface tension and surface concentrations can be calcu-
lated by utilizing Eqs. (5.7) and (5.8) without solving for the dynamic surface tension
and surface concentrations. This is accomplished by first calculating the equilibrium
surface concentrations, pf, by solving Eq. (5.7) with ni = n', since, at equilibrium,
the sublayer concentration is equal to the bulk concentration. Finally, the equilibrium
surface tension can be calculated by substituting the equilibrium values of the surface
concentrations in Eq. (5.8). Results obtained using this theory will be discussed in
detail in Section 5.3 for various hypothetical surfactant mixtures where the surfactant
molecular parameters can be varied to demonstrate a range of interesting dynamic
interfacial behavior.
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5.2.2 Simplified Timescale Analysis: Single Surfactants
It is often valuable to have a simplified theory that can be utilized to quickly estimate
the time required for the surface tension (or surface concentration) to reach equilib-
rium. In this section, the case of a single surfactant solution will be discussed, and the
relationship between the various molecular parameters in the theory and the resulting
the dynamic surface adsorption will be examined. Mixed surfactant solutions will be
discussed in detail in Section 5.2.3.
For a single surfactant solution, Eq. (5.6) can be made dimensionless by using
the bulk surfactant concentration, n , as the characteristic bulk concentration, the
equilibrium surface concentration, peq, as the characteristic surface concentration,
and the following expression for the characteristic time, TD (see Refs. 116, 117, and
127 for a detailed description):
TD (peq/w) 2  (59)D
Note that the subscript i has been omitted from peq, nw, and D, since Eq. (5.9) ap-
plies only a single surfactant solution. In addition, note that in Eq. (5.9), the quantity
(peg/nw) is the characteristic length of adsorption. This can be understood physi-
cally by noting that, for a given surface area A, the number of surfactant molecules
adsorbed at the interface at equilibrium is Areq. To obtain a volume of solution
that contains the same number of surfactant molecules, one must penetrate into the
solution to a thickness of L, such that, Apeq - ALnw. Solving for the penetration
thickness yields a length scale for adsorption of L - req/,w.
It is important to note that, since peq in Eq. (5.9) is the equilibrium surface
concentration, one can estimate the timescale for adsorption of the surfactant by
simply calculating the equilibrium surface concentration as explained in Section 5.2.1,
which involves significantly less numerical computation than the calculation of the
entire dynamic surface concentration and surface tension profiles.
This timescale analysis is also useful in analyzing the relationship between the
molecular structure of a surfactant and its dynamic interfacial properties. For ex-
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ample, Eq. (5.9) clearly shows that the larger the value of the diffusion coefficient,
D, the faster the adsorption (that is, the smaller the value of TD), as one might ex-
pect. To illustrate the effect of the surfactant molecular parameters controlling the
equilibrium adsorption theory, the surface equation of state, Eq. (5.8), for a single
surfactant solution at equilibrium, can be rewritten as follows:
- Jeq~ 1 eqr)2  (e'2 1
a- = O - kBT { eq + 7r (17eqr)2 + B (re) (5.10)1 - reqa (1 - reqa)2
where the subscript i has been omitted from the cross-sectional area, a, the radius, r,
and the second-order virial coefficient, B, since Eq. (5.10) refers to a single surfactant
solution. If everything else is equal, a larger surfactant cross-sectional area requires a
smaller surface concentration in order to attain a given surface tension value. While
physically intuitive, this can also be seen mathematically by the fact that an increase
in the surfactant cross-sectional area, a, leads to an increase in the bracketed term
in Eq. (5.10), which can be counteracted by a decrease in feq. This, in turn, leads
to faster adsorption, since as jeq decreases in Eq. (5.9), RD decreases. On the other
hand, a smaller (or more negative, and hence more attractive) second-order virial
coefficient requires a larger surface concentration in order to attain a given surface
tension value. This can be seen mathematically by the fact that a decrease in B
leads to a decrease in the bracketed term in Eq. (5.10), which can be counteracted
by an increase in peq. This, in turn, leads to slower adsorption, since as Peq increases
in Eq. (5.9), TD increases. Finally, a more surface active surfactant will attain the
desired surface tension value at a lower bulk surfactant concentration, ni, (which is
precisely what is meant by "more surface active"), and hence, TD in Eq. (5.9) will be
larger and the adsorption will be slower. Note that, in the context of the equilibrium
theory, if everything else is equal, a more surface active surfactant is characterized by a
more negative (larger in absolute value) standard-state chemical potential difference,
Apo. This can be seen in Eq. (5.7) with no replaced by nr (since, at equilibrium, the
sublayer concentration is equal to the bulk concentration). In that case, a decrease
in Apo leads to a decrease in the first term on the right-hand side of Eq. (5.7), which
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can be counteracted by a decrease in n9 = nri on the left-hand side of Eq. (5.7).
5.2.3 Simplified Timescale Analysis: Surfactant Mixtures
In analogy to the single surfactant case, one can associate a timescale for adsorption,
TD1 , for each surfactant component, i, in the mixture. Specifically,
(Li/nT) 2
TD - Diz (5.11)
However, as will be shown in detail in the illustrative examples presented in Sec-
tion 5.3, this timescale analysis is more involved in the case of surfactant mixtures
because of various possible choices of surface concentrations, lI7, in Eq. (5.11). As
a first approximation, the equilibrium surface concentration value of each surfactant
component, plq (see Section 5.2.1), can be used in Eq. (5.11) to estimate the adsorp-
tion timescale for that surfactant component. If the resulting timescales for adsorp-
tion corresponding to each of the surfactant components have similar values, then the
timescale for adsorption for each component can be taken to be the value so obtained.
However, if the values obtained are very different, then using the equilibrium values
for the surface concentrations (that is, using Fi = Lp' in Eq (5.11)) will not yield a
very good estimate of the timescale for adsorption, as discussed in detail next.
For surfactant mixtures that contain components having different timescales for
adsorption, the adsorption of one surfactant component may lead to the desorption
of another surfactant component that had adsorbed previously. This effect is par-
ticularly large in the case of a faster, less surface active surfactant mixed with a
slower, more surface active surfactant (as will be shown in Section 5.3.2) since in that
case, the later arriving surfactant will significantly displace the less surface active
surfactant that had already adsorbed. (Note that in the case of very strong syner-
gism between the adsorbed surfactant components, the surface concentration of the
surfactant component that adsorbs first may be subsequently increased by the later
adsorbing surfactant component. However, this case will not be discussed in detail
here since such strong synergism is most commonly observed with mixtures of ionic 30
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or zwitterionic surfactants,5 6 which are not considered here). As a result, the surface
concentration of some surfactant components will attain a maximum value, pFT ,
before reaching an equilibrium value, and the final equilibrium surface concentration
value may be significantly lower than J7l"x. This will make I7" not suitable for use
in Eq. (5.11). However, a simplified methodology for treating such a case will be
discussed as part of Example 2 in Section 5.3.2.
5.3 Results
In this section, the theory developed in Section 5.2, including the simplified timescale
analysis, is implemented in four examples to illustrate several types of interesting
and useful dynamic adsorption behavior of hypothetical surfactant mixtures where
the surfactant molecular parameters can be tuned to demonstrate a range of interest-
ing dynamic interfacial behavior. The practical implications of the various dynamic
adsorption behaviors predicted in this section will be discussed in more detail in Sec-
tion 5.4. The surfactant parameters corresponding to each example are described in
the following subsections. In the four examples presented, any attractive interactions
between the adsorbed surfactant molecules are neglected (that is, Bij = 0 for all i
and j in Eqs. (5.7) and (5.8)). This is done to emphasize that the predicted dynamic
interfacial behavior, which, as will be shown below, includes examples of dynamic
synergism, is not a manifestation of any attractive interactions between the adsorbed
surfactant molecules, but instead, reflects the differences in the molecular sizes (as
reflected in the ai values) as well as in the surface activities (as reflected in the Ap9
values) of the surfactants involved. Furthermore, in the three binary surfactant mix-
tures (Examples 1-3), the diffusion coefficients, Di, where chosen to be the same
for both surfactants to emphasize that the resulting dynamic interfacial behavior is
only due to differences in the equilibrium properties, rather than to differences in the
transport properties. Finally, in the four examples that follow, the temperature was
set at 25*C.
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Figure 5-1: Equilibrium surface tensions as a function of total bulk surfactant con-
centration for aqueous solutions of: Surfactant a ( ), Surfactant b ( - - - - -
and a binary mixture of 50% Surfactant a - 50% Surfactant b ( - - -).
5.3.1 Example 1: Binary Mixture of Surfactants Having Sim-
ilar Timescales of Adsorption
In this first example, the adsorption behavior of a binary mixture of Surfactants a
and b is considered. The molecular parameters corresponding to each surfactant are
listed in Table 5.1. The specific choice of ai and Apo values in Table 5.1 is explained
below.
Figure 5-1 shows the equilibrium surface tensions as a function of total bulk surfac-
tant concentration for aqueous solutions of: (i) Surfactant a ( ), (ii) Surfac-
tant b ( - - - - - ), and (iii) a binary mixture of 50% Surfactant a - 50% Surfactant b
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Table 5.1: Cross-sectional areas, aj, standard-state chemical potential differences,
App, and diffusion coefficients, Di, of Surfactants a and b, corresponding to the
binary surfactant mixture in Example 1.
( - - -), as predicted by the equilibrium theory (Eqs. (5.7) and (5.8)). Note that
the predicted equilibrium surface tension behaviors of Surfactants a and b shown in
Figure 5-1 are within the range of behaviors which are typically observed (see Ref. 131
for a review of the surface behavior of typical surfactants). Note also that the choice
of ai and Api values results in both single surfactant solutions, as well as their bi-
nary mixture, attaining the same surface tension value of 37dyn/cm at a total bulk
surfactant concentration of 2.8 x 10- 8mol/cm 3 (corresponding to the point at which
the three surface tension curves cross in Figure 5-1).
Figure 5-2 shows the dynamic surface tensions of the three solutions (i)-(iii) de-
scribed above, all at a total bulk surfactant concentration of 2.8 x 10- 8mo1/cm 3 .
Note that, at long times, all the three curves in Figure 5-2 approach the same sur-
face tension value of 37 dyn/cm, since, as stressed above, the three solutions have
the same equilibrium surface tension at this total bulk surfactant concentration. In
addition, note that for the single surfactant solutions, Surfactant a has a lower equi-
librium surface concentration than Surfactant b (1.2 x 10 1 4 cm 2 and 2.0 x 10 1 4 cm- 2,
respectively) which leads, through the use of Eq. (5.9), to a shorter timescale of ad-
sorption for Surfactant a as compared to Surfactant b (8.9s and 24s, respectively).
This can also be seen in Figure 5-2, where the surface tension curve corresponding
to Surfactant a ( ) plateaus (reaches equilibrium) before that corresponding
to Surfactant b ( - - - - - ). This difference in adsorption timescales of the two single
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Surfactant iI ai (A2 ) J _Az- (kBT) I Di (cm 2 /s)
a 50 -55.4 6 x 10-6
b 25 -52.4 6 x 10-6
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Figure 5-2: Dynamic surface tensions of aqueous solutions of: Surfactant a (
Surfactant b (- - - - - ), and a binary mixture of 50% Surfactant a - 50% Surfactant
b ( - - -), all at a total bulk surfactant concentration of 2.8 x 10- 8mo/cm 3.
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Figure 5-3: Surface concentrations, Fi, of aqueous single surfactant solutions of Sur-
factant a ( ) and Surfactant b ( - - - - - ) as a function of time, both at a
total bulk surfactant concentration of 2.8 x 10- 8mol/cm 3.
surfactant solutions is also reflected in Figure 5-3, which shows the surface concen-
tration, Li, as a function of time for the aqueous solutions of Surfactant a ( )
and Surfactant b ( - - - - - ), both at the same total bulk surfactant concentration of
2.8 x 10- 8mo1/cm 3 . Figure 5-3 shows that, initially (t < 10s), both surfactants adsorb
at the same rate, since na = niw, and Da = Db in this example, and F is initially pro-
portional to n-v Dt (see Ref. 13). However, the surface concentration of Surfactant
a plateaus before that of Surfactant b as it approaches its lower equilibrium value.
To clarify the dynamic surface tension behavior of the binary surfactant mix-
ture shown in Figure 5-2, Figure 5-4 shows the surface concentrations of Surfac-
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tant a ( ) and Surfactant b ( - - - - - ) as a function of time for the 50%
Surfactant a - 50% Surfactant b mixture at a total bulk surfactant concentration
of 2.8 x 10- 8mol/cm 3. Note that the equilibrium surface concentrations of each
surfactant component in the mixture are the same in this example (peq = peq
0.8 x 101 4 cm 2 ). This equality is again a result of the choice of the surfactant molec-
ular parameters, ai and A[P, for the equilibrium theory (see Table 5.1). Specifically,
in this example, the equality of the equilibrium surface concentrations follows from
the fact that although Surfactant a has a larger cross-sectional area than Surfactant
b (which would tend to make Feq smaller than Fre), Surfactant a is also more surface
active than Surfactant b, that is, Z\y is more negative than A/pL (which would tend
to make Fl' larger than ]4) . This equality of the equilibrium surface concentrations,
in turn, leads to an equality of the individual timescales for adsorption. Specifically,
since Da = Db, nw = nw, and req = p[q, using their values in Eq. (5.11) leads to
TDa = TDb=1 3 .8 s. This timescale provides a reasonable estimate for the time required
for the surfactant mixture to reach equilibrium at the interface. Indeed, the surface
concentrations of both surfactant components (see Figure 5-4) and the surface tension
of the surfactant mixture (see Figure 5-2) all reach a plateau within this timescale. As
discussed in Section 5.2.3, the success of using the equilibrium surface concentrations,
peI in Eq. (5.11) in predicting the timescales for adsorption follows from the fact that,
in this example, both surfactant components in the mixture have the same individual
timescales for adsorption. However, as will be shown in the subsequent examples, us-
ing the equilibrium surface concentrations in Eq. (5.11) will not yield good estimates
for the timescale for adsorption when the surfactant components have very different
timescales for adsorption. In addition, note that one observes only one characteristic
decrease in the surface tension as a function of time for this surfactant mixture (see
Figure 5-2). This is a result of both surfactant components in the mixture adsorbing
at the same time, since both possess the same timescales for adsorption. Contrasting
cases where the surfactant components in the mixture have very different individual
timescales for adsorption, leading to multiple characteristic decreases in the surfac-
tant mixture surface tension as a function of time, will be presented and discussed in
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Figure 5-4: Surface concentrations, [I, of Surfactant a ( ) and Surfactant
b ( - - - - - ) as a function of time in a binary mixture of 50% Surfactant a - 50%
Surfactant b, at a total bulk surfactant concentration of 2.8 x 10- 8mo/cm3 .
the following illustrative examples.
5.3.2 Example 2: Binary Surfactant Mixture Exhibiting Com-
petitive Adsorption
Another interesting case to investigate is one where the two surfactant components in
the mixture have significantly different individual timescales for adsorption. Specifi-
cally, in this example, a binary mixture of Surfactants 1 and 2 is considered, where
the more surface active component has the longer timescale for adsorption. In that
case, the less surface active component will begin to fill up the interface first, but
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Table 5.2: Cross-sectional areas, aj, standard-state chemical potential differences,
Ap2, and diffusion coefficients, Di, of Surfactants 1 and 2, corresponding to the
binary surfactant mixture in Example 2.
Surfactant i ai (A2) Ap4 (kBT) Di (cm 2 /s)
75
25
-50.7
-52.4
1
2
6 x 10-6
6 x 10-6
subsequently, it will be displaced significantly by the later arriving, more surface ac-
tive component. The surfactant molecular parameters corresponding to this example
are listed in Table 5.2. Note that the surfactant mixture in this example consists of
a larger (in terms of its cross-sectional area, al), less surface active (in terms of its
free energy of adsorption, Apu) component (Surfactant 1) mixed with a smaller, more
surface active component (Surfactant 2). Figure 5-5 shows the equilibrium surface
tensions as a function of total bulk surfactant concentration for aqueous solutions
of: (i) Surfactant 1 ( ), (ii) Surfactant 2 ( - - - - - ), (iii) a binary mixture
of 50% Surfactant 1 - 50% Surfactant 2 ( - - -), and (iv) a binary mixture of
95% Surfactant 1 - 5% Surfactant 2 ( -... ), as predicted by the equilibrium theory
(Eqs. (5.7) and (5.8)). Note that, as expected, the surface tension curve of the more
surface active component (Surfactant 2) lies to the left of that of the less surface
active component (Surfactant 1), with the two mixture surface tension curves lying
in between according to their composition.
Figure 5-6 shows the dynamic surface tensions of the four solutions (i)-(iv) de-
scribed above, all at a total bulk surfactant concentration of 2.8 x 10-8mol/cm 3 . An
examination of the dynamic surface tensions of the two single surfactant solutions
indicates that, initially (t < Is), the surface tension of the solution of Surfactant 1
decreases more rapidly with time than that of the solution of Surfactant 2. This can
be explained through an analysis of the dynamic surface concentrations, -'j, shown in
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Figure 5-5: Equilibrium surface tensions as a function of total bulk surfactant con-
centration for aqueous solutions of: Surfactant 1 ( ), Surfactant 2 ( - - - - - ),
a binary mixture of 50% Surfactant 1 - 50% Surfactant 2 ( - - -), and a binary
mixture of 95% Surfactant 1 - 5% Surfactant 2 ( - - -. ).
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Figure 5-6: Dynamic surface tensions of aqueous solutions of: Surfactant 1 (
Surfactant 2 ( - - - - - ), a binary mixture of 50% Surfactant 1 - 50% Surfactant 2
( - - -), and a binary mixture of 95% Surfactant 1 - 5% Surfactant 2 ( .
all at a total bulk surfactant concentration of 2.8 x 10- 8mol/cm 3 .
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Figure 5-7 and the dynamic surface coverages, Fiai, shown in Figure 5-8 for the single
surfactant solutions. Figure 5-7 shows that, initially (t < 1s), the surface concentra-
tions of both surfactants increase at identical rates since, initially, Fi is proportional
to n i D-t (see Ref. 13), and in this example, both surfactants have identical diffusion
coefficients and bulk concentrations. However, as shown in Figure 5-8, the surface
coverage corresponding to the solution containing Surfactant 1 increases more rapidly
with time during this initial time period as a result of the larger cross-sectional area
of Surfactant 1. In other words, for a given surface concentration, Fi, the surface
coverage, riai, is larger for Surfactant 1 than for Surfactant 2. This, in turn, leads to
smaller denominators in the first two terms contained within the brackets in Eq. (5.8),
which leads to a lower surface tension of the solution containing Surfactant 1 relative
to that of Surfactant 2. Using the timescale analysis presented in Section 5.2.2, the
timescale for adsorption of Surfactant 1, rD = 2.4s, is less than that of Surfactant
2, TD = 24.1s, due to the lower equilibrium value of the surface concentration of
Surfactant 1 (6.5 x 10 1 3 cm 2 ) compared to Surfactant 2 (2.0 x 10 1 4 cm- 2 ).
To clarify the dynamic surface tension behavior of the binary mixture of 50% Sur-
factant 1 - 50% Surfactant 2 (see Figure 5-6), Figures 5-9 and 5-10 show, respectively,
the surface concentrations, 1 ( ), 72 ( - - - - - ), and Fl + F2 ( - -
and surface coverages, F1 a1 ( ), F 2a 2 (- - - - - ), and Fla 1+P 2 a 2 ( - -
as a function of time. Note that in Figure 5-9, initially (for t < Is), the surface con-
centrations of both surfactants increase at identical rates, reflecting as before, the
identical diffusion coefficients and bulk concentrations of both surfactants. At these
short times, the surface is virtually empty (that is, ]1F 1a,+ 2 a 2 << 1, see Figure 5-10),
so that for both surfactants, the majority of the surfactant molecules that diffuse to
the surface can adsorb onto it with minimal steric hindrance. However, eventually (at
around t = 6s), the surface begins to saturate (that is, the total surface coverage is no
longer small, see Figure 5-10). Beyond this point, the more surface active component
(Surfactant 2) begins to displace the less surface active component (Surfactant 1).
This results in a subsequent decrease in the surface concentration, F,, and surface
coverage, 1l 1a, of Surfactant 1. In other words, the surface concentration and sur-
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Figure 5-7: Surface concentrations, 17, of aqueous single surfactant solutions of Sur-
factant 1 ( ) and Surfactant 2 ( - - - - - ) as a function of time, at a total
bulk surfactant concentration of 2.8 x 10- 8mol/cm 3.
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Figure 5-8: Surface coverages, l' aj, of aqueous single surfactant solutions of Surfac-
tant 1 ( ) and Surfactant 2 ( - - - - - ) as a function of time, at a total bulk
surfactant concentration of 2.8 x 10-8mol/cm3 .
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face coverage of Surfactant 1 go through a maximum, which can be clearly seen in
Figures 5-9 and 5-10.
One can also identify two characteristic decreases in the surface tension as a
function of time for this 50%-50% surfactant mixture (see Figure 5-6). The first
decrease, occurring at t a 6s, is caused primarily by the (relatively fast) adsorption
of Surfactant 1, which can be seen by the increase in surface coverage of Surfactant
1 at t e 6s (see Figure 5-10). Similarly, the second decrease, between t ? 6s and
t a 100s, is caused primarily by the (relatively slow) adsorption of Surfactant 2
(and corresponding desorption of Surfactant 1), which can be seen by the increase in
surface coverage of Surfactant 2 and the decrease in surface coverage of Surfactant
1 (resulting in the peak for I at t _ 6s in Figure 5-10). Since the first decrease in
surface tension with time in Figure 5-6 corresponds to the adsorption of Surfactant
1, one can define a timescale associated with this first decrease by using Eq. (5.11)
with i = 1. For an initial estimate, one could try to use the equilibrium value of F1
in Eq. (5.11). However, as discussed in Section 5.2.3, if the timescales for adsorption
of each surfactant component are very different, as in this example, then using the
equilibrium values of PI in Eq (5.11) will not result in a very good estimate of the
timescale for adsorption, as discussed below.
If one tried to utilize the equilibrium value of IF in Eq. (5.11), one would under-
estimate the timescale for adsorption of Surfactant 1 resulting in a value of rD1 -
1.6 x 10's. This is due to the fact that the surface concentration of Surfactant 1
during this initial time period, which peaks at pe"ak - 4 x 101 3 cm- 2 at t = 6s, is
much larger than the equilibrium value of F = 2.5 x 10 1 1 cm- 2 (see Figure 5-9). A
better choice for F1 in Eq (5.11) is to utilize the peak value of 1, since this bet-
ter represents the surface concentration during this initial adsorption period. This
would lead to an estimate of the timescale for adsorption associated with the peak in
surface concentration of Surfactant 1 which corresponds to the timescale of the first
characteristic drop in surface tension. However, to obtain this peak value, one would
need to implement the complete theory presented in Section 5.2.1. In that case, of
course, one could simply generate the entire Figure 5-6, thus obtaining the complete
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Figure 5-9: Surface concentrations, F , as a function of time in an aqueous binary
mixture of 50% Surfactant 1 and 50% Surfactant 2 at a total bulk surfactant concen-
tration of 2.8 x 10- 8 mol/cm3 . Shown are the surface concentrations of Surfactant 1,
1, ( ), of Surfactant 2, F 2 , (- - - - - ), as well as the total surface concen-
tration, 171 + 1 2 , ( - - -).
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Figure 5-10: Surface coverages, Fiai, as a function of time in an aqueous binary
mixture of 50% Surfactant 1 and 50% Surfactant 2 at a total bulk surfactant concen-
tration of 2.8 x 10-8 mol/cm3 . Shown are the surface coverages of Surfactant 1, F1a1 ,
( ), of Surfactant 2, J 2a2, ( - - - - - ), as well as the total surface coverage,
Fla 1 + F 2a 2 , ( - - -).
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dynamic surface tension profile.
Alternatively, as an approximation, one could use the equilibrium value of F1
for a solution containing only Surfactant 1 at the same bulk concentration as that
corresponding to the surfactant mixture of interest (that is, one would solve Eq. (5.7)
with i = 1 and F2 = 0). In other words, since the interface is initially clean, the
"faster" surfactant will initially behave as if it were adsorbing onto a clean interface.
In that case, this yields a value of I = 6 x 1013 cm- 2 which is reasonably close
to the precise value of ]eak = 4 x 10 13 cm- 2 in Figure 5-9. Using this value (6 x
1013 c- 2 ) of F1 in Eq. (5.11) then yields a value of rD, = 8.4s, which represents a good
approximation for the time at which the surface tension of this 50%-50% surfactant
mixture exhibits its first decrease in Figure 5-6. Note that, in general, identifying
the "faster" surfactant does not require the use of the complete theory, but instead,
can be done by simply using Eq. (5.11), with Fi given by the equilibrium value
corresponding to a solution containing only Surfactant i. However, note also that
this approximation works best for surfactants that exhibit widely spaced individual
timescales for adsorption.
The time corresponding to the second characteristic decrease in surface tension,
which reflects the adsorption of Surfactant 2 (see Figures 5-6, 5-9, and 5-10), can
similarly be determined by using Eq. (5.11) with i = 2. Note that here, unlike the
case of Surfactant 1, the maximum surface concentration of Surfactant 2 is equal to
the equilibrium surface concentration (that is, F2 (t) does not go through a peak, but
rather approaches the equilibrium value monotonically from below). Therefore, the
equilibrium surface concentration (T' = 1.9 x 10 1 4 cm- 2 ) can be used in Eq. (5.11).
In this example, this yields a value of TD 2  85.1s, which corresponds well with the
adsorption equilibrium of Surfactant 2 in Figures 5-9 and 5-10, as well as with the
second characteristic time at which the surface tension of the 50%-50% surfactant
mixture decreases in Figure 5-6.
It is also interesting to note that although no attractive interactions operate be-
tween Surfactants 1 and 2 in this example (B 12 = 0), and there is no synergism in
the equilibrium surface tension (see Figure 5-5), this surfactant mixture does exhibit
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dynamic surface tension synergism. That is, this mixture displays a time interval,
between t = 4s and t = 6s, where the dynamic surface tension of the surfactant mix-
ture is lower than those of each single surfactant solution (see Figure 5-6). Note that
during this time interval, the surface concentration of Surfactant 1 is much higher
than its equilibrium value (see Figure 5-9). Hence, physically, one may view this
excess lowering of the dynamic surface tension as a result of the excess adsorption of
Surfactant 1 (relative to its equilibrium value).
The 95% Surfactant 1 - 5% Surfactant 2 binary mixture shown in Figure 5-6 serves
to illustrate the effect of an impurity on the dynamic surface tension of a surfactant
solution. Indeed, since Surfactant 2 is more surface active than Surfactant 1, and
is also present at a relatively low concentration, it fits the classic description of an
"impurity" in a surface tension experiment. Note, however, that this case, as well
as a similar one presented in Section 5.3.3 below, demonstrates that initially, the
surface tension of the "impure" surfactant mixture, ( - - ) in Figure 5-6, is very
close to that of the "pure" surfactant solution, ( ) in Figure 5-6, even though
the long time (t > 100s) surface tension values, as well as the ultimate equilibrium
surface tension values, are significantly different for the two solutions. Indeed, the
equilibrium surface tension values are 57.3 dyn/cm and 62.1 dyn/cm for the 95%-5%
surfactant mixture and the pure Surfactant 1 solution, respectively (see Figure 5-5
and recall that nw = 2.8 x 10- 8mo1/cm 3). This behavior is a result of Surfactant
2 (the "impurity") having an extremely long timescale for adsorption (TD 2 = 2250s)
due to the small value of nw in Eq. (5.11). This is similar to the explanation given in
Refs. 132 and 133 for the observed behavior of an impure sample of sodium dodecyl
sulfate.
5.3.3 Example 3: Binary Surfactant Mixture where the Ad-
sorption is Dominated by One Surfactant
In contrast to the example considered in Section 5.3.2, a binary mixture of Surfactants
A and B is considered next, where the more surface active component has the shorter
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Table 5.3: Cross-sectional areas, aj, standard-state chemical potential differences,
APi, and diffusion coefficients, Di, of Surfactants A and B, corresponding to the
binary surfactant mixture in Example 3.
timescale for adsorption. The surfactant molecular parameters corresponding to this
example are listed in Table 5.3. Note that the surfactant mixture in this example
consists of a larger (in terms of its cross-sectional area, al), more surface active (in
terms of its free energy of adsorption, Ap4) component (Surfactant B) mixed with a
smaller, less surface active component (Surfactant A).
Figure 5-11 shows the equilibrium surface tensions as a function of total bulk
surfactant concentration for aqueous solutions of: (i) Surfactant A ( ), (ii)
Surfactant B ( - - - - - ), (iii) a binary mixture of 50% Surfactant A - 50% Surfactant
B ( - - -), and (iv) a binary mixture of 95% Surfactant A - 5% Surfactant B
( --. ), as predicted by the equilibrium theory (Eqs. (5.7) and (5.8)). Note that, as
expected, the surface tension curve of the more surface active component (Surfactant
B) lies to the left of that of the less surface active component (Surfactant A), with the
two mixture surface tension curves lying in between according to their composition.
Figure 5-12 shows the dynamic surface tensions of the four solutions (i)-(iv) de-
scribed above, all at a total bulk surfactant concentration of 2.8 x 10-8 mol/cm3 . Note
that, similar to Example 2, the surface tension initially decreases faster with time for
the single surfactant solution of the surfactant having the larger cross-sectional area
(Surfactant B) relative to the surface tension of the single surfactant solution of the
surfactant having the smaller cross-sectional area (Surfactant A). Like in Example
2, this is due to the fact that Surfactant A has a larger timescale for adsorption
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Surfactant i ai (A 2 ) IAi (kBT) Di (cm 2 /s)
A 25 -48.7 6 x 10-6
B 75 -58.3 6 x 10-6
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Figure 5-11: Equilibrium surface tensions as a function of total bulk surfactant con-
centration for aqueous solutions of: Surfactant A ( ), Surfactant B ( - - - - - ),
a binary mixture of 50% Surfactant A - 50% Surfactant B ( - - -), and a binary
mixture of 95% Surfactant A - 5% Surfactant B ( -.
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Figure 5-12: Dynamic surface tensions of aqueous solutions of: Surfactant A
( ), Surfactant B ( - - - - - ), a binary mixture of 50% Surfactant A - 50%
Surfactant B ( - - -), and a binary mixture of 95% Surfactant A - 5% Surfactant
B ( - - - ), all at a total bulk surfactant concentration of 2.8 x 10- 8mol/cm 3.
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(TD = 8.3s) than Surfactant B (TD = 4.7s), see Eq. (5.9). Since the dynamic behav-
iors corresponding to the surface concentrations and surface coverages of the single
surfactant solutions in Example 3 are analogous to those found and discussed in
Example 2 (see Figures 5-7 and 5-8), they are not shown or discussed here.
To clarify the dynamic surface tension behavior of the binary mixture of 50%
Surfactant A - 50% Surfactant B (see Figure 5-12), Figure 5-13 shows the surface
coverages of each surfactant component, FAaA ( ) and FBaB ( - - - - - ), as
well as the total surfactant coverage, FAaA + FBaB ( - - -), all as a function of
time. Because the "faster" component (Surfactant B) is also the more surface active
in this example, it begins to fill up the surface first (which can be clearly seen by the
much faster increase in the surface coverage of Surfactant B (shown in Figure 5-13),
but is not subsequently displaced by the later arriving Surfactant A (which can be
seen by the fact that the surface coverage of Surfactant B does not go through a
peak in Figure 5-13). Consequently, the surface is dominated by Surfactant B, and
one only observes one significant decrease in the surface tension with time (which
corresponds to the adsorption of Surfactant B, since the small amount of Surfactant A
that subsequently adsorbs has a negligible effect on the surface tension, see Figure 5-
12). Because Surfactant B is much more surface active than Surfactant A in this
example, at the same bulk surfactant concentration, the equilibrium values of FB for
the binary surfactant mixture and for the single surfactant solution of Surfactant B
are similar (8.8 x 1013 cm- 2 and 8.9 x 10 13 cm-2, respectively). Therefore, in this case,
one can use either value in Eq. (5.11) to obtain a good estimate of the timescale
for adsorption of Surfactant B. This yields a value of TDB = 18s, which corresponds
well with the decrease in the surface tension of this 50%-50% surfactant mixture
(see Figure 5-12). Note that there is no need to calculate a timescale for adsorption
corresponding to Surfactant A since, as stressed above, this component has little effect
on the dynamic mixture surface tension.
Note that only in the case of a surfactant mixture containing a large proportion
of Surfactant A in the bulk (such as mixture (iv) corresponding to the extreme 95%
- 5% case), in which the surface composition of Surfactant A has been increased
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Figure 5-13: Surface coverages of the two surfactant components, FAaA ( )
and FBaB ( - - - - - ), as well as the total surface coverage, IFAaA-FBaB, ( - -
as a function of time in an aqueous binary mixture of 50% Surfactant A and 50%
Surfactant B at a total bulk surfactant concentration of 2.8 x 10- 8mol/cm3.
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and the adsorption timescale of Surfactant B has been increased (as a result of the
decrease in n' in Eq. (5.11)), does one observe the two characteristic timescales in
the dynamic surface tension (the first at t a 10s and the second at t ~ 1000s,
see Figure 5-12). Note also that this 95% - 5% surfactant mixture represents an
example (along with the one discussed above in Example 2) of solutions containing
a small amount of an "impurity" (that is, a more surface active component present
at low concentrations, as is the case for Surfactant B). In this case, Figure 5-12
shows that the initial dynamic surface tension behavior of the 95%-5% surfactant
solution is similar to that of a solution containing no impurity, even though the long
time, equilibrium surface tension values are quite different (47.3 dyn/cm and 62.0
dyn/cm for the surfactant mixture and the single surfactant solution respectively; see
Figure 5-11, and recall that nb = 2.8 x 10-8mol/cm3).
5.3.4 Example 4: Ternary Surfactant Mixture
Finally, to illustrate the flexibility of the theoretical framework presented here, a
ternary mixture of Surfactants a, 3, and y is considered. The surfactant molecular
parameters corresponding to this example are listed in Table 5.4. Note that these
parameters were chosen such that each single surfactant will have distinctly different
timescales for adsorption with the resulting timescales increasing as the surface ac-
tivity increases. In other words, choosing aa > a3 > a., leads to Fa < 170 < IF. This
combined with Da > D, > D., leads to TD, < TDO < TD, in Eq. (5.9). Quantitatively,
for single surfactant solutions at a bulk surfactant concentration of 2.8 x10- 8mo1/cm 3,
the resulting equilibrium surface concentrations are 5.7 x 10 1 3 cm 2 , 1.1 x 10 14 cm- 2,
and 2.2 x 101 4 cm-2, and the corresponding timescales for adsorption are 1.1s, 7.3s,
and 430s, for Surfactants a, 3, and 7, respectively. Furthermore, since Apo > APO >
A) it follows that Surfactant y is the most surface active, followed by Surfactant
/, and then by Surfactant a. The surfactant molecular parameters were chosen in
this manner so that the adsorption of each individual surfactant component in the
ternary mixture is clearly reflected in the dynamic surface tension behavior of the
ternary surfactant mixture.
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Figure 5-14: Dynamic surface tensions of aqueous solutions of: Surfactant a
( - - - - - ), Surfactant # ( - - -), Surfactant y ( - - - .), and a ternary mixture
of 50% Surfactant a - 30% Surfactant / - 20% Surfactant y ( ), all at a total
bulk surfactant concentration of 2.8 x 10-8Tmol/cm 3.
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Figure 5-15: Surface concentrations of each component, Fj, as a function of time
in a ternary mixture of 50% Surfactant a - 30% Surfactant # - 20% Surfactant -y
( - ) , at a total bulk surfactant concentration of 2.8 x 10-8MOj/CM3. Shown here
are the surface concentrations of Surfactant z,]F,, ( - - - - - ), of Surfactant #, FO,
( - - -), of Surfactant -y, F7,(- -) as well as the total surface concentration,
ra + F,+r-,,( - ).
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Table 5.4: Cross-sectional areas, aj, standard-state chemical potential differences,
A/1 , and diffusion coefficients, Di, of Surfactants a, #, and y, corresponding to the
ternary surfactant mixture in Example 4.
Figure 5-14 shows the dynamic surface tensions of aqueous solutions of: (i) Sur-
factant a ( - - - - - ), (ii) Surfactant # ( - - -), (iii) Surfactant 7 ( - - - - ), and
(iv) a ternary mixture of 50% Surfactant a - 30% Surfactant /- 20% Surfactant y
( ), all at a total bulk surfactant concentration of 2.8 x 10- 8mol/cm 3 . Note
that the timescales for adsorption associated with the solutions of Surfactants a, #,
and -y (1.1s, 7.3s, and 430s, respectively) correspond well with the onset of the three
plateaus observed in the dynamic surface tension curves of the three single surfactant
solutions shown in Figure 5-14. To clarify the dynamic surface tension behavior of
the ternary surfactant mixture, Figure 5-15 shows the surface concentrations of each
surfactant component, Fr, ( - - - - - ), 7 ( - - -), and r, ( - - - - ), as well as the
total surface concentration, Pa + +F+, ( ). Note that, similar to Example 2,
Surfactant / is more surface active than Surfactant a, and when Surfactant / arrives
at the surface, it displaces Surfactant a. As a result, ra (t) goes through a maximum
at t ~~ 2s. Similarly, Surfactant y is more surface active than Surfactant /, and there-
fore, when Surfactant y arrives at the surface, it displaces Surfactant /. As a result,
F (t) goes through a maximum at t ~ 60s. Finally, complete adsorption of Surfactant
-y takes place at t ~ 104s, as reflected in the observed plateau of Fy. This series of
dynamic adsorption events, shown in Figure 5-15, helps clarify the observed dynamic
surface tension of the ternary surfactant mixture shown in Figure 5-14. Specifically,
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Surfactant i_[ ai (A 2 ) A/J t (kBT) I Di (cm 2 /s)
a 75 -50.7 10 x 10-6
50 -52.7 6 x 10-6
25 -53.2 0.4 x 10-6
40 id-01
three surface tension decreases are observed at t ~ 2s, 60s, and 10 4s.
The simplified timescale analysis for binary surfactant mixtures presented in Sec-
tion 5.3.2 can, in principle, be extended to multi-component mixtures such as the
ternary one considered in this example. One could imagine treating initially the
ternary surfactant solution as a single surfactant solution consisting of the fastest ad-
sorbing surfactant, followed by treating it as a binary surfactant mixture consisting of
the two fastest adsorbing surfactants, etc. However, this will generally complicate the
analysis to the point that it would probably be simpler to calculate the entire surface
tension verses time profile using the complete theory presented in Section 5.2.1. Note,
however, that one can still make use of the simplified timescale analysis to estimate
the timescale for adsorption of the slowest adsorbing surfactant component (which, in
turn, implies equilibrium of the surface tension). This can be done by noting that the
surfactant component having the longest individual timescale for adsorption does not
exhibit a maximum in the surface concentration versus time profile. Indeed, because
this component is the last one to arrive at the interface, there is no subsequent arriving
surfactant to displace it. Accordingly, the timescale for adsorption of the slowest ad-
sorbing surfactant is simply given by Eq. (5.11) with FI correspond to the equilibrium
value of component i in the mixture under consideration. For example, in the case of
the ternary surfactant mixture considered here, the slowest adsorbing component is
Surfactant 'y, which has an equilibrium surface concentration of IFq = 1.4 x 10 14 Cn-2.
Using this value in Eq. (5.11) yields a value of rD, = 4500s, which represents a rea-
sonable approximation to the timescale required to attain complete surface tension
equilibrium of the ternary surfactant mixture (see Figure 5-14).
5.4 Conclusions
A theoretical framework to predict the dynamic adsorption behavior of surfactants
at the air-aqueous solution interface for mixtures containing any number of nonionic
surfactant components was presented. The work presented in this chapter builds on
an extension of the Ward-Tordai model which assumes Fickian diffusion of the surfac-
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tant molecules in the bulk aqueous phase. Specifically, the case of diffusion-limited
adsorption, which assumes that the adsorbed surfactant molecules are in instanta-
neous equilibrium with those present in the sublayer, was treated. This equilibrium
relationship was determined using a previously developed molecular-thermodynamic
theory for the equilibrium adsorption of surfactant mixtures. A significant advantage
of this theory is that it is based on the molecular characteristics of the surfactants, and
does not contain any mixture dependent parameters. This should be contrasted with
other theoretical descriptions of mixed surfactant adsorption, such as those based on
the Regular Solution Theory, which do require experimental inputs on every surfac-
tant mixture considered. Since the Fickian diffusion model utilized here does not
contain mixture dependent parameters either, the theoretical framework presented in
this chapter can be used to predict the dynamic interfacial behavior of the mixed sur-
factant system without the need for any experimental inputs on the mixed surfactant
system.
Although the theoretical framework developed in this chapter can be used to fully
predict the surface tension and surface concentration and composition of a surfactant
mixture as a function of time, a simplified timescale analysis was also provided which
can be used to quickly estimate the time required to attain adsorption equilibrium
(including the resulting surface tension equilibrium). While the timescale analysis is
more complicated in the case of surfactant mixtures, it is generally quicker to imple-
ment than the solution of the complete theory. Accordingly, the simplified timescale
analysis could be utilized to screen a large number of single surfactants and their
mixtures to identify the desired dynamic interfacial behavior. The simplified time-
scale analysis is also useful in allowing quick prediction of the relationship between
the surfactant molecular structure and the dynamic adsorption properties of that
surfactant.
The theoretical framework and timescale analysis was then utilized to examine
four illustrative examples of hypothetical surfactant mixtures where the surfactant
molecular parameters can be varied to demonstrate a range of interesting dynamic
interfacial behavior. In the first example, a binary surfactant mixture was consid-
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ered where both surfactant components have the same timescale for adsorption. The
results show a single characteristic decrease in the surface tension with time, corre-
sponding to the simultaneous adsorption of both surfactants. In the second example,
a binary surfactant mixture of a faster, less surface active surfactant mixed with a
slower, more surface active surfactant was considered. The predicted dynamic surface
tension of the binary surfactant mixture shows two characteristic decreases. The first
decrease occurs at a timescale similar to the timescale for adsorption corresponding
to a single surfactant solution containing only the first, faster surfactant. The second
characteristic decrease lowers the surface tension further to the final equilibrium value
of the surfactant mixture, and occurs at a timescale equal to the timescale for ad-
sorption of the second, slower surfactant. In general, in the limiting case of a mixture
of surfactants having very different adsorption timescales, the system will behave like
a single surfactant solution of the first ("faster") surfactant at short times and like a
solution of the surfactant mixture at long times.
This example also provided some insight into the behavior of surfactant solutions
that contain trace amounts of a highly surface active material (an "impurity"), which
is often a problem for experimental investigations of what is desired to be a pure
surfactant. In that case, the impurity will typically have a very long timescale for
adsorption (because it is present in such dilute amounts, the lengthscale for adsorption
is very long). In this limiting mixed surfactant case, it was shown that the impurity
does not pose a significant concern at short times, since the mixture will approximate
the behavior of a pure surfactant solution. It is only at long times that the impurity
affects the surface tension behavior.
In the third example, the contrasting dynamic interfacial behavior of a faster,
more surface active surfactant mixed with a slower, less surface active surfactant
was examined. This example showed that the effect of the later arriving surfactant
is small when that surfactant is less surface active, since it will not significantly
displace the surfactant that adsorbs first. Accordingly, the surfactant mixture shows
only one characteristic decrease in the dynamic surface tension corresponding to the
adsorption of the first surfactant. Finally, in the fourth example, a ternary surfactant
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mixture where the adsorption of all three surfactant components is clearly reflected in
the dynamic surface tension of the surfactant mixture was considered. This example
illustrated the versatility of the theoretical framework presented here, in that it can be
utilized to model the dynamic interfacial properties of surfactant mixtures containing
any number of surfactant components.
There are numerous practical applications where the dynamic interfacial proper-
ties are important, and where the use of surfactant mixtures could be very beneficial.
For example, one may be interested in a process where the desired equilibrium surface
tension is known, but the time to reach that equilibrium needs to be varied contin-
uously. Example 1 in Section 5.3.1 shows how this may be achieved by utilizing a
surfactant mixture where varying the bulk surfactant composition changes the time
required to reach equilibrium, but does not alter the equilibrium value of the surface
tension. Another practical application of a surfactant mixture is a two-in-one sham-
poo plus conditioner personal care product, where one requires a cleaning surfactant
to adsorb quickly, and then a conditioning surfactant to adsorb subsequently and
displace the cleaning surfactant. Example 2 in Section 5.3.2 illustrates just such a
case. Finally, one may be interested in a process where, say, foam stability varies with
time. Any of the illustrative examples presented in Section 5.3 may be appropriate
in this case, if the various surfactant components all had different foam stabilizing
capabilities. In all these applications, and others, the theoretical framework presented
in this chapter would be quite valuable in choosing appropriate surfactants, as well
as in selecting the required solution conditions (including the total bulk surfactant
concentration and composition), to tune the desired dynamic interfacial properties.
A detailed comparison of dynamic surface tensions predicted utilizing the theo-
retical framework presented in this chapter, with experimentally measured dynamic
surface tensions of aqueous solutions containing binary nonionic surfactant mixtures
is presented in the next chapter.
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Chapter 6
Experimental Investigation of the
Dynamic Surface Tensions of
Aqueous Surfactant Mixtures
6.1 Introduction
The dynamic interfacial properties of aqueous surfactant solutions, including the sur-
face tension, the surface concentration, and the surface composition, often play a
central role in many practical applications involving surfactants (for an overview of
applied aspects of dynamic interfacial phenomena, see Ref. 95). As a result of the
importance of dynamic interfacial properties, this research area has received consid-
erable attention following the pioneering work of Ward and Tordai16 (see Refs. 98, 13,
and 97 for recent reviews). Note that most of the previous work in this area has been
concerned primarily with the dynamic interfacial adsorption of a single surfactant
species. However, the examination of mixed surfactant solutions is of great practical
interest, since virtually all applications of surfactants involve the use of surfactant
mixtures. 130
In Chapter 5, a theoretical framework was developed to molecularly predict the
diffusion-controlled dynamic adsorption of surfactants in aqueous mixed surfactant so-
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lutions.'23 The primary difference among the theory in Chapter 5 and those developed
previously to predict mixed surfactant adsorption1 1 9-122 is in the equilibrium adsorp-
tion model utilized to relate the concentrations of the various surfactant molecules
present at the interface to those present in the sublayer (the region of the aqueous
phase adjacent to the interface). Specifically, in Chapter 5, the equilibrium adsorp-
tion model used was based on the molecular characteristics of the surfactants (see
Chapter 2).12,88,89 As a result, insight could be provided as to how these surfactant
molecular characteristics, specially the molecular size, can lead to interesting dynamic
interfacial behavior. Another notable advantage of utilizing the equilibrium adsorp-
tion model adopted in Chapter 5 is in the ability to predict both the equilibrium
and the dynamic adsorption behaviors of surfactant mixtures without utilizing any
mixture dependent parameters. In other words, no additional experiments need to be
conducted on the mixed surfactant system considered. As a result, the theoretical
framework presented in Chapter 5 leads to a significant reduction in the amount of
experimentation required to predict the dynamic interfacial properties of surfactant
mixtures. In addition to the complete solution of the dynamic adsorption model, in
Chapter 5, a simplified timescale approach designed to allow "quick" insight into the
relationship between the molecular structure of the surfactants and their dynamic
interfacial properties was developed for both single surfactants and surfactant mix-
tures.
In this chapter, the experimentally measured equilibrium and dynamic surface ten-
sions of two nonionic surfactants, as well as of their binary mixture, is presented."'
The measured surface tension values are then compared with those predicted using
the equilibrium and the dynamic theories developed in Chapters 2 and 5, respec-
tively. Although there have been numerous experimental investigations of the dy-
namic surface tensions of single surfactant solutions, previous experimental work on
mixed surfactant solutions is quite limited.1 1 -9 121 The two nonionic surfactants inves-
tigated here were selected to test the validity of the theory developed in Chapter 5.
Specifically, two highly purified alkyl ethoxylate surfactants, dodecyl penta(ethylene
oxide) (C12 E5 ), and decyl octa(ethylene oxide) (CioE 8), whose molecular characteris-
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tics have been described previously,12 were selected. This pair of surfactants was also
selected because it corresponds to a smaller, more surface active surfactant (C12 E5 )
mixed with a larger, less surface active surfactant (C1 0E8 ), which was one of the
interesting illustrative examples (Example 1) discussed theoretically in Chapter 5.
In addition, these surfactants were selected because their adsorption occurs over a
time range which can be measured by the pendant bubble apparatus utilized here
(see Section 6.2.2). It is noteworthy that the bulk concentrations of the surfactant
solutions investigated in this study were chosen to be well below the corresponding
critical micelle concentrations (CMC's), where surfactant adsorption is expected to be
in the diffusion-limited regime. That is, one expects a shift in surfactant adsorption
mechanism as one increases the solution surfactant concentration from being dilute,
where surfactant diffusion is relatively slow and therefore constitutes the rate deter-
mining step, to being concentrated, where surfactant diffusion is relatively fast and
hence is no longer the rate determining step (see Refs. 135,118,117,116 for a detailed
discussion).
The experimental results reveal that the adsorption of the surfactants examined
here, including their binary mixtures, is consistent with diffusion-controlled adsorp-
tion, and that the theoretical framework developed in Chapter 5 is capable of quanti-
tatively predicting the dynamic surface tension of the surfactant solutions examined.
Moreover, the experimental results presented here also show that the simplified time-
scale analysis developed in Chapter 5 can indeed provide a relatively quick and quan-
titatively accurate estimation of the rate of adsorption of a single nonionic surfactant
or of a surfactant component in a binary nonionic surfactant mixture.
The remainder of the chapter is organized as follows. In Section 6.2, the materials
and the experimental techniques utilized to measure the equilibrium as well as the
dynamic surface tensions are described. In Section 6.3, a brief overview of the equilib-
rium and the dynamic interfacial theories utilized here to predict the equilibrium and
the dynamic surface tensions is provided. In Section 6.4, a comparison between the
theoretically predicted and the experimentally measured equilibrium and dynamic
surface tensions, including the simplified timescale analysis, is presented. Finally, in
221
Section 6.5, concluding remarks are provided.
6.2 Experimental Techniques
6.2.1 Materials
The two nonionic surfactants studied in this chapter, dodecyl penta(ethylene oxide)
(C12 E 5 ), and decyl octa(ethylene oxide) (C10E8 ), were obtained from Nikko Chemi-
cals, Japan (lot numbers 0054 and 0018, respectively) and, due to their high purity
(as indicated by the absence of a minimum in the equilibrium surface tension versus
surfactant concentration curves), were used as received. All water used in the mea-
surements was purified using a Millipore Milli-Q system and had a specific resistance
of 18 MQ cm. All glassware was carefully cleaned either: (i) by soaking in a 1 M
NaOH-Ethanol bath for at least 8 hours, followed by soaking in a 1 M nitric acid
bath for at least another 8 hours, rinsing copiously with Milli-Q water, and finally
drying in an oven overnight, or (ii) by soaking in a Nochromix solution for at least 8
hours, rinsing copiously with Milli-Q water, and then drying in a cabinet. The needle
used in the pendant bubble measurements was cleaned by sonicating repeatedly in
Milli-Q water. The platinum Wilhelmy plate used in the equilibrium surface tension
measurements was cleaned by rinsing with Milli-Q water, followed by rinsing with
acetone, and finally held in a flame until an orange glow was obtained.
6.2.2 Methods
The equilibrium surface tension measurements were made using a Kriiss K1O ten-
siometer with a platinum Wilhelmy plate. 93 A schematic illustration of this appara-
tus is shown in Figure 6-1. To measure the equilibrium air-aqueous solution surface
tension using this method, the plate is brought into contact with the surfactant solu-
tion of interest. Because the plate is made of platinum, which has an extremely high
surface energy (as in Eq. (1.1) in Chapter 1), the solution will fully wet the platinum
plate (that is, the contact angle will nearly be zero). Therefore, the force on the plate
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Air
Wilhelmy Plate
Figure 6-1: Schematic illustration of the Wilhelmy plate method for measuring the
equilibrium air-aqueous surfactant solution surface tension.
will be equal to the product of the surface tension of the solution of interest and the
perimeter of the plate. By measuring the force using an electronic scale, and then di-
viding by the known perimeter of the plate, the surface tension can be deduced. Each
measurement was repeated three times and the average result is reported. For the
equilibrium measurements, the temperature was held constant at 21.7 ± 0.1'C by a
thermostatically controlled jacket around the sample. The experimental uncertainty
in these equilibrium surface tension measurements was approximately 0.1 dyn/cm
The dynamic surface tension measurements were made using a pendant bubble
apparatus (for a detailed description of this apparatus and the measuring procedure,
see Refs. 107 and 127). A schematic illustration of this method for measuring the
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Valve
I
Figure 6-2: Schematic illustration of the pendant bubble method for measuring the
dynamic air-aqueous surfactant solution surface tension.
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Air Bubble
A B
Figure 6-3: Schematic illustration of the bubble shape in the pendant bubble method
for measuring the dynamic air-aqueous surfactant solution surface tension. Bubble
'A' corresponds to a relatively large value of the surface tension, where the interfacial
forces dominate, and therefore, the bubble is approximately spherical in shape. Bub-
ble 'B' corresponds to a lower value of the surface tension, where the interfacial forces
no longer dominate, and hence, the bubble has elongated along the vertical direction.
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dynamic air-aqueous surfactant solution surface tension is shown in Figure 6-2. First,
an air bubble at the tip of an inverted steel needle is immersed in a quartz cell filled
with the surfactant solution of interest. Collimated light is passed through the quartz
cell, and a digital image of the bubble silhouette is captured by a CCD camera and
recorded.
The instantaneous surface tension is then calculated from the profile of the bubble.
That is, the shape of the bubble is determined by a balance of the interfacial force,
which tends to minimize the surface area leading to a spherical bubble, and the
gravitational (buoyancy) force, which tends to make the less dense bubble elongate
in the vertical direction. Figure 6-3 shows a schematic illustration of the shape
of a bubble in two different cases. The first case, labeled 'A', corresponds to a
relatively large value of the surface tension, where the interfacial forces dominate, and
therefore, the bubble is approximately spherical in shape. The second case, labeled
'B', corresponds to a lower value of the surface tension, where the interfacial forces
no longer dominate, and hence, the bubble elongates along the vertical direction.
Mathematically, the profile of the bubble is described by the Young-Laplace equation.
Specifically,
AP = Azpgz = - (1/r -+ 1/r 2 ) (6.1)
where AP is the pressure difference across the bubble surface, Ap is the density
difference between the solution and air, g is the gravitational constant, z is the vertical
coordinate measured from the apex of the bubble, and r1 and r2 are the two local
principal radii of curvature.
The surface tension corresponding to the time of any given image can be deter-
mined by numerically matching the solution of the Young-Laplace equation to the
measured bubble profile of that image. In this manner, the surface tension as a func-
tion of time can be determined by taking a periodic series of images, and then using
these to calculate the surface tension corresponding to the time elapsed since the
bubble was created. A precise timing for the creation of the bubble can be attained
by using a syringe pump to blow the air through the needle, which allows for a rapid
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(~ 0.03s) creation of the interface. Furthermore, a second beam of light, perpendicu-
lar to the first, is passed through the quartz cell and focused on a photo-diode. When
the bubble is formed, its shadow causes a decrease in the voltage of the photo-diode,
which can then be used to trigger the stoppage of air flowing through the needle and
the commencement of the collection of the bubble profile images. In this manner,
the surface tension of surfaces with ages as short as 0.06s can be measured. The
pendant bubble measurements were all performed at room temperature, which var-
ied from 21.2'C to 22.2'C. The experimental uncertainty in these dynamic surface
tension measurements was approximately 0.1 dyn/cm.
6.3 Theory
6.3.1 Prediction of the Equilibrium Surface Tensions of Aque-
ous Nonionic Surfactant Solutions
For the prediction of the equilibrium surface tensions of aqueous nonionic surfactant
solutions, the molecular-thermodynamic theory for the equilibrium interfacial behav-
ior of nonionic surfactants developed in Chapter 2 was utilized. Since this theory for
nonionic surfactants has been described in detail in Chapter 2, only a brief overview is
presented here. The surface equation of state developed in the context of this theory
is given by:
n n )2
= K-0 - kBT = 2 + BijjFiF (6.2)
1 - Fia- I - iai _ __=_
where o- is the surface tension of the surfactant solution, uo is the surface tension
of pure water, kB is the Boltzmann constant, T is the absolute temperature, ai
and ri = fai/7r are the cross-sectional area and radius of the adsorbed surfactant
molecules of type i, respectively, Bij is the second-order virial coefficient between
surfactant molecules of type i and j (which, for surfactants consisting of linear alkyl
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tails, can be calculated from the number of carbon atoms in the tail of each surfac-
n
tant1 2 ), E indicates summation over all possible pairs of surfactants, while avoiding
i,j=1
double counting, Fk is the surface concentration of surfactant molecules of type k, and
n is the number of surfactant components comprising the mixture. The equilibrium
adsorption isotherm of each surfactant component i (that is, the equilibrium rela-
tionship between the surface concentration and the bulk concentration of surfactant
component i) is given by:
n n
A0 ai E Fk + 27rri E Jkrk
In ( + In kBT+ k n=1
nw + E n> i -:ak - kak
k=1 k=1 k=1
n 2
7ra j E krk n
2k1 + 2 BikF (6.3)
1 -: rFak) k=1
k=1
where nri + 5n ~ ni/nw is the bulk mole fraction of surfactant molecules
/ \ k=1/
of type i (nm is the bulk number density of water, which is approximately constant,
since the surfactant concentration is dilute), and Ap4 is the difference between the
standard-state chemical potentials of a surfactant molecule of type i at the interface
and in the bulk aqueous phase 12 (also referred to as the free energy of adsorption of
surfactant molecules of type i). Note that Eq. (6.3) represents a set of n equations
corresponding to i = 1 to n. Accordingly, for a given bulk surfactant concentration
and composition (that is, for a given value of the bulk surfactant mole fraction,
n0/nw), the set of n unknown quantities, {I}, can be calculated by simultaneously
solving the set of n equations given in Eq. (6.3). Once these surface concentrations,
{Fi}, have been determined, one can predict the surface tension of the surfactant
solution using Eq. (6.2). Note also that the free energies of adsorption, Apo, are
the only unknown parameters in this theory, and can be calculated by fitting the
predicted surface tension to one experimentally measured surface tension value for
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each single surfactant component comprising the mixture.
6.3.2 Prediction of the Dynamic Surface Tensions of Aqueous
Nonionic Surfactant Solutions
The dynamic surface tension predictions were made using the theory described in
Chapter 5, which utilizes the equilibrium adsorption theory described in Chapter 2 as
its basis. Specifically, the Ward and Tordai equation for spherical interfaces 03 (which
most accurately describes the pendant bubble experimental conditions), extended to
treat mixtures of surfactants, is given by:
i (t) = 2 n /t - n (t - ± d V + ni t - no (0 di (6.4)
0 L 0
where ni is the concentration of surfactant molecules of type i in the sublayer (the
region of the aqueous phase adjacent to the interface), Di is the diffusion coefficient of
surfactant molecules of type i, and R is the radius of the bubble (which, for the results
presented in Section 6.4, has a value of R = 0.1cm, corresponding to the approximate
bubble radius in the pendant bubble apparatus). Note that Eq. (6.4) represents a
set of n equations. Note also that in the limit of a large bubble (in particular, when
R >> Fi/nw), Eq. (6.4) reduces to the expression corresponding to a flat interface
given in Chapter 5 (see Refs. 127 and 111 for a more detailed discussion).
In the limit of diffusion-controlled adsorption, one can assume instantaneous equi-
librium between the adsorbed surfactant molecules and those present in the sublayer.
This assumption allows one to use the equilibrium adsorption isotherm, Eq. (6.3), with
the sublayer concentrations, {n9}, replacing the bulk concentrations, {nv}, along with
the initial condition of {fi (t 0) = 0}, to iteratively solve for the surface concen-
tration of each surfactant component as a function of time, {Fi (t)}, using Eq. (6.4).
Once the surface concentrations have been determined, the dynamic surface tension
can be predicted by utilizing Eq. (6.2) at every time point of interest (see Chapter 5
for a detailed description of the calculation procedure).
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In addition to the complete prediction of the surface tension as a function of time,
in Chapter 5, a simplified analysis was presented where the diffusion-limited time-
scale for adsorption of each surfactant component can be estimated without explicitly
solving Eq. (6.4). Specifically, the timescale for adsorption of surfactant molecules of
type i, rDi, can be written as follows:
(Fj/Wv )2
TDj = (6.5)
For single surfactant solutions, the value of Fj in Eq. (6.5) should be the equilibrium
value, i , obtained by solving Eq. (6.3) for surfactant component i. For mixtures of
surfactants, one can obtain an initial estimate of the timescale for adsorption of each
surfactant component by using the equilibrium value of I7j in Eq. (6.5). If the time-
scales for adsorption of each surfactant component are similar, then this procedure
will provide a good estimate for rDi. However, if the timescales for adsorption of each
surfactant component are significantly different, then this procedure will not yield a
good estimate for rD1 . For example, considering a binary surfactant mixture, for the
surfactant having the shortest timescale for adsorption, one should use in Eq. (6.5)
the equilibrium value of Fj corresponding to a surfactant solution containing only that
surfactant component at the same bulk surfactant concentration as that correspond-
ing to the binary surfactant mixture. For the second, later adsorbing surfactant, one
should use the equilibrium value of l7i corresponding to the binary surfactant mixture
(see Chapter 5). In this manner, one can quickly estimate the timescales for adsorp-
tion of the various surfactant components through the use of the computationally less
intensive equilibrium model. Examples of all of these predictions, as well as a com-
parison of the predicted and the experimentally measured dynamic surface tensions,
including the timescale analysis, are presented in Section 6.4.
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6.4 Results
Figure 6-4 shows both the experimentally measured (symbols) and the predicted
(lines) equilibrium surface tensions as a function of bulk surfactant concentration for:
(i) aqueous single surfactant solutions of C12 E5 (0) and CIoE 8 (U), and (ii) aqueous
binary surfactant solutions of 50% C12 E5 - 50% C10E8 (4) and 16.7% C12 E5 - 83.3%
CIoE 8 (A). The surfactant molecular parameters, ai, Ai, and Bi1 , used for the
predictions shown in Figure 6-4 are listed in Tables 6.1 and 6.2. Note the cross-
sectional areas, ai, and the virial coefficients, Bij, were calculated from the number
of ethylene oxide groups, j, in the surfactant E heads and the number of carbon
atoms in the surfactant tails, respectively, as described in detail in Ref. 12. The
single surface tension measurement that was used for the fitting of the standard-state
chemical potential difference, Api, corresponds to the surface tension value at 1.0 x
10-8mol/cm 3 for C1 2 E5 and at 1.0 x 10-6 mol/cm3 for CIOE 8 . Recall that there are no
fitted parameters for the mixed surfactant solutions. Figure 6-4 shows that the surface
tension vs. surfactant concentration curve of the more surface active surfactant, C12 E5 ,
(which corresponds to the fact that APIC 12E, < APCioE8 ) lies to the left of that
corresponding to the less surface active surfactant, CIOE 8 , as expected, with the
surface tension curves of the binary surfactant mixtures lying in between according to
their composition. Figure 6-4 also shows that the surfactant with the smaller cross-
sectional area, C12 E5 , exhibits a surface tension vs. surfactant concentration curve
with a steeper slope. This is due to the fact that the slope of this curve, according to
the Gibbs adsorption equation, is proportional to the surface concentration,4 1 and that
the smaller surfactant (C12 E5 ) gives rise to a larger value of the surface concentration.
Although the agreement between the predicted and the experimental surface tension
measurements is quite good for the four systems examined, note that the theory
does a better job at predicting the surface tension of C1 2E5 than that of C1 0E8 .
This may be attributed to the fact that C10E8 has a larger, more flexible polymeric
(polyethylene oxide) Ej head, and therefore, the hard-disk description underlying the
surface equation of state adopted here may better describe the shorter E5 heads.
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Table 6.1: Cross-sectional areas, aj, and standard-state chemical potential differences,
Ap_, corresponding to C12E5 and C10E8 .
Table 6.2: Values of the second-order virial coefficients, Bij, used in the equilibrium
and the dynamic surface tension predictions of solutions of C12 E5 , CiOE 8 , and their
binary mixtures.
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Surfactant i ai (A2 ) IAf? (kBT)
C12 E5  36.6 -51.9
CoE8 47.9 -51.0
Surfactant i I Surfactant j Bij (A2 )
C12 E5  C12 E5  -108
CioE8 CIOE8 -47
C12E5 C10E8 -69
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Figure 6-4: Predicted (lines) and experimentally measured (symbols) equilibrium
surface tensions as a function of total bulk surfactant concentration for aqueous single
surfactant solutions of: (i) C12 E5 (0) and CioE 8 (0), and (ii) binary surfactant
mixtures of 50% C12 E5 - 50% CioE 8 (4) and 16.7% C12E5 - 83.3% C1 0E8 (A).
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Figure 6-5 shows both the experimentally measured (symbols) and the predicted
(solid lines) dynamic surface tension profiles of an aqueous solution of C12 E5 at a bulk
surfactant concentration of 4.0 x 10~9 mol/cm3 (filled symbols), and at a bulk surfac-
tant concentration of 16 x 10- 9mol/cm 3 (open symbols). Note that the various types
of filled and open symbols correspond to different runs under the same experimental
conditions. The diffusion coefficient of C12 E5 , 6.5 x 10- 6cm 2 /s, was determined by
fitting the predicted dynamic surface tension profile to the experimentally measured
surface tension profile for the 4.0 x 10 9mo1/cm 3 solution. This value of DC12 E5 was
then used to predict the dynamic surface tension of the more concentrated C12 E5
aqueous solution. The fact that the predicted dynamic surface tensions are in good
agreement with the experimental results shown in Figure 6-5 for both bulk C12 E5
concentrations, along with the fact that the fitted value of DC12 E, is within the range
of values typically encountered for surfactants, 13 provides strong support for the as-
sumption that the adsorption of the surfactant molecules in these solutions is indeed
diffusion limited. 13
Instead of relying on dynamic surface tension measurements to fit D, the diffusion
coefficient can instead be estimated theoretically. For example, using the Wilke-
Chang model1 3 6 (which is a correlation based on the molecular weight of the solute,
C12 E5 in the present case, and the viscosity of the solvent, water in the present case)
the diffusion coefficient of C1 2 E5 can be estimated to be 4.2 x 10- 6cm 2 /s, which
is reasonably close to the value obtained by fitting to the dynamic surface tension
profile (DC1 2 E, = 6.5 x 10- 6 cm 2 /s). For comparison, the predicted dynamic surface
tension profiles obtained using DC12E5 = 4.2 x 10- 6cm 2/s are also shown in Figure
6-5 (dashed lines). Note that these predictions are also in reasonably good agreement
with the experimental measurements, specially considering that there are no fitted
parameters in the dynamic adsorption model used to make these predictions. In
addition, note that the two sets of curves in Figure 6-6, corresponding to the two
different values of DC12 E5 , illustrate the relatively weak sensitivity of the dynamic
surface tension predictions to the value of D used. Finally, the diffusion coefficient
can also be obtained by using an alternative experimental technique. For example,
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Figure 6-5: Predicted (lines) and experimentally measured (symbols) dynamic sur-
face tensions of aqueous solutions of C12E5 at bulk surfactant concentrations of
4.0 x 10- 9mol/cm 3 (filled symbols) and 16 x 10- 9mo1/cm 3 (open symbols). The
various types of filled and open symbols correspond to different experimental runs
at the same bulk surfactant concentration. The solid lines correspond to the pre-
dicted dynamic surface tensions made using the fitted value of the diffusion coefficient
(6.5 x 10-6CM 2/s; see text). The dashed lines correspond to the predicted dynamic
surface tensions made using the theoretical value of the diffusion coefficient, predicted
using the Wilke-Chang model (4.2 x 10- 6 cm 2/s).
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Sch6nhoff and S6dermann1 3 7 have measured the diffusion coefficient of C1 2 E5 using
NMR, and obtained a value of 3.9 x 10- 6cm 2 /s, which is again reasonably close to
the value obtained by fitting to the measured dynamic surface tension profile. The
predicted dynamic surface tension profiles obtained when using this value of DC1 2 E5
are very similar to those obtained when using the value of DC12 E5 obtained from the
Wilke-Chang model, and are therefore not reported in Figure 6-5.
As discussed briefly in Section 6.3 and in detail in Chapter 5, a timescale for
adsorption can quickly be estimated for these solutions using Eq. (6.5). For the
4.0 x 10- 9mol/cm 3 C12 E5 solution, the equilibrium surface concentration, C12 E5q
calculated through the use of Eq. (6.3), is 1.51 x 10-"mol/cm-2, which, when
used in Eq. (6.5) (along with the fitted value of the diffusion coefficient, DC12 E5 =
6.5 x 10- 6cm 2 /s), yields a timescale for adsorption of TDC1 2 E5 = 610s. For the
16 x 10- 9mo1/cm 3 solution, "2 E 5 is 1.64 x 10 1 4 MOl/cm-2 , which yields a timescale
for adsorption of TDc 1 2 E5 = 45s. Note that both of these timescales for adsorption rep-
resent reasonable estimates for the times at which the large decreases in the dynamic
surface tensions of the corresponding surfactant solutions are observed in Figure 6-5.
Figure 6-6 shows both the experimentally measured (symbols) and the predicted
(solid lines) dynamic surface tension profiles of an aqueous solution of CiOE 8 at a
bulk surfactant concentration of 4.0 x 10- 9mol/cm3 (filled symbols), and at a bulk
surfactant concentration of 16 x 10- 9mo1/cm 3 (open symbols). Note that the various
types of filled and open symbols correspond to different runs under the same experi-
mental conditions. As with C12E5 , the diffusion coefficient of CioE 8 , 8.0 x 10- 6cm 2/,
was also determined by fitting the predicted dynamic surface tension profile to the
experimentally measured surface tension profile for the 4.0 x 10- 9mol/cm 3 solution.
This value of DC1OE8 was then used to predict the dynamic surface tension for the
more concentrated CiOE 8 solution. As in the case of C12 E5 , the fact that the pre-
dicted dynamic surface tension profiles are in reasonably good agreement with the
experimental results in Figure 6-6 for both bulk CioE 8 concentrations, along with
the fact that the fitted value of DC1OES is within the range of D values typically
encountered for surfactants,1 3 provides strong support for the assumption that the
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Figure 6-6: Predicted (lines) and experimentally measured (symbols) dynamic sur-
face tensions of aqueous solutions of C10E8 at bulk surfactant concentrations of
4.0 x 10-9mo1/cm3 (filled symbols) and 16 x 10-9mo1/cm 3 (open symbols). The
various types of filled and open symbols correspond to different experimental runs
at the same bulk surfactant concentration. The solid lines correspond to the pre-
dicted dynamic surface tensions made using the fitted value of the diffusion coefficient
(8.0 x 10-6 cm 2 /s; see text). The dashed lines correspond to the predicted dynamic
surface tensions made using the theoretical value of the diffusion coefficient, obtained
using the Wilke-Chang model (3.7 x 10-6 cm 2 /s).
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adsorption of the surfactant molecules in these solutions is indeed diffusion limited. 13
The relatively poor agreement between the predicted and the experimentally mea-
sured surface tensions in Figure 6-6 at long times (t > 10s) can be attributed to the
difference between the actual and the predicted equilibrium surface tensions, which,
as discussed above, may be a reflection of using the hard-disk model to describe the
relatively large, flexible E8 polymeric heads.
As in the case of C1 2 E5 , the diffusion coefficient can be calculated theoretically
using the Wilke-Change model. In this case, this yields a value of DCOE = 3.7 x
10-cm2 /s, and the predicted dynamic surface tension profiles corresponding to this
value of DC1OE8 are also shown in Figure 6-6 (dashed lines). Note that these predictions
are also in reasonable agreement with the experimental measurements. In addition,
note that the two sets of curves in Figure 6-6, corresponding to the two different
values of DCOE8, illustrate the relatively weak sensitivity of the dynamic surface
tension predictions to the value of D used.
As with C12E5 , to determine the timescale for adsorption of C10E8 , one pro-
ceeds as follows. For the 4.0 x 10-9 mol/cm3 C10 E8 solution, the equilibrium sur-
face concentration is IC 0 E8 = 0.89 x 10 1 4 mOl/cm-2 , which, using the fitted value
of DCloE8 = 8.0 x 10- 6cm 2 /s in Eq. (6.5), yields a timescale for adsorption of
TDCG0 E8 = 170s. For the 16 x 10- 9mol/cm 3 CioE 8 solution, the equilibrium surface
concentration is CE8 1.04 x10 mo1/cm 2 and the corresponding timescale
for adsorption is TDCiOE 8  15s. Note that both of these timescales for adsorption
represent reasonable estimates for the time at which the large decreases in the dy-
namic surface tensions of the corresponding solutions are observed in Figure 6-6.
Note also that, at both bulk surfactant concentrations, the CjOE 8 solutions reach
equilibrium faster than the C12E5 solutions. Physically, this reflects the fact that
CiOE 8 has a larger cross-sectional area than C12E5 (47.9A 2 vs. 36.6A 2), resulting in a
smaller value of its equilibrium surface concentration. This, in turn, through the use
of Eq. (6.5), yields a smaller value for the timescale for adsorption of CiOE 8 (that is,
TDC10E8 K TDC12E5).
Turning next to the mixed surfactant cases, Figures 6-7 and 6-8 show both the
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Figure 6-7: Predicted (lines) and experimentally measured (symbols) dynamic sur-
face tensions of aqueous solutions of a binary surfactant mixture of 50% C12E5 -
50% C10 E8 at total bulk surfactant concentrations of 4.0 x 10-9mo1/cm3 (filled sym-
bols) and 16 x 10-9 mo1/cm3 (open symbols). The various types of filled and open
symbols correspond to different experimental runs at the same total bulk surfactant
concentration.
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Figure 6-8: Predicted (lines) and experimentally measured (symbols) dynamic sur-
face tensions of aqueous solutions of a binary surfactant mixture of 16.7% C12E5 -
83.3% CIOE 8 at total bulk surfactant concentrations of 4.0 x 10-9 mol/cm3 (filled sym-
bols) and 16 x 10- 9mol/cm3 (open symbols). The various types of filled and open
symbols correspond to different experimental runs at the same total bulk surfactant
concentration.
240
experimentally measured (symbols) and the predicted (lines) dynamic surface tension
profiles of a binary surfactant mixture of 50% C12E5 - 50% C10E8 (Figure 6-7), and
of a binary surfactant mixture of 16.7% C12 E5 - 83.3% CioE 8 (Figure 6-8). For
both mixtures, the filled symbols correspond to a total bulk surfactant concentration
of 4.0 x 10- 9mol/cm3 , and the open symbols correspond to a total bulk surfactant
concentration of 16 x 10- 9mo1/cm 3. Note that the various types of filled and open
symbols used in Figures 6-7 and 6-8 correspond to different runs under the same
experimental conditions. Note also that all the surfactant molecular parameters used,
as listed in Tables 6.1 and 6.2, are the same as those used in the predictions made for
the single surfactant solutions (the diffusion coefficients used are those obtained by
fitting the predicted and the experimentally measured dynamic surface tension profiles
for each single surfactant solution). In other words, there are no adjustable parameters
in either the equilibrium or the dynamic interfacial models, that are determined by
fitting to measurements conducted on the mixed surfactant system. With this in
mind, the predicted dynamic surface tension profiles shown in Figures 6-7 and 6-8 are
in reasonably good agreement with the experimentally measured ones.
Note that for the binary surfactant mixtures, one can observe two characteris-
tic decreases in the dynamic surface tensions in Figures 6-7 and 6-8. For example,
for the binary surfactant mixture of 50% C12 E5 - 50% C10E8 at a total bulk con-
centration of 16 x 10- 9mol/cm3 (shown in Figure 6-7), the first decrease occurs at
t 1 30s and the second decrease occurs at t ~ 150s. To clarify the observed and
predicted dynamic surface tension behavior, Figure 6-9 shows the predicted surface
concentrations, FC 1 2 E5 ( ), FC1oE 8 ( - - - - - ), and rC 12 E -FC1 oE 8 ( - - -)
for this surfactant mixture. Figure 6-9 shows that initially, t < 10s, the surface con-
centrations of both surfactant components increase at similar rates, since initially,
Fi is proportional to nw/Dit,96 and both surfactant components have identical bulk
concentrations and similar diffusion coefficients. However, since the cross-sectional
area of C10E8 is larger than that of C1 2 E5 , the surface coverage of CIOE 8 (defined as
FC1oE8 aC1 oES) increases at a faster rate initially, and it is this initial coverage of C10E8
that is responsible for the first characteristic decrease in the dynamic surface tension.
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Figure 6-9: Predicted surface concentrations of C12 E5 , rC 12 E 5 , ( ), and of
CIOE 8, FCjoE8, (- - - - - , as well as predicted total surface concentration, FC12E5 +
FCIoE 8, ( - - -), for a binary surfactant mixture of 50% C12 E5 - 50% C10 E8 at a
total bulk surfactant concentration of 16 x 10- 9mol/cm3 .
Eventually (around t = 10s), the more surface active C12 E5 component displaces
CIOE 8 , leading to the second characteristic decrease in the dynamic surface tension
(see Chapter 5 for a detailed discussion of this dynamic process).
Since C12 E5 is the "slower" surfactant due to its smaller cross-sectional area
(FC12 E5 < FCioE8, which leads to TDC 12 E5  TDGOE8 , see Eq. (6.5)), as discussed in
detail in Chapter 5, the timescale for adsorption of this surfactant component can be
determined by using the equilibrium value of PC 12E, corresponding to this binary sur-
factant mixture in Eq. (6.5). For the 50% C12 E5 - 50% CioE 8 surfactant solution at a
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total bulk surfactant concentration of 16 x 10- 9mol/cm 3 , this results in an equilibrium
surface concentration of ]p2E= 1.34 x 10 1 4 cm 2 and a corresponding timescale for
adsorption of TDC1 2 E5 = 155s. Note that this timescale represents a good estimate for
the time at which the predicted surface concentration of this component (see Figure
6-9) as well as the predicted and experimentally measured dynamic surface tensions
reach equilibrium (see Figure 6-7). Since the "faster" surfactant (C10 E8) is also the
less surface active component, the timescale for adsorption of this surfactant can be
determined using Eq. (6.5) with a value of FC1OE 8 corresponding to the equilibrium
surface concentration for a solution containing only C10E8 at the same surfactant
concentration as in the binary surfactant mixture. For the solution of 50% C12 E5
- 50% C10E8 at a total bulk concentration of 16 x 10-9 mol/cm3 , this results in an
equilibrium surface concentration of E 0.97 X 10 1 4 cm 2 and a corresponding
timescale for adsorption of TDcloE8 = 52s. Note that this timescale is a good estimate
for the time at which the surface concentration of C10E8 is predicted to exhibit a peak
(see Figure 6-9), as well for the time at which the first characteristic decrease in both
the predicted and the experimentally measured dynamic surface tensions is observed
(see Figure 6-7).
The analysis of the dynamic surface tension profiles corresponding to the other
three binary surfactant mixtures shown in Figures 6-7 and 6-8 are similar to the one
carried out in detail above for the solution of 50% C12E5 - 50% CjOE 8 at a total bulk
surfactant concentration of 16 x 10 9 mol/cm3 , and therefore, the preceding analysis
will not be repeated for these three mixtures. Instead, as a summary, Table 6.3 lists
the predicted timescales for adsorption of each surfactant component present in the
four binary surfactant mixtures shown in Figures 6-7 and 6-8, as determined using
the analysis described above. Note that in each case, the timescale for adsorption
of CIOE 8 , TDClOE 8 , provides a good estimate for the time at which the first charac-
teristic decrease in the dynamic surface tension is observed, and that the timescale
for adsorption of C 12 E5 , TDC 1 2 E5 , provides a good estimate for the time at which the
second and final characteristic decrease in the dynamic surface tension is observed
(see Figures 6-7 and 6-8).
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Table 6.3: Timescales for adsorption of all of the single surfactant solutions and the
binary surfactant mixtures examined in this chapter (see text for details).
Total Bulk Bulk Bulk TDC12E5 TDCi1E8
Surfactant Concentration Composition of Composition of (s) (s)
(x10- 9mol/cm 3 ) C12E5  C1 0E8
4.0 100% 0% 610 -
16 100% 0% 45 1
4.0 0% 100% - 171
16 0% 100% - 15
4.0 50% 50% 1900 540
16 50% 50% 155 52
4.0 16.7% 83.3% 6100 230
16 16.7% 83.3% 710 21
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6.5 Conclusions
The experimental measurements of the equilibrium and the dynamic air-aqueous so-
lution surface tensions of solutions of two nonionic surfactants, C12 E5 and CioE 8, as
well as of a binary mixture of 50% C12E5 - 50% CjOE 8 and a binary mixture of 16.7%
C12 E5 - 83.3% ClOE 8 , were presented. The measured surface tensions were found to be
in good agreement with the theoretical predictions made using the molecularly-based
theories of equilibrium and dynamic surfactant adsorption developed in Chapters 2
and 5, respectively. Specifically, it was shown that the equilibrium interfacial theory
can be used to quantitatively predict the equilibrium surface tensions of solution of
single nonionic surfactants, as well as of their binary mixtures, while significantly
reducing the amount of required experimental inputs. This was accomplished by
utilizing a theoretical framework which is based on the molecular characteristics of
the surfactants, and contains only one experimentally determined parameter for each
single surfactant component comprising the mixture (obtained from one experimental
surface tension measurement). No additional measurements need to be conducted on
the surfactant mixtures.
Subsequently, it was shown that the diffusion-controlled dynamic adsorption the-
ory developed in Chapter 5 can successfully predict the dynamic surface tensions
of both the single nonionic surfactant solutions and the binary nonionic surfactant
solutions examined. Since this dynamic adsorption theory is based on the molecular-
thermodynamic equilibrium theory, it does not contain any additional experimentally
determined parameters for the mixed surfactant solutions. Therefore, both the equi-
librium and the dynamic surface tensions of the mixed surfactant solutions can be
predicted without performing any experiments on the mixed surfactant systems.
Although the theoretical framework developed in Chapter 5 and implemented in
this chapter can be used to fully predict the surface tension and the surface concentra-
tion and composition of a surfactant mixture as a function of time, a simplified time-
scale analysis was provided which can be used to quickly estimate the time required
to attain adsorption equilibrium (including the resulting surface tension equilibrium).
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While the timescale analysis is more complicated in the case of surfactant mixtures,
it is generally quicker to implement than the solution of the complete theory. Ac-
cordingly, the simplified timescale analysis could be utilized to screen a large number
of single surfactants and their mixtures to select those that exhibit the desired dy-
namic interfacial behavior. The simplified timescale analysis is also useful in allowing
quick prediction of the relationship between the surfactant molecular structure and
the dynamic adsorption properties of that surfactant. In this chapter, it was shown
that, in the case of C12E5 , CiOE 8 , and their binary mixtures, this simplified timescale
analysis provides a reasonably accurate estimate of the timescale for adsorption of a
single surfactant or of a surfactant component in the mixture.
In the next chapter, the equilibrium adsorption theories presented in Chapters 2,
3, and 4 are implemented in the user-friendly computer program, Program SURF,
and the dynamic adsorption theory presented in Chapter 5 is implemented in the
user-friendly computer program, Program DYNAMIC.
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Chapter 7
User-Friendly Computer Programs
7.1 Introduction
The molecular-thermodynamic theories developed in Chapters 2 and 3 for the mixed
surfactant adsorption at the air-water interface, as well as in Chapter 4 for the mixed
surfactant adsorption at the oil-water interface, along with the theoretical framework
developed in Chapter 5 for the dynamic adsorption of mixtures of surfactants, gener-
ally require a detailed knowledge and understanding of the behavior of surfactants at
interfaces. Although this detailed knowledge results in useful theories, the underlying
theoretical aspects are often difficult to understand and implement, particularly by
those that lack the necessary theoretical foundations. In an effort to facilitate the
use of the various theories developed in this thesis (Chapters 2-5) by industrial re-
searchers, in particular, two user-friendly computer programs, Program SURF and
Program DYNAMIC, were developed.
As discussed in Sections 7.2 and 7.3, the inputs to these programs are the various
surfactant molecular parameters and the solutions conditions. Given these inputs,
the computer programs then implement the theoretical frameworks developed in this
thesis to output either the equilibrium interfacial properties, in the case of Program
SURF, or the dynamic interfacial properties, in the case of Program DYNAMIC. It is
hoped that this will allow an industrial researcher to screen a large number of potential
surfactants for a particular application requiring desired interfacial properties, or to
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find an optimum composition for a surfactant mixture exhibiting desired interfacial
properties, without an explicit consideration of the underlying details of the theory.
Furthermore, since the computer programs typically take only a few seconds to run,
a large number of surfactant systems can be examined and screened fairly quickly.
This, in turn, can lead to a considerable amount of time saving as compared to
using traditional experimentation to screen or optimize surfactant systems exhibiting
desired interfacial properties.
7.2 Program SURF
Program SURF predicts the equilibrium air-water or oil-water interfacial tensions, as
well as interfacial concentrations and compositions, of aqueous solutions of surfac-
tant mixtures. The surfactants can be nonionic, ionic, or zwitterionic. The program
is based on the molecular-thermodynamic theories developed in Chapters 2, 3, and
4 to model mixed surfactant adsorption at interfaces. Specifically, Program SURF
can deal with any number of surfactant components (see below), including a single
surfactant. Although Program SURF deals explicitly with surfactant solutions be-
low the critical micelle concentration (CMC), it can also be used above the CMC
for: (i) single surfactants, provided that the user inputs the appropriate surfactant
monomer concentration from Program PREDICT" (a user-friendly computer pro-
gram that predicts bulk solution properties of single surfactants), and (ii) binary
surfactant mixtures, provided that the user inputs the appropriate total surfactant
monomer concentration and monomer composition from Program MIX2 (a user-
friendly computer program that predicts bulk solution properties of surfactant mix-
tures). Note that below the CMC, the total surfactant monomer concentration and
monomer composition are equal to the total bulk solution concentration and bulk
surfactant composition, respectively, which are inputs to Program SURF.
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Flow Diagram of Program SURF
Surfactant Properties
* Surfactant Chemical
Structures
* One Experimentally
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Interfacial Properties
* Surface or Interfacial Tensions
* Surface or Interfacial Concentrations
* Surface or Interfacial Compositions
Figure 7-1: Flow diagram of Program SURF.
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7.2.1 Inputs to Program SURF
The inputs to Program SURF can be divided into two classes: (i) the chemical struc-
tures of the surfactants involved, described in terms of several molecular parameters,
and (ii) the solution conditions (see Figure 7-1). Inputs (i) and (ii) are discussed in
detail below. Note that the required units are clearly stated by the program for each
input, but in general, bulk concentrations are in mol/L, interfacial concentrations
are in mol/cm2 , lengths are in Angstroms, and surface and interfacial tensions are in
dyn/cm.
(i) Surfactant Chemical Structure. Program SURF will first prompt the user for
the number of surfactant components, n, present in the aqueous solution. Note that,
in principle, Program SURF can deal with any number of surfactant components.
However, in order to conserve computer memory, the current version of Program
SURF is limited to n = 15. The program will then ask the user for the name of the
first surfactant, as well as for the various molecular parameters characterizing the
chemical structure of that surfactant. The program will subsequently ask the user for
similar information regarding the second surfactant, the third surfactant, up to the
nth surfactant.
The surfactant molecular parameters include (see Figure 7-2):
(1) The number of carbon atoms, n., in the surfactant tail.
(2) The head cross-sectional area, ah.
(3) The total valence of the surfactant head (the user should enter 0 for a nonionic
or zwitterionic surfactant, +1 for a monovalent cationic surfactant, and -1 for a
monovalent anionic surfactant).
(4) The length of the surfactant head, lh (measured relative to the center of the first
carbon atom in the surfactant tail).
(5) The number of charged groups in the surfactant head (the user should enter 0 for
a nonionic surfactant, 1 for an ionic surfactant, and 2 for a zwitterionic surfactant).
(6) The valence of each charged group in the surfactant head (typically, +1 or -1).
(7) The position of each charged group in the surfactant head, d'h, (measured relative
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Figure 7-2: Schematic illustration of the surfactant molecular parameters.
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to the center of the first carbon atom in the surfactant tail).
(8) The name, valence, and radius of the counterion, if the surfactant is ionic.
(9) A single surfactant concentration value at which the air-water or oil-water equi-
librium interfacial tension of the surfactant solution is known experimentally.
(10) The air-water or oil-water equilibrium interfacial tension value at the surfactant
concentration specified in item (9) above.
As a shortcut, the surfactant molecular parameters can be read from a file rather
than entered manually by the user each time. This is particularly useful in order
to create a library of surfactants of interest to the user for which many different
mixtures involving that surfactant can be studied. This can be done by creating a file
with the same name as that of the surfactant of interest. This file should be located
in the surf-dat directory. The format of this file, which generally follows the data
inputted manually by the user, can be found in the file format.s which is located
in the surf-dat directory. Program SURF will then use this file to determine the
molecular parameters of the surfactant. In order to revert back to manual input of
the surfactant molecular parameters, the user can either use a different name for the
surfactant, or delete or rename the surfactant data file.
Regarding the counterion molecular inputs in item (8) above, Program SURF
can also read these inputs from a file. The file should have the same name as the
counterion specified in item (8) above, and should be located in the ion-dat directory.
The format of this file is given in the file format.ion located in the ion-dat directory.
In this manner, the same counterion (for example, sodium) can be used for many
surfactants without the user having to enter its molecular parameters each time.
(ii) Solution Conditions. The solution condition inputs include:
(a) The temperature.
(b) The total bulk surfactant concentration. For convenience, Program SURF will
make predictions at a single total bulk surfactant concentration, or over a range of
total bulk surfactant concentrations. To accomplish this, the program will first ask
the user for the number of surfactant concentration data points. If only a single
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surfactant concentration is desired, the user should enter 1. In that case, the user
will be prompted for the specific value of the surfactant concentration of interest. If
a range of surfactant concentrations is desired, the user should enter a number larger
than 1 for the desired number of surfactant concentration data points (for example,
10 for a fairly coarse spacing, and 100 for a very fine spacing). The program will then
ask the user for the starting (lowest) and ending (highest) surfactant concentration
values. Note that the surfactant concentrations will be evenly spaced between these
two selected concentrations on a logio scale.
(c) The bulk solution composition, ac. If the number of surfactant components is one
(n = 1), then no surfactant composition is needed. In the case of surfactant mixtures
(n > 1), the user should input the compositions of the first n-1 surfactants, with the
n-1
nth surfactant composition determined automatically by an = 1 - aj.
i=1
(d) The surface tension of the pure air-water system or the interfacial tension of the
pure oil-water system. For example, for the air-water interface at 25'C, a value of 72
dyn/cm should be used.
As a shortcut, the number of surfactant components, their names, as well as the
solution condition inputs, (a)-(d) above, can be read from a file named surf.in located
in the directory from which Program SURF is run. The format of this file is given in
the file format.iin. If a surf.in file is found, the user is given the option of using this
file or entering the inputs manually.
After a set of predictions is completed for a given set of inputs, Program SURF
will prompt the user to either: (1) change the total bulk surfactant concentration
range, (2) change the bulk solution composition, or (3) quit. If other changes are
desired, the user should quit and begin a new run of Program SURF. That way, a
separate output file is generated, which allows the user to easily distinguish between
the results from different sets of inputs.
7.2.2 Outputs of Program SURF
The file surf.out displays the log of the total bulk surfactant concentration, the bulk
solution concentrations of each surfactant and its counterion, the predicted interfacial
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concentration of each surfactant adsorbed at the interface, and the predicted interfa-
cial tension. The bulk solution compositions of each surfactant component are also
given at the beginning of this file. The output file is generally of an easy-to-read
format, and can be imported into a spreadsheet in order to make plots. In addition,
the interfacial tension as a function of the total bulk surfactant concentration is dis-
played to the screen so that the progress of the program can be monitored. If the
user chooses the option to run again for a different range of total bulk surfactant
concentrations (option 1), then those results are appended to the end of the surf.out
file. If the user chooses to change the bulk solution composition (option 2), then the
surfactant composition is also appended to the surf.out file.
7.3 Program DYNAMIC
Program DYNAMIC predicts the air-water surface tension and surface concentration
and composition of aqueous solutions containing mixtures of nonionic surfactants as
a function of time. The program is based on the molecular-thermodynamic theory
developed in Chapter 5 to model the dynamic adsorption of surfactant mixtures at
the air-water interface. Specifically, Program DYNAMIC can deal with any number
of surfactant components (see below), including a single surfactant, below the critical
micelle concentration (CMC).
7.3.1 Inputs to Program DYNAMIC
Similar to Program SURF, the inputs to Program DYNAMIC can be divided into
two classes: (i) the chemical structures of the surfactants involved, described in terms
of several molecular parameters, and (ii) the solution conditions (see Figure 7-3).
Inputs (i) and (ii) are discussed in detail below. Note that the required units are
clearly stated by the program for each input, but in general, bulk concentrations
are in mol/L, surface concentrations are in mol/cm2 , lengths are in Angstroms, and
surface tensions are in dyn/cm.
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Flow Diagram of Program DYNAMIC
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Figure 7-3: Flow diagram of Program DYNAMIC.
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(i) Surfactant Chemical Structure. Program DYNAMIC will first prompt the
user for the number of surfactant components, n, present in the aqueous solution.
Note that, with the exception of the caveats stressed above, in principle, Program
DYNAMIC can deal with any number of surfactant components. However, in order to
conserve computer memory, similar to Program SURF, the current version of Program
DYNAMIC is limited to n = 15. The program will then ask the user for the name of
the first surfactant, as well as for the various molecular parameters characterizing the
chemical structure of that surfactant. The program will subsequently ask the user for
similar information regarding the second surfactant, the third surfactant, up to the
nfth surfactant.
The surfactant molecular parameters include (see Figure 7-2):
(1) The number of carbon atoms, nc, in the surfactant tail.
(2) The head cross-sectional area, ah.
(3) The diffusion coefficient of the surfactant.
(4) A single surfactant concentration value at which the equilibrium surface tension
of the surfactant solution is known experimentally.
(5) The equilibrium surface tension value at the surfactant concentration specified in
item (4) above.
As a shortcut, the surfactant molecular parameters can be read from a file rather
than entered manually by the user each time. This is particularly useful in order
to create a library of surfactants of interest to the user for which many different
mixtures involving that surfactant can be studied. This can be done by creating a file
with the same name as that of the surfactant of interest. This file should be located
in the surf.dat directory. The format of this file, which generally follows the data
inputted manually by the user, can be found in the file format.s which is located in
the surfdat directory. Program DYNAMIC will then use this file to determine the
molecular parameters of the surfactant. In order to revert back to manual input of
the surfactant molecular parameters, the user can either use a different name for the
surfactant, or delete or rename the surfactant data file.
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(ii) Solution Conditions. The solution condition inputs include (see Figure 7-3):
(a) The temperature.
(b) The total bulk surfactant concentration.
(c) The bulk solution composition, aj. If the number of surfactant components is one
(n = 1), then no surfactant composition is needed. In the case of surfactant mixtures
(n > 1), the user should input the compositions of the first n - 1 surfactants, with
n-1
the nth surfactant composition determined automatically by an = 1 - a.
i=1
As a shortcut, the number of surfactant components, their names, as well as the
solution condition inputs, (a)-(c) above, can be read from a file named dynamic.in
located in the directory from which Program DYNAMIC is run. The format of this
file is given in the file format. in. If a dynamic. in file is found, the user is given the
option of using this file or entering the inputs manually.
After a set of predictions is completed for a given set of inputs, Program DY-
NAMIC will prompt the user to either: (1) change the total bulk surfactant concen-
tration, (2) change the bulk solution composition, or (3) quit. If other changes are
desired, the user should quit and begin a new run of Program DYNAMIC. That way,
a separate output file is generated, which allows the user to easily distinguish between
the results from different sets of inputs.
7.3.2 Outputs of Program DYNAMIC
The file surf. out displays the surface tension and the surface concentration of each
surfactant component, all as a function of time. The program also outputs the time-
scale for adsorption for each surfactant component. The output file is generally of an
easy-to-read format, and can be imported into a spreadsheet in order to make plots.
In addition, the surface tension as a function of time is displayed to the screen so
that the progress of the program can be monitored. If the user chooses the option
to run again for a different range of total bulk surfactant concentrations (option 1),
then those results are appended to the end of the surf. out file. If the user chooses to
change the bulk solution composition (option 2), then the surfactant composition is
also appended to the surf. out file.
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7.4 Conclusions
The computer programs discussed in this chapter, Program SURF and Program DY-
NAMIC, allow an industrial surfactant scientist or formulator to quickly implement
the theoretical frameworks developed throughout this thesis without a detailed knowl-
edge or understanding of these theories. This is of value to companies that develop
products containing surfactants where the interfacial properties are important (see
Chapter 1), since using Programs SURF or DYNAMIC should allow industrial for-
mulators to quickly screen or optimize a large number of surfactant mixtures, thus
reducing the need for tedious and time consuming experimentation. It is hoped
that by developing the computer programs described in this chapter, the theoretical
frameworks developed in this thesis will have a larger and more wide spread impact.
Furthermore, as these computer programs are utilized by industry, useful feedback
will be provided that may help to guide future research towards more meaningful
industrial directions. Accordingly, the computer programs described in this chapter
provide an important link between industrial product development and the academic
research presented in this thesis.
In the next chapter, a summary of the main results of this thesis is provided along
with a discussion of future research directions.
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Chapter 8
Thesis Summary and Future
Research Directions
8.1 Thesis Summary
The main goal of this thesis was to develop theoretical frameworks to predict the inter-
facial behavior of mixed surfactant solutions (including both equilibrium and dynamic
properties) using molecularly-based descriptions of mixed surfactant adsorption. As
stressed in Chapter 2, the interfacial behavior of mixed surfactant solutions is ex-
tremely important since there are many practical application of surfactants where
the interfacial properties lead to the desired behavior. Furthermore, mixtures of sur-
factants are important since almost every practical applications of surfactants utilizes
surfactant mixtures. Therefore, the development of a predictive interfacial adsorption
theory would help reduce the amount of costly and time consuming trial-and-error
type experimentation that is typically associated with the design and optimization
of surfactant mixtures of practical relevance. A key aspect of the theoretical frame-
works developed as part of this thesis is that the number of experimentally determined
parameters has been significantly reduced. In particular, all the theoretical descrip-
tions developed in this thesis have no experimentally determined mixture dependent
parameters.
Chapter 2 begins the theoretical journey of this thesis by developing a theoreti-
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cal framework to model the equilibrium adsorption of surfactant mixtures containing
ionic surfactants. To this end, a theory developed earlier by Nikas et al." to model the
adsorption of nonionic surfactants was generalized to include ionic surfactants. This
theory treated the adsorbed surfactant molecules as a two-dimensional, non-ideal gas
having two types of interactions: repulsive, steric interactions which were treated us-
ing a hard-disk model, and attractive, van der Waals interactions which were treated
using a virial expansion truncated to second order in the surfactant surface concentra-
tion. In Chapter 2, the effect of electrostatic interactions was incorporated by adding
an electrostatic contribution to the surface pressure which was computed using the
Poisson-Boltzmann based model developed by Gouy, Chapman, and Stern.29 ,30,32 This
electrostatic model assumes that the charge at the interface, resulting from the ad-
sorption of charged surfactants, resides on a single, two-dimensional surface of charge,
and hence, can only be utilized to describe the adsorption of a single ionic surfactant
species. In Chapter 3, the electrostatic model was extended further to treat the case
of multiple, two-dimensional charge layers at the interface. This extended model is
then capable of describing the adsorption of any number of surfactants containing
any number of charged groups, and is particularly useful in predicting the interfacial
behavior of zwitterionic surfactants, or mixtures of ionic and zwitterionic surfactants.
The effect of the underlying assumptions of the Poisson-Boltzmann model, namely,
that the ions in the aqueous phase have no physical size and that the dielectric con-
stant is uniform within the aqueous phase, where investigated in detail in Appendix
A. It was found that relaxing these two assumptions by incorporating ion size effects
and dielectric saturation had little effect on the predictions of the theory, while gener-
ally increasing the computational intensity of the numerical solutions. The sensitivity
of the interfacial theoretical predictions made in Chapters 2 and 3 to the surfactant
molecular parameters was examined in Appendix B. Since this equilibrium adsorp-
tion theory includes both attractive and repulsive interactions among the adsorbed
surfactant molecules, interfacial phase transitions are possible and can be predicted
under certain conditions, a topic which was examined in detail in Appendix C. In
Chapters 2 and 3, as well as in Appendix C, the theoretical predictions were compared
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to experimental measurements of surface tensions, surface concentrations, and surface
compositions taken from the literature. In all cases, the theoretical predictions were
found to be in good agreement with the various experimental results. Of particular
interest are the large extents of interfacial synergism found in a binary mixture of an
ionic and a zwitterionic surfactant, shown in Chapter 2, as well as in a mixture of an
anionic and a cationic surfactant, shown in Appendix C.
The theoretical frameworks developed in Chapters 2 and 3 were extended further
in Chapter 4 to predict the interfacial behavior of surfactant mixtures adsorbed at
the oil-water interface. Specifically, the attractive van der Waals interactions among
the adsorbed surfactant tails can be neglected in this case due to the compatibility
between the alkane oil phase and the alkyl tails of the surfactants. It should be noted,
however, that all other molecular parameters remained unchanged in going from the
air-water case to the oil-water case. Another difference between the oil-water interface
case and the air-water interface case is that the surfactant molecules may partition
between the bulk aqueous phase and the bulk oil phase, in addition to adsorbing at
the oil-water interface. Chapter 4 describes a method to account for this partition-
ing, including a method for determining the surfactant oil-water partition coefficient
solely from interfacial tension measurements. Since the availability of experimental
data on the adsorption of surfactant mixtures at the oil-water interface is extremely
limited, a series of experiments involving a pair of surfactants specifically chosen to
test the range of validity and applicability of the theory developed in Chapter 4 were
carried out and presented in Chapter 4. Good agreement was found between these
experimental measurements and the theoretical predictions made in Chapter 4.
In Chapter 5, the theoretical descriptions developed in Chapters 2 and 3 were
utilized as the basis for formulating a diffusion controlled, dynamic adsorption theory
that is capable of predicting the air-water dynamic interfacial behavior (including
the dynamic surface tension and the dynamic surface concentration and composi-
tion) of mixed surfactant solutions. Since the dynamic theoretical framework utilizes
the equilibrium theories developed in Chapters 2 and 3 as its basis, it has the same
advantages, including a reduction in the number of experimentally determined pa-
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rameters and the applicability to surfactant mixtures which contain any number of
components. Furthermore, a simplified timescale for adsorption analysis was devel-
oped for mixtures of surfactants that allows for the relatively quick determination
of the time required for the adsorption of each surfactant component in a mixture
to reach equilibrium. This, in turn, leads to a simplified understanding of the rela-
tionship between the molecular structure of a surfactant and its dynamic interfacial
behavior. In Chapter 6, the dynamic adsorption theory developed in Chapter 5 was
tested by comparing the dynamic surface tension predictions to measurements made
using the pendant bubble apparatus. These measurements were made on a pair of
surfactants that were specifically chosen to test the range of validity and applicability
of the theoretical framework developed in Chapter 5, and good agreement was found
between the theoretical predictions and the experimental measurements.
In order to broaden the applicability of the theories developed in this thesis,
as well as to facilitate the establishment of a link between this academic work and
commercial applications, the various theoretical frameworks were incorporated in two
user-friendly computer programs, Program SURF and Program DYNAMIC. Program
SURF utilizes the theory developed in Chapters 2 and 3 to predict the equilibrium
air-water or oil-water interfacial behavior of mixed surfactant solutions. Program DY-
NAMIC utilizes the theory developed in Chapter 5 to predict the dynamic air-water
interfacial behavior of surfactant solutions. Note that use of Programs SURF and
DYNAMIC does not require a complete or detailed understanding of the underlying
theories, and hence, may be used by industrial formulators to quickly screen a large
number of potential surfactant candidates, or to optimize a surfactant mixture, for a
given commercial interfacial application.
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8.2 Future Research Directions
8.2.1 Equilibrium Interfacial Properties
8.2.1.1 Adsorption of Fluorocarbon Surfactants
The adsorption of fluorocarbon surfactants (that is, surfactants that consist of a flu-
orocarbon, rather than a hydrocarbon, tail) at the air-water interface is of interest
because these surfactants are often able to lower the surface tension to a value that
is below what is typically obtained with hydrocarbon surfactants.138 Although there
have been several experimental studies involving this class of surfactants, the theoret-
ical analysis of their interfacial behavior usually involves the use of general empirical
formulas which contain experimentally determined parameters. 139-141 Accordingly, the
extension of the theoretical frameworks developed in this thesis to fluorocarbon sur-
factants would be of interest. This would involve primarily incorporating the van
der Waals attractions between the fluorocarbon tails adsorbed at the interface, by
extending the calculation of the second-order virial coefficients done in the hydrocar-
bon case. More specifically, an appropriate expression for the interaction potential
between fluorocarbons, rather than hydrocarbons, should be utilized in Eq. (2.4).
The surface tension as a function of fluorocarbon surfactant concentration could then
be predicted following a similar framework as that presented in Chapters 2 and 3.
The theory can also be extended to mixtures of fluorocarbon surfactants as well as
to mixtures of fluorocarbon and hydrocarbon surfactants.
8.2.1.2 Insoluble Monolayers of Surfactants
The surface tension of insoluble monolayers of surfactants, that is, surfactants that are
constrained to the interface only, can be predicted by utilizing the surface equations
of state developed in Chapters 2 and 3. One additional area that would need to
be addressed in this case is the possible occurrence of interfacial phase transitions.
Specifically, the insolubility of these surfactants is usually associated with the presence
of a large hydrophobic tail. These large tails may lead to relatively large van der
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Waals attractive interactions between the adsorbed surfactant molecules which, as
discussed in Appendix C, can induce an interfacial phase transition. In order to
quantitatively predict the surface tension of these monolayers, a theoretical treatment
of these interfacial phase transitions, which is more detailed than the theoretical
description presented in Appendix C, may have to be developed. For example, the
formation of two-dimensional clusters or aggregates may need to be considered, as
was done recently by Ruckenstein1 4 2 and Israelachvili. 143
8.2.1.3 Oil-Water Interfacial Tension of Concentrated Surfactant Solu-
tions
In Chapter 4, only the oil-water interfacial tension of surfactant solutions below the
critical surfactant concentration where surfactant aggregates (for example, micelles
or reverse micelles) begin to form in either phase was considered. However, the theo-
retical framework presented in Chapter 4 can be extended to these more concentrated
surfactant solutions by combining the interfacial description with a bulk molecular-
thermodynamic description capable of modeling the formation of these aggregates
in a manner similar to what was done in the air-water surface case for surfactant
solutions above the CMC.
8.2.1.4 Interfacial Tension of Solutions Containing Polymers or Surfactant-
Polymer Mixtures
The adsorption of polymers, or of a mixture of polymers and surfactants, at both
the air-water and the oil-water interfaces, which was not addressed in this thesis,
represents another interesting and important area for possible future research. 14 1 4 1
Similar to the equilibrium adsorption of surfactant mixtures at the oil-water inter-
face, this would involve developing both a suitable theoretical framework and mea-
suring equilibrium surface or interfacial tensions. To this end, the interfacial theory
should be combined with a molecular-thermodynamic description of the bulk polymer-
surfactant complexation that may occur in solutions above the critical aggregation
concentration (CAC) .146 The resulting theory could then predict the interfacial be-
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havior (in particular, the surface tension) of polymer-surfactant solutions, in a manner
that reflects the bulk polymer-surfactant complexation above the CAC. Along with
the general predictive value of such a theory, one may also be able to probe the bulk
complexation of polymers and surfactants through relatively simple surface tension
measurements.
8.2.2 Dynamic Interfacial Properties
8.2.2.1 Kinetic Adsorption Barriers
In Chapter 5, it was assumed that the adsorption of the surfactant molecules is diffu-
sion limited. However, as discussed in Chapter 5, as the surfactant solution becomes
more concentrated, the adsorption controlling mechanism can shift from the bulk dif-
fusion of the surfactant molecules to their kinetic adsorption at the interface.
1 1 6
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The inclusion of a kinetic barrier to adsorption would be a useful modification to the
theory developed in Chapter 5. This would allow one to treat more concentrated
surfactant solutions, and in particular, to investigate the dynamic surface tension of
micellar solutions as discussed in Appendix D. Furthermore, the inclusion of a kinetic
barrier would allow for the treatment of ionic surfactants, which are typically found
in solution at higher concentrations than nonionic surfactants (their surface activ-
ity is typically lower due to their ionic character), and as a result, exhibit a kinetic
adsorption barrier.12"'1 2 5
8.2.2.2 Dynamic Oil-Water Interfacial Tension
In Chapter 5, only the dynamic adsorption of surfactant molecules at the air-water
interface was considered. The theoretical framework developed in Chapter 5 can be
extended to model the dynamic oil-water interfacial behavior of surfactant mixtures
by using the equilibrium adsorption theory for the oil-water interface developed in
Chapter 4 as its basis. An additional modification to the theory presented in Chapter
5 would be accounting for the possible diffusion of surfactant molecules in both the
oil phase and the aqueous phase. 67,147
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8.2.3 Applications of the Interfacial Theories
8.2.3.1 Detergency
As discussed in Chapter 1, one of the largest commercial uses of surfactants is in
cleaning products, such as detergents, soaps, and shampoos. Therefore, an interesting
and very important area for possible future research involves developing a theoretical
description to quantify the cleaning ability of a surfactant solution. Since, as discussed
in Chapter 1, the oil-water interfacial tension is a key feature that controls the cleaning
ability of the surfactant solution, 148,149 the oil-water interfacial theory presented in
Chapter 4 can be utilized as the basis for a theoretical quantification of detergency.
8.2.3.2 Foam Stability
As discussed in Chapter 1, another commercially important application of surfactant
solutions is their stabilization of foams. Consequently, another interesting and very
important area for possible future research involves developing a theoretical descrip-
tion to quantify the foam stability of a surfactant solution. Since, as discussed in
Chapter 1, the air-water surface tension, as well as the surfactant surface concen-
tration and composition, are essential interfacial features that control the stability
of foams, 11, 148 the air-water interfacial theories presented in Chapters 2 and 3 can
be utilized as the basis for a theoretical quantification of foam stability induced by
surfactants. In addition, dynamic aspects of surfactant induced foam stability can be
addressed by making use of the dynamic surface tension theory developed in Chapter
5.
8.3 Concluding Remarks
As stressed in Section 8.1 and in Chapter 1, the central goal of this thesis was to
develop a molecular-level theoretical description for the prediction of the equilibrium
as well as the dynamic interfacial behaviors of mixed surfactant solutions. It is hoped
that the theoretical developments presented in this thesis will facilitate the design and
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optimization of surfactant solutions of practical relevance having desired interfacial
properties by reducing the need for relatively costly and time-consuming experimen-
tation. Finally, as discussed in Section 8.2, it is hoped that the work presented in this
thesis will also inspire future studies of the interfacial behavior of mixed surfactant
solutions and their effect on practical phenomena.
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Appendix A
Effects of Ion Size and Dielectric
Saturation in the Diffuse Region of
the Gouy-Chapman Model
A.1 Introduction
As discussed in Section 2.1, the original Gouy-Chapman model of the diffuse re-
gion (that is, the region in the aqueous phase near a charged interface where the
entropically-driven tendency of the ions in the solution to maintain a uniform con-
centration is balanced by the ordering effect of the decaying electric field resulting
from the charges located on the adsorbed surfactant molecules) assumes that the ions
in the aqueous phase have no physical size. However, as a result of this assumption,
the Gouy-Chapman model predicts an extremely large concentration of counterions
very close to the interface (where the electric field is strongest). In the case of highly
charged interfaces, the concentration of the counterions near the interface can become
unrealistically high as it exceeds the concentration corresponding to the maximum
packing of the ions. Moreover, the original Gouy-Chapman model also assumes that
the ions in the diffuse region interact through a medium (water) having a uniform
dielectric constant. However, when an electric field acts on water, the dielectric con-
269
stant decreases as a result of dielectric saturation (that is, the dipoles of the water
molecules align with the electric field, which effectively decreases the polarity, and
hence, the dielectric constant, of water).45
The first modification to the Gouy-Chapman model, introduced to address the
effect of the counterion size, was made by Stern3 2 and was used in the theoretical
description presented in Chapters 2-4. This modification includes a region between
the charged interface and the diffuse region where the ions cannot penetrate due to
steric repulsive interactions. However, this modification did not actually reduce the
concentration of counterions near the interface, but instead, shifted this region of
high counterion concentration from being adjacent to the interface (at x = 0) to the
edge of the Stern region (at x = d), since the ions are still treated as having zero
size within the diffuse region. More recently, other researchers have accounted for the
effect of ion size in the diffuse region by modifying the Poisson-Boltzmann equation
(which is the governing equation of the diffuse region in the original Gouy-Chapman
theory).1 5 1 15 4 In addition, others have relaxed the assumption in the original Gouy-
Chapman model of a uniform dielectric constant by accounting for dielectric satura-
tion.15 3 15 4 The results of these investigations indicate that the effect of relaxing these
assumption depends on the charge density of the interface. That is, for a relatively
low surfactant charge density, the effect of relaxing these assumptions is small, and
hence, one can conclude that the original Gouy-Chapman model (which is generally
much less computationally intensive to utilize) is a good approximation in that case.
In this Appendix, the validity of the two assumptions of the Gouy-Chapman model
discussed above (that is, zero ion size and uniform dielectric constant in the diffuse
region) is investigated by modifying the Poisson-Boltzmann based theory presented
in Chapter 2. Specifically, a modified form of the Poisson-Boltzmann equation, which
was derived using the Carnahan-Starling model 151,155,156 (which treats the ions in the
diffuse region as finite sized hard spheres) instead of using the ideal solution model
(which treats the ions in the diffuse region as point ions having no physical size),
is presented in Section A.2.1. Secondly, a modified form of the Poisson-Boltzmann
equation which includes the effect of dielectric saturation through the use of a model
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developed by Booth1 5 0 to predict the dielectric constant of water as a function of the
electric field is presented in Section A.2.2. Comparisons of the surface tension versus
surfactant concentration predictions for a model surfactant (SDS) made using the
original and the modified forms of the Poisson-Boltzmann equations are presented in
Section A.3. Finally, concluding remarks are presented in Section A.4.
A.2 Theory
A.2.1 Theoretical Treatment of Ion Size Effects
As in the case of the original Poisson-Boltzmann equation, the electrostatic contribu-
tion to the surface equation of state, Ielec (see Section 2.2 for a detailed discussion),
is computed by first calculating the electrostatic potential, T, as a function of the
distance from the charged interface, x, for a given electrostatic surface charge den-
sity, &. As was done in Chapter 2, the electrostatic potential in the Stern region,
(0 < x < d), is governed by the Laplace equation, which can be derived from the
Poisson equation as follows:
d 2T 
-47rpc 0d 2  eec _  , for 0 < x < d (A.1)
dx2
The solution to this equation is a constant value of dJ/dx, which, as was shown in
Section 2.2.2.1, can be written as follows:
d'J 4ir&d - - , for 0<x<d (A.2)dx Es
and
4irJ
T= d+ (d-x) , for 0<x<d (A.3)
Cs
where Td = x(x = d) is the value of the electrostatic potential at the boundary
between the Stern region and the diffuse region, e. is the dielectric constant in the
Stern region, and & is the electrostatic charge density of the monolayer.
In the diffuse region, (x > d), the Poisson equation can be reduced to the following
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governing equation for the electrostatic potential:
d2' -47rpelec -47re for x>d (A.4)
dX2 E E zin (x)
where ni(x) is the concentration of ions of type i at a distance x from the interface,
e is the dielectric constant in the diffuse region, assumed to be that of pure water,
and m is the number of ionic species (which includes surfactants, counterions, and
any added salt ions). The two boundary conditions for this second-order differential
equation are the same as those presented in Chapter 2. Specifically,
T (x -+ oo) = 0 (A.5)
and
dT 
- -47r&(A6d'J'_ _ _ _(A .6 )
dx x=d E
The local concentration of ions, ni(x), which appears in Eq. (A.4), can be cal-
culated by invoking electro-diffusional equilibrium which requires that the electro-
chemical potential of each ion be uniform. Specifically,
P[ [{nj (x)}] + zje'I (x) = pw [{f }] (A.7)
where [L [{nj (x) }] denotes the chemical potential of ions of type i at position x (which
is determined through a bulk solution equation of state from the local concentration
of ions, {n (x)}), and Mw [{rn}] is the bulk aqueous chemical potential of ions of
type i (that is, at x -+ oc, where nm(x) -+ n7 and T -* 0). To determine the chemical
potentials in Eq. (A.7), the Carnahan-Starling equation of state, which is derived by
treating the ions as hard spheres of finite size, can be utilized. This model provides
a good estimate of the effect of steric interactions associated with molecules that
are reasonably spherical in nature (such as the surfactants counterions), but does
not include any other type of interactions (for example, van der Waals interactions).
Utilizing this model, the following expression for the chemical potential of ions of
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type i as a function of the local ion concentrations is obtained:1 5 1
w WO ni (x) 3Xr? 2 XriP = P +kBT In 3 2 2 r)n
nw + E nj (x) X3 X3
j=1
X rf + 3X1r? + 3X2r; 6X 1X2rf + 9X2r± 3X(r8+ ~ ~ + 3 _ (A.8)1
-X3 2(1-X3)2  (1-X3)3
S3Xr? (1 - (3/2) X3) X r (2 - 5 X3 )
X3 (1-X3)2  X3 (-X3
where ri is the hard-sphere cross-sectional radius of ions of type i, and Xk - E rrin (x).
j=
Note that the hard-sphere interactions are only important when the ion concentra-
tions are large, and hence the ions "feel" each other. That is, if the concentration of
ions of type j, nj (x), is small, then its contribution in the summation of the various
X's in Eq. (A.8) will be negligible. In the case of a single ionic surfactant (denoted by
the subscript s, which is the case considered in this Appendix), the local surfactant
concentration will always be less than, or equal to, the bulk surfactant concentration
(that is, n, (x) < nw), since the similarly charged surfactant molecules adsorbed at
the interface repel those present in the aqueous phase. Since the bulk surfactant con-
centration is typically dilute (below or slightly above the CMC), it follows that the
concentration of the surfactant is dilute everywhere in the aqueous phase. Therefore,
the hard-sphere interactions of the surfactant molecules are negligible. Since these
interactions are negligible, for simplicity, the same value (and the same symbol, ri)
is used hereafter for the hard-sphere radius and the two-dimensional hard-disk ra-
dius (which is the two-dimensional projection of the surfactant molecule, and hence,
strictly speaking, the two would only be equal for a spherical surfactant). The value
of the radius for the surfactant considered in this Appendix, dodecyl sulfate, is 2.8A.
The counterions, however, are attracted towards the interface, and therefore, their
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concentration can become large. Hence, it is the hard-sphere interaction of the coun-
terions that is relatively important. The values of ri for the ions considered here
(other than for the dodecyl sulfate ion) are the experimentally determined values of
1.85A for Na and 1.91A for Cl.4 7
Note that Eq. (A.7) represents a set of m equations. Therefore, by inserting
the expression for pj [{nj (x)}] and ,u [{n} given in Eq. (A.8) into Eq. (A.7), one
can solve this set of m equations for the set of m unknown local ion concentrations,
{n (x)}, for a given value of T1(x). This relationship between {nj (x)} and T (x) can
then be utilized in Eq. (A.4), along with the boundary conditions given by Eqs. (A.5)
and (A.6), to determine J(x). Note, however, that there is no closed form solution
describing the relationship between {rn (x)} and T (x). Therefore, Eq. (A.4) needs to
be solved numerically as described below.
The numerical solution to Eq. (A.4) can be obtained using a Runga-Kuta method.48
Specifically, one can use Eq. (A.6) for the value of (dJ/dx) x=d and guess a value of
T(x = d). Note that the solution to the original Poisson-Boltzmann model presented
in Chapter 2 can be utilized as an initial guess. One can then integrate Eq. (A.4)
in discrete steps of x in the positive direction. In the case of a positively-charged
monolayer (where the initial guess for '(x = d) should be positive), if the solution
of Eq. (A.4) becomes negative as x increases, then the guess for XI(x = d) was too
small. If the solution of Eq. (A.4) never becomes negative as x increases, but rather
diverges to +oo, then the guess for '(x = d) was too large. Similarly, in the case
of a negatively-charged monolayer (where the initial guess for I(x = d) should be
negative), if the solution of Eq. (A.4) becomes positive as x increases, then the guess
for J(x = d) was too large. If the solution of Eq. (A.4) never becomes positive as x
increases, but rather diverges to -oo, then the guess for xI(x = d) was too small. In
this manner, one can bracket the actual value of '(x = d), and thus iteratively solve
Eq. (A.4) for 1(x = d) within any desired tolerance level.
Once the value of J(x = d) has been determined in this manner, it can be inserted
into Eq. (A.3) to obtain the value of To = (x = 0). In other words, following
this procedure, the surface electrostatic potential can be calculated as a function of
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the monolayer charge density. Finally, the electrostatic contribution to the surface
pressure, Helec, can be calculated by numerically integrating the following expression:
Ej ezjti/A
rlelec = &4 0Ijezgji/A ~ To (&) d& (A.9)
0
This value of rlelec can then be combined with the expression for the nonionic
contribution to the surface pressure, Eq. (2.19), to calculate the total surface pres-
sure as a function of the surfactant surface concentrations. However, it is the bulk
solution concentrations and compositions that are typically known or controlled ex-
perimentally. Accordingly, to relate the surface concentrations and compositions to
the bulk surfactant concentrations and compositions, one can invoke thermodynamic
diffusional equilibrium between the surfactant molecules adsorbed at the interface
and those present in the bulk aqueous solution using the theoretical description that
was developed in Chapter 2.
For simplicity, and since this is the case that is examined in Section A.3, a single
ionic surfactant (denoted by the subscript s) along with its counterion (denoted by
the subscript c) are considered here. The surface free energy, F', can be computed
by numerically integrating Eq. (2.7). This can then be inserted into Eq. (2.40) to nu-
merically compute the surface chemical potential of the surfactant and its counterion,
Ao -- p ± p+ . Finally, this numerical method for computing the surface chemical
potential of the ionic surfactant and its counterion can be used in Eq. (2.11), along
with the expression for the bulk aqueous chemical potentials of the surfactant and its
counterion given in Eq. (A.8), to compute the equilibrium surfactant surface concen-
tration for any given bulk surfactant concentration (after determining the standard-
state chemical potential difference, Ap, from a single surface tension measurement
following the procedure presented in Chapter 2). Once the equilibrium surfactant
surface concentration has been determined, the surface pressure, TI, and hence, the
surface tension, - = 0 -H - 1, can be computed using Eqs. (2.19) and (A.9) as described
above. Results of these calculations are presented in Section A.3.1.
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A.2.2 Theoretical Treatment of Dielectric Saturation
Including dielectric saturation in the Poisson-Boltzmann model follows similar steps
to those associated with including ion size effects, which was addressed in Section
A.2.1. Specifically, the electrostatic contribution to the surface equation of state,
Helec, is calculated by first calculating the electrostatic potential, T, as a function
of the distance from the charged interface, x, for a given electrostatic surface charge
density, &. Since the treatment of the Stern region remains unchanged, Eqs. (A.1)
through (A.3) are still valid, and therefore, will not be repeated here. The diffuse
region, however, is different in this case. The governing equation for the diffuse
region can be derived from the Poisson equation, taking into account the fact that
the dielectric "constant", e, is not constant, but instead, is now a function of the
electric field, E (x) = -d'F/dx. Specifically,
d29 -4wred 2 q,-47rezini (X) (A. 10)dX2 = (E (x)) + E (x)
The local concentration of ions, ni(x), in Eq. (A.10) can be calculated by invoking
electro-diffusional equilibrium, which requires that the electro-chemical potential of
each ion be uniform. In this case, this condition can be written as follows:4 7
pw [{rn (x)}] + zje'I ( ) + e ( (x) E( 0)) = pg [{njw}] (A.11)
where ri is the radius of ions of type i. Note that Eq. (A.11) represents a set of
m equations. Therefore, by inserting an expression for ,t [f{nj (x)}] and pi [{nw }],
either based on an ideal solution model which is given in Eq. (2.12), or based on the
Carnahan-Starling model which is given in Eq. (A.8), into Eq. (A.11), one can solve
this set of m equations for the set of m unknown local ion concentrations, {rn (x)},
for a given value of '(x) and e(x). If one chooses to use the ideal solution model,
one can arrive at a closed-form solution for {rn (x)} as a function of J(x) and e(x).
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Specifically,
{ ezixF (x) 
e 2z?
ni (x) = n' exp - (A. 12)kBT 2rikT ( (E (x)) E (E = 0))
Because the closed-form solution is generally faster to solve, and since, as will be
shown below in Section A.3.1, the difference between the predicted surface tensions
when using the ideal solution model and the Carnahan-Starling model is very small,
the ideal solution model will be utilized here. In that case, inserting Eq. (A.12) into
Eq. (A.10) yields:
d24 -47re M W eziT (x)
dx 2  E (E (x)) + E (x) z _ kBT
e2z? 11
2rikT ( (E (x)) E (El= 0)
The boundary conditions for this second-order differential equation are given by
Eqs. (A.5) and (A.6).
Finally, Eq. (A. 13) requires an expression for e (E). In this Appendix, the model
developed by Booth15 0 will be utilized. Specifically,
E = n2 + (E (oc) - f2) (3) ( h - (A.14)
OE tanh (OE) OE
where ft = 1.33 is the water index of refraction, and = 9.25 x 10-18 (fi 2 + 2) / (2kBT)
(when E is in cgs units) is a known constant at a given temperature.
Next, Eqs. (A.13) and (A.14) can be combined and solved numerically in the same
manner as was done in Section A.2.1 using a Runga-Kuta method.48 Specifically, one
can use Eq. (A.6) for the value of (dI/dx) xd= and guess a value of TJ(x = d). Note
that the solution to the original Poisson-Boltzmann model presented in Chapter 2 can
be utilized as an initial guess. One can then integrate Eq. (A.13) in discrete steps of
x in the positive direction. In the case of a positively-charged monolayer (where the
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initial guess for I(x = d) should be positive), if the solution of Eq. (A.13) becomes
negative as x increases, then the guess for I(x = d) was too small. If the solution of
Eq. (A.13) never becomes negative as x increases, but rather diverges to +oo, then
the guess for I(x = d) was too large. Similarly, in the case of a negatively-charged
monolayer (where the initial guess for I(x = d) should be negative), if the solution
of Eq. (A.13) becomes positive as x increases, then the guess for '(x = d) was too
large. If the solution of Eq. (A.13) never becomes positive as x increases, but rather
diverges to -oo, then the guess for J(x = d) was too small. In this manner, one
can bracket the actual value of I(x = d), and thus iteratively solve Eq. (A.13) for
T(x = d) within any desired tolerance level. Once the value of I(x = d) has been
determined in this manner, it can be inserted into Eq. (A.3) to obtain the value of
To _I T(x = 0). In other words, following this procedure, the surface electrostatic
potential can be calculated as a function of the monolayer charge density. Finally,
the electrostatic contribution to the surface pressure, eLiec, can be calculated by
numerically integrating Eq. (A.9).
This value of Ilelec can then be combined with the expression for the nonionic
contribution to the surface pressure, Eq. (2.19), to calculate the total surface pres-
sure as a function of the surfactant surface concentrations. However, it is the bulk
surfactant concentrations and compositions which are typically known or controlled
experimentally. To relate the surfactant surface concentrations and compositions to
the surfactant bulk concentrations and compositions, one can invoke thermodynamic
diffusional equilibrium between the surfactant molecules adsorbed at the interface
and those present in the bulk aqueous solution using the theoretical description that
was developed in Chapter 2.
For simplicity, and since this is the case that is examined in Section A.3, a single
ionic surfactant (denoted by the subscript s) along with its counterion (denoted by
the subscript c) is considered here. The surface free energy, FU, can be computed by
numerically integrating Eq. (2.7). This can then be inserted into Eq. (2.40) to nu-
merically compute the surface chemical potential of the surfactant and its counterion,
pi~c Pu + p". Finally, this numerical method for computing the surface chemical
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potential of the ionic surfactant and its counterion can be used in Eq. (2.11), along
with the expression for the bulk aqueous chemical potentials of the surfactant and
its counterion given by Eq. (2.12) (for an ideal bulk solution) or by Eq. (A.8) (for
a bulk solution treated using the Carnahan-Starling model), to compute the equi-
librium surfactant surface concentration for any given bulk surfactant concentration
(after determining the standard-state chemical potential difference, Apo C, from a sin-
gle surface tension measurement following the procedure presented in Chapter 2).
Once the equilibrium surfactant surface concentration has been determined, the sur-
face pressure, H, and hence, the surface tension, -= o-o - H, can be computed using
Eqs. (2.19) and (A.9) as described above. Results of these calculations are presented
in Section A.3.2.
A.3 Results
A.3.1 Ion Size
In this section, the ionic surfactant sodium dodecyl sulfate (SDS) will be utilized
to illustrate the effect of the hard-disk interactions between the ions in the diffuse
region. This will be done by comparing the predicted surface tensions as a function
of the bulk aqueous surfactant concentration predicted using the original Poisson-
Boltzmann model, which uses the ideal solution equation of state, to those derived
using the modified form of the Poisson-Boltzmann model described in Section A.2,
which uses the Carnahan-Starling equation of state. The molecular parameters for
SDS can be found in Table 2.1 (see Chapter 2).
Figure A-1 shows the predicted (lines) and the experimentally measured (sym-
bols) surface tensions, a, as a function of the bulk aqueous SDS concentration, nr,
for an aqueous solution containing no added salt. The theoretical predictions cor-
respond to those made using the classic Poisson-Boltzmann model ( ) and
those made using the modified form of the Poisson-Boltzmann model, described in
Section A.2, which uses the Carnahan-Starling equation of state to account for hard-
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Figure A-1: Predicted (lines) and experimentally measured (symbols) surface ten-
sions, -, as a function of the bulk aqueous SDS concentration, n', for an aqueous
solution containing no added salt at 25'C. The theoretical predictions correspond
to those made using the original Poisson-Boltzmann model ( ) and to those
made using the modified form of the Poisson-Boltzmann model, described in Section
A.2.1, which uses the Carnahan-Starling equation of state to account for hard-disk
interactions between the ions in the diffuse region ( - - - - - ). The experimental
measurements are from Ref. 52.
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disk interactions between the ions in the diffuse region ( - - - - - ). The experimental
measurements, which are shown in Figure A-1 for comparison, are from Ref. 52. Note
that including the hard-disk interactions between the ions in the diffuse region has the
effect of decreasing the electrostatic screening, which in turn, causes less surfactant
to adsorb at the interface since there is a larger electrostatic barrier to do so. This,
in turn, leads to a smaller slope of the surface tension versus bulk surfactant concen-
tration curve (since, from the Gibbs adsorption equation, the slope of this curve is
proportional to the surfactant surface concentration"). This can be seen in Figure A-
1 by the fact that, at a given surface tension, the surface tension curve corresponding
to the modified Poisson-Boltzmann theory ( - - - - - ) has a smaller slope. More im-
portantly, note that the difference between the two theoretical surface tension versus
surfactant concentration curves is very small. In other words, the effect of including
hard-disk interactions between the ions in the diffuse region is almost negligible.
Furthermore, Figure A-2 shows the predicted (lines) and the experimentally mea-
sured (symbols) surface tensions, -, as a function of the bulk aqueous SDS concentra-
tion, ns, for an aqueous solution containing 1.OM added salt (NaCl) at 25'C. The the-
oretical predictions correspond to those made using the original Poisson-Boltzmann
model ( ) and those made using the modified form of the Poisson-Boltzmann
model, described in Section A.2, which uses the Carnahan-Starling equation of state
( - - - - - ) to account for the hard-disk interactions between the ions in the diffuse
region. The experimental measurements, which are shown in Figure A-1 for com-
parison, are from Ref. 33. One may expect that including the hard-disk interactions
between the ions in the diffuse region should have a larger effect in this case because
the high salt concentration should cause the ions to more strongly "feel each other"
sterically in this more crowded solution. However, the high salt concentration also
leads to much more electrostatic screening, which reduces the electrostatic potential
near the interface. As a result of these competing effects, the enhancement of the
counterion concentration near the interface is actually reduced. Hence, as in the no
salt case, the difference between the two theoretical surface tension curves in Figure
A-2 is very small.
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Figure A-2: Predicted (lines) and experimentally measured (symbols) surface ten-
sions, o-, as a function of the bulk aqueous SDS concentration, n', for an aqueous
solution containing 1.OM added salt (NaCl) at 25'C. The theoretical predictions cor-
respond to those made using the original Poisson-Boltzmann model ( ) and
those made using the modified form of the Poisson-Boltzmann model, described in
Section A.2.1, which uses the Carnahan-Starling equation of state to account for hard-
disk interactions between the ions in the diffuse region (- - - - - ). The experimental
measurements are from Ref. 33.
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A.3.2 Dielectric Saturation
In this section, as in Section A.3.1, the ionic surfactant SDS is utilized to illustrate the
effect of dielectric saturation in the diffuse region. This will be done by comparing the
predicted surface tensions as a function of the bulk aqueous surfactant concentration
when the dielectric constant, e, is assumed to be uniform and equal to the value
corresponding to that of pure water, and when the dielectric constant is computed
using the Booth model of dielectric saturation (see Eq. A.14).
Figure A-3 shows the predicted (lines) and the experimentally measured (sym-
bols) surface tensions, o, as a function of the bulk aqueous SDS concentration, nw,
for an aqueous solution containing no added salt. The theoretical predictions cor-
respond to those made using the original Poisson-Boltzmann model ( ) and
to those made using the modified form of the Poisson-Boltzmann model, described
in Section A.2.2, which uses the Booth model for dielectric saturation ( - - - - - ).
The experimental measurements, which are shown in Figure A-3 for comparison, are
from Ref. 52. Note that including dielectric saturation in the diffuse region has the
effect of decreasing the electrostatic screening caused by the ions, which, in turn,
causes less surfactant to adsorb at the interface since there is a larger electrostatic
barrier to do so. This, in turn, leads to a smaller slope of the surface tensions versus
surfactant concentration curve (since, from the Gibbs adsorption equation, the slope
of this curve is proportional to the surfactant surface concentration4 1 ). This can be
seen in Figure A-3 by the fact that, at a given surface tension, the surface tension
curve corresponding to the modified Poisson-Boltzmann theory has a smaller slope
( - - - - - ). However, note that the difference between the two theoretical surface
tension versus surfactant concentration curves is relatively small. In other words, ne-
glecting dielectric saturation in the original Poisson-Boltzmann model is a reasonable
assumption.
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Figure A-3: Predicted (lines) and experimentally measured (symbols) surface ten-
sions, a-, as a function of the bulk aqueous SDS concentration, n', for an aqueous
solution containing no added salt at 25 0C. The theoretical predictions correspond to
those made using the original Poisson-Boltzmann model where the dielectric constant
is assumed to be uniform and equal to the value corresponding to that of pure wa-
ter ( ), and those made using the modified form of the Poisson-Boltzmann
model, described in Section A.2.2, which uses the Booth model of dielectric saturation
( - - - - - ). The experimental measurements are from Ref. 52.
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A.4 Conclusions
In this Appendix, the validity of two of the assumption of the Gouy-Chapman model,
that the ions in the diffuse region have no physical size, and that the dielectric constant
in the diffuse region is uniform, were investigated by modifying the Poisson-Boltzmann
based theory presented in Chapter 2. Specifically, a modified form of the Poisson-
Boltzmann equation, which was derived using the Carnahan-Starling model 151,155 156
that treats the ions in the diffuse region as finite-sized hard spheres, was utilized to
predict the surface tension of an aqueous solution of the model surfactant SDS. The
results indicate that treating the ions with the Carnahan-Starling model, as opposed
to the point-ion treatment of the original Poisson-Boltzmann model, has little effect
on the predicted surface tension versus surfactant concentration curves, made using
the theoretical framework presented in Chapter 2, of an aqueous solution of the ionic
surfactant SDS.
Furthermore, a modified form of the Poisson-Boltzmann equation which incor-
porates the effect of dielectric saturation, through the use of a model developed by
Booth 150 to predict the dielectric constant of water as a function of the electric field,
was utilized to predict the surface tension as a function of bulk surfactant concen-
tration of an aqueous solution of SDS. Again, the results indicate that dielectric
saturation has little effect on the predictions.
Note that the theoretical framework presented in this Appendix requires the nu-
merical solution of the governing electrostatic equations (Eq. (A.4) or Eq. (A.10)),
whereas the original Poisson-Boltzmann equation presented in Chapter 2 can be
solved analytically in closed-form. Therefore, the modified forms of the Poisson-
Boltzmann equation are much more computationally intensive to solve. Since the
inclusion of ion size effects and dielectric saturation was found to have little effect on
the surface tension predictions, one may conclude that the treatment of the ions in
the diffuse region as point ions and the assumption that the dielectric constant in the
diffuse region is uniform represent reasonable approximations.
285
286
Appendix B
Analysis of the Sensitivity of the
Predictions of the Equilibrium
Surfactant Adsorption Models to
the Surfactant Molecular
Parameters
In this Appendix, the sensitivity of the theoretical predictions presented in Chapters
2 and 3 to the various surfactant molecular parameters is examined. To investigate
this sensitivity, two model surfactants are chosen: one ionic, to investigate the sen-
sitivity of the theory presented in Chapter 2, and one zwitterionic, to investigate
the sensitivity of the theory presented in Chapter 3. The sensitivity to any one of
the surfactant molecular parameters is then studied by varying that parameter while
holding all other parameters constant. The theoretically predicted surface tension
as a function of bulk surfactant concentration is then used as the response variable
for the various values of the surfactant molecular parameter of interest. Note that
in all the cases examined, the standard-state chemical potential difference is calcu-
lated by fitting the predicted surface tension to a single experimentally measured
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surface tension at a known bulk surfactant concentration (see Chapter 2), for each
set of surfactant molecular parameters. In other words, the value of the standard-
state chemical potential difference is not held constant, but instead, the value of the
surface tension at a particular bulk surfactant concentration is held constant. In all
cases examined, the temperature is set at 25'C.
To investigate the sensitivity of the predictions made in Chapter 2 to the value
of the surfactant cross-sectional area, the surfactant second-order virial coefficient,
and the Stern layer dielectric constant, the surfactant dodecyl trimethyl ammonium
bromide (DTAB) is utilized as a model surfactant. This surfactant was chosen because
it possesses a polar head that is neither very large nor very small, and an alkyl tail that
consists of a reasonable number of carbon atoms. The actual values of the molecular
parameters corresponding to this surfactant are listed in Table C.1 in Appendix C.
The single surface tension measurement that was utilized to compute the standard-
state chemical potential difference corresponds to a bulk surfactant concentration of
1.4 x 10- 5mo1/cm 3 .
To investigate the sensitivity of the theoretical predictions to the surfactant cross-
sectional area, Figure B-1 shows the predicted surface tensions as a function of the
surfactant concentration for aqueous surfactant solutions of three illustrative surfac-
tants. The molecular parameters for the three surfactants are those corresponding
to DTAB, except for the cross-sectional area, which has values of: 25 A2 ( _ _ _ _ _ )I
29A 2 ( ), and 35A 2 ( - - -). Note that, in each case, the second-order
virial coefficient is computed using Eq. (2.4), with a value of 12 for the number
of carbon atoms in the surfactant tail and the corresponding value of the surfactant
cross-sectional area. In other words, rather than holding the value of the second-order
virial coefficient constant, the value of the number of carbon atoms in the surfactant
tail is held constant. Note that, as shown in Figure B-1, the predictions are not overly
sensitive to the surfactant cross-sectional area.
To investigate the sensitivity of the theoretical predictions to the second-order
virial coefficient, Figure B-2 shows the predicted surface tensions as a function of the
surfactant concentration for aqueous surfactant solutions of three illustrative surfac-
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Figure B-1: Predicted surface tensions as a function of the surfactant concentration for
aqueous surfactant solutions of three illustrative surfactants, showing the sensitivity
of the theoretical predictions to the surfactant cross-sectional area. The molecular
parameters for the three surfactants are those corresponding to DTAB, except for
the cross-sectional area, which has values of: 25 A2 ( . _ _ _ - ), 29A 2 ( ), and
35A 2 ( _ _ _)
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Figure B-2: Predicted surface tensions as a function of the surfactant concentration for
aqueous surfactant solutions of three illustrative surfactants, showing the sensitivity
of the theoretical predictions to the second-order virial coefficient. The molecular
parameters for the three surfactants are those corresponding to DTAB, except for
the second-order virial coefficient, which has values of: -154A 2 ( - - - - - ), -222A2
( ), and -317A 2 ( _ - _). These values of the second-order virial coefficient
correspond to a surfactant with a cross-sectional area of 29A2, and a linear alkane
tail containing 10, 12, and 14 carbon atoms, respectively.
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tants. The molecular parameters for the three surfactants are those corresponding
to DTAB, except for the second-order virial coefficient, which has values of: -154A2
( - - - - - ), -222A 2 ( ), and -317A 2 ( - - _). Note that these values of
the second-order virial coefficient correspond to a surfactant with a cross-sectional
area of 29A 2, and a linear alkane tail containing 10, 12, and 14 carbon atoms, respec-
tively. In addition, note that, as shown in Figure B-2, the predictions are not very
sensitive to the surfactant second-order virial coefficient.
To investigate the sensitivity of the theoretical predictions to the dielectric con-
stant of the Stern layer, Figure B-3 shows the predicted surface tensions as a function
of the surfactant concentration for aqueous surfactant solutions of three illustrative
cationic surfactants. The molecular parameters for the three surfactants are those cor-
responding to DTAB, except for the Stern layer dielectric constant, which has values
of: 35 ( - - - - - ), 42 ( ), and 50 ( - - -). Note that, as shown in Figure
B-3, the predictions are not very sensitive to the dielectric constant of the Stern layer.
Note that the sensitivity of the theoretical predictions to the Stern layer thickness is
comparable to the sensitivity to the dielectric constant of the Stern layer, since only
the ratio of these two properties affect the theoretical predictions (see Chapter 2).
Finally, to investigate the sensitivity of the theoretical predictions made in Chapter
3 to the value of the charge separation distance of a zwitterionic surfactant, the model
surfactant dodecyl betaine (C12 Betaine) is utilized. Similar to the choice of DTAB,
this surfactant was chosen because its molecular parameters are all in the moderate
range. The values of the molecular parameters corresponding to C12Betaine are listed
in Tables 3.1 and 3.3 in Chapter 3. Recall that for a single zwitterionic surfactant,
only the charge separation distance (that is, the difference between the locations of
the two charge layers) is important, and not the absolute values of the locations of the
two charge layers. To investigate the sensitivity of the theoretical predictions to the
separation distance of the two charge layers, Figure B-4 shows the predicted surface
tensions as a function of the surfactant concentration for aqueous surfactant solutions
of three illustrative zwitterionic surfactants. The molecular parameters for the three
surfactants are those corresponding to C12 Betaine, except for the charge separation
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Figure B-3: Predicted surface tensions as a function of the surfactant concentration
for aqueous surfactant solutions of three illustrative cationic surfactants, showing the
sensitivity of the theoretical predictions to the Stern layer dielectric constant. The
molecular parameters for the three surfactants are those corresponding to DTAB,
except for the Stern layer dielectric constant, which has values of: 35 ( - - - - - ), 42
( ), and 50 ( - - -).
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Figure B-4: Predicted surface tensions as a function of the surfactant concentration
for aqueous surfactant solutions of three illustrative zwitterionic surfactants, showing
the sensitivity of the theoretical predictions to the charge separation distance of a
zwitterionic surfactant. The molecular parameters for the three surfactants are those
corresponding to C12Betaine, except for the charge separation distance, which has
values of: 4.0 A( - - - - - ), 5.2A( ), and 6.oA( - - -).
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distance, which has values of: 4.0 A( - - - - - ), 5.2A( ), and 6.OA( - - _).
Note that, as shown in Figure B-4, the predictions are not very sensitive to the charge
separation distance.
As clearly shown by the four illustrative examples examined in this Appendix, the
equilibrium surface tension predictions made using the theories developed in Chap-
ters 2 and 3 are not overly sensitive to any one surfactant molecular parameter. This
finding contributes to the robustness of these theories, since the various surfactant
molecular parameters need to be determined only to within a reasonable precision.
Furthermore, it should be noted that the predictions are generally most sensitive to
the molecular cross-sectional area of the surfactant. This can be explained physically
by noting that this parameter affects both the steric repulsive interactions, as well
as the attractive van der Waals interactions. For example, decreasing the molecular
cross-sectional area of a surfactant has the effect of decreasing the steric repulsive
interactions as well as increasing the attractive van der Waals interactions. Conse-
quently, although the predicted surface tension is not overly sensitive to the surfactant
cross-sectional area, it is more sensitive to this surfactant molecular parameter than
to the other ones, as shown in Figure B-1.
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Appendix C
Interfacial Phase Transitions
C.1 Introduction
In Chapters 2 and 3, it was assumed that although there are attractive van der Waals
interactions between the tails of the adsorbed surfactant molecules, these interactions
are not strong enough to induce an interfacial phase transition. However, it is possible
for the model developed in Chapter 2, or other models that include attractive interac-
tions, to predict an interfacial phase transition under certain conditions. Furthermore,
interfacial phase transitions have been observed experimentally.157 16 0 Whether or not
the adsorbed surfactant molecules exhibit an interfacial phase transition is dictated
by a balance between the attractive, van der Waals interactions, which tend to drive
the adsorbed surfactant molecules towards a more condensed phase, and the repul-
sive, steric (and, possibly, electrostatic, in the case of a single charged surfactant)
interactions, which tend to drive the adsorbed surfactant molecules towards a more
expanded phase. Specifically, if the attractive interactions are weak, or if the repul-
sive steric or electrostatic interactions are strong, then the the critical temperature
for phase transitions (which is the temperature above which there is no interfacial
phase transition) will be low. Hence, if one is only interested in temperatures above
this relatively low critical temperature (and, in particular, if this critical temperature
is below the freezing point of the bulk aqueous phase), then one will never observe an
interfacial phase transition experimentally or theoretically. However, if the adsorbed
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surfactant molecules exhibit stronger attractive interactions, or weaker repulsive steric
or electrostatic interactions, then the critical temperature will increase. If this criti-
cal temperature rises above the operating temperature of interest, then an interfacial
phase transition will be observed.
The simplest theories that includes attractive interactions is the Frumkin model
which contains an experimentally-determined empirical parameter to account for the
attractions between the adsorbed surfactant molecules. If this parameter is small
enough (that is, if it has a large negative value), then a first-order interfacial phase
transition will be predicted.1 6 1 ,16 2 More recently, several theoretical model have been
developed specifically to treat interfacial phase transitions by assuming that the ad-
sorbed surfactant molecules form surfactant "clusters".i13,164,142,165168 While these
theories have been shown to successfully predict the surface tension of surfactant
solutions that undergo an interfacial phase transition, they all contain a number of
additional experimentally determined parameters.
In this Appendix, it will be shown that the theoretical framework developed in
Chapters 2 and 3 can be used to predict interfacial phase transitions without the ad-
dition of any parameters. Specifically, by using a thermodynamic framework to model
interfacial phase transitions (see Section C.2), the surface equation of state developed
in Chapters 2 and 3 can be used to predict the surface tension of surfactant solutions
that undergo an interfacial phase transition. Furthermore, the development of a the-
oretical framework to model interfacial phase transitions also allows one to predict
the interfacial properties of mixtures of anionic and cationic surfactants. These mix-
tures are of particular interest because, as discussed in Section C.3, single surfactant
solutions of either of the two ionic surfactants do not exhibit an interfacial phase
transition, while binary mixtures of these oppositely-charged surfactants do exhibit
an interfacial phase transition. In addition, there is a very large interfacial synergistic
relationship between the two oppositely-charged surfactants.
In Section C.3, a comparison is presented between the theoretically predicted and
the experimentally measured surface tensions of: (i) single surfactant solutions of
two linear alkane alcohols, octanol and decanol (where, due to their relative small
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head sizes, there are strong enough van der Waals attractions between the tails of
the adsorbed surfactant molecules to induce an interfacial phase transition), and (ii)
a mixture of the anionic surfactant SDS and the cationic surfactant DTAB (which il-
lustrates the case of an anionic-cationic surfactant mixture discussed above). Finally,
concluding remarks are presented in Section C.4.
C.2 Theory
C.2.1 Interfacial Phase Transitions for Single Surfactants
First, to demonstrate that the equilibrium equation of state developed in Chapters
2 and 3 can predict an interfacial phase transition, two hypothetical nonionic sur-
factants are considered. The molecular parameters of the two surfactants are listed
in Table C.1. Note that the molecular cross-sectional area is 30A2 for Surfactant 1
and 28A 2 for Surfactant 2, while the number of carbon atoms in the tails of both
surfactants is 10. The smaller cross-sectional area of Surfactant 2 leads both to a
reduction in the steric repulsive interactions as well as to an increase in the van der
Waals attractions (which can be seen by the more negative value of Bij for Surfactant
2 in Table C.1, see also Eq. (2.4) in Chapter 2).
Figure C-1 shows the predicted surface pressure, HI, as a function of the area
per molecule, a 1/Fj - A/Nt, for the two hypothetical nonionic surfactants:
Surfactant 1 (- - - - - ) and Surfactant 2 ( ), both at 25 0C, as calculated
using Eq. (2.5) (see Section 2.2.1). Recall that the curves in Figure C-1 are the two-
dimensional analogs of the Pressure-Volume curves commonly used to analyze phase
transitions in a three-dimensional system. Note that for Surfactant 1, the surface
pressure decreases monotonically with an increase in the area per molecule, which
indicates that there is no interfacial transition for Surfactant 1. In other words, the
critical temperature for Surfactant 1 is less than 25 0C, the temperature used in the
predictions. Note also that this case corresponds to all the surfactants considered
in this thesis, except for those considered in this Appendix. On the other hand,
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Table C.1: Values of the hard-disk areas, aj, and second-order virial coefficients,
Bi , corresponding to the two hypothetical nonionic surfactants, Surfactant 1 and
Surfactant 2, considered in Section C.2.1.
the surface pressure versus area per molecule for Surfactant 2 is not monotonic, but
instead attains a local minimum and a local maximum. As in the case of a three-
dimensional system, this non-monotonic behavior of the surface pressure of Surfactant
2 indicates that there is indeed a phases transition for this surfactant. Physically, this
is a result of the fact that the decrease in the steric, repulsive interactions and the
increase in the van der Waals attractive interactions (as compared to Surfactant 1)
led to an increase in the critical temperature of Surfactant 2 to a value above the
operating temperature of 25 C. The existence of an interfacial phase transition can
also be detected in the behavior of the surface chemical potential, PO', as a function
of the area per molecule, a, which is shown in Figure C-2 (where the standard-state
chemical potentials have been arbitrarily set to zero). Note that there is no one-two-
one relationship between p,' and a. Therefore, if one attempted to use Eq. (2.11)
to solve for the equilibrium value of a for a given bulk chemical potential value
(determined from the bulk aqueous surfactant concentration using Eq. (2.12)), one
could arrive at two or three different solutions.
The treatment of interfacial phase transitions is very much analogous to the treat-
ment of phase transitions in three-dimensional phases. Specifically, a tie-line can be
drawn, as shown by the horizontal line ( - - -) in Figures C-1 and C-2. The two
endpoints of this tie-line (points 'A' and 'B') can be determined by first requiring
that the surface pressure of the two coexisting interfacial phases be equal. That is,
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1 30 -138
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Figure C-1: Predicted surface pressure as a function of the area per molecule for two
hypothetical nonionic surfactants: Surfactant 1 ( - - - - - ), a surfactant that does
not exhibit an interfacial phase transition, and Surfactant 2 ( ), a surfactant
that does exhibit an interfacial phase transition. The tie-line indicating the location
of the phase transition ( - - -), and its endpoints, A and B, are also shown.
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Figure C-2: Predicted surface chemical potential as a function of the area per molecule
for two hypothetical nonionic surfactants: Surfactant 1 ( - - - - - ), a surfactant that
does not exhibit an interfacial phase transition, and Surfactant 2 ( ), a sur-
factant that does exhibit an interfacial phase transition. The tie-line indicating the
location of the phase transition ( - - -), and its endpoints, A and B, are also
shown.
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that:
H (aA) = H (a B) (C.1)
and that the surface chemical potentials of surfactant molecules of type i in the two
coexisting interfacial phases be equal as well. That is, that:
A4 (aA P (aB (C.2)
where aA and aB are the areas per molecule at points A and B, respectively, and H is
calculated using Eq. (2.5) for nonionic surfactants (or Eq. (2.37) for ionic surfactants,
or Eq. (3.37) for multiply charged surfactants), and p1 is calculated using Eq. (2.10)
for nonionic surfactants (or Eq. (2.45) for ionic surfactants, or Eq. (3.43) for multiply
charged surfactants). Note that this derivation assumes that the coexisting interfacial
phases are large, that is, that the ratio of the area of a phase to its perimeter is large
enough that "surface" effects, such as line tensions, can be neglected. Note also
that the value of the standard-state chemical potential difference in Eq. (2.10) (or
in Eqs. (2.45) and (3.43)) is not needed to solve Eq. (C.2), since it appears on both
sides of the equation, and hence, cancels out. Equations (C.1) and (C.2) can be
solved simultaneously to determine the two unknowns, a A and aB. For any area per
molecule between the phase transition endpoints, that is, for aA a < aB, there will
be a mixture of two surface phases (one corresponding to aA and the other to aB) with
the surface pressure given by H = H (aA) . B) and the surface chemical potential
given by p' = p1 (aA) = o- (aB). On the other hand, if a < aA or a > aB, then
there will be only one surface phase and the surface pressure and surface chemical
potential can be computed as discussed in Chapters 2 and 3.
As an illustration, suppose that the surfactant under consideration is nonionic.
To implement the derivation which follows in the case of ionic surfactants, one would
simply utilize Eq. (2.37) in place of Eq. (2.5), and Eq. (2.45) in place of Eq. (2.10)
throughout the following derivation. Similarly, to implement the derivation which
follows in the case of multiply charged surfactants (for example, zwitterionic surfac-
tants), one would simply utilize Eq. (3.37) in place of Eq. (2.5) and Eq. (3.43) in
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place of Eq. (2.10) throughout the following derivation.
Once it has been determined that the surfactant under consideration undergoes an
interfacial phase transition, and the endpoints of the tieline (points 'A' and 'B') have
been determined as described above, the next step is to calculate the standard-state
chemical potential difference, A/0. As in the case of a surfactant that does not exhibit
an interfacial phase transition, this is done using one experimentally measured surface
tension, a, at a known bulk surfactant concentration. The surface pressure, H, at this
bulk surfactant concentration is determined from H = ao - a. The value of the area
per molecule, a, corresponding to this surface pressure is determined by substituting
this value of H in Eq. (2.5) and then solving for a. If the measured value of H is
below the phase transition surface pressure, H (aA) - H (aB), then the solution to
Eq. (2.5) should be restricted to a > aB. If the measured value of H is above the
phase transition surface pressure, then the solution to Eq. (2.5) should be restricted
to a < aA. (If the surface pressure happens to be equal to the phase transition surface
pressure, then either a = a A or a = aB can be used.) This calculated value of a is
then inserted into Eq. (2.10) which, along with the known value of the bulk surfactant
concentration, can be solved to obtain Ajp.
The surface tension can now be calculated for any bulk surfactant concentration.
Specifically, for any value of nr, one can solve Eq. (2.10) for a with the appropriate
restriction that a < aA or a > aB. This value of a is then inserted into Eq. (2.5) to
compute the surface pressure, 7r, and hence, the surface tension, a = ao - H.
C.2.2 Interfacial Phase Transitions for Mixtures of Surfac-
tants
As an illustration, a binary surfactant mixture will be considered explicitly, and the
extension to mixtures of more than two surfactants will be discussed at the end of this
section. Also, for simplicity, this section will treat two nonionic surfactants. As in
the preceding section, to implement the derivation which follows in the case of ionic
surfactants, one would simply utilize Eq. (2.36) in place of Eq. (2.5) and Eq. (2.45) in
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place of Eq. (2.10) throughout the following derivation. Similarly, to implement the
derivation which follows in the case of multiply charged surfactants (for example, a
zwitterionic surfactant or a mixture of two ionic surfactants), one would simply utilize
Eq. (3.36) in place of Eq. (2.5) and Eq. (3.43) in place of Eq. (2.10) throughout the
following derivation.
As in the case of surfactants that do not undergo an interfacial phase transition, in
order to consider a mixture of surfactants, one must first compute the standard-state
chemical potential difference of each surfactant component using a single surface ten-
sion measurement. If the single surfactant component does not undergo an interfacial
phase transition, the value of this parameter can be computed using the theoretical
framework presented in Section 2.2.1. If it does undergo an interfacial phase transi-
tion, the value of this parameter can be computed using the derivation presented in
Section C.2.1.
As discussed in Section 2.2.1, to compute the equilibrium surface concentration,
F 1/a, and surface composition, X' =71/ (1 + £2), for a given set of bulk surfac-
tant monomer concentrations, ni and nu, one must solve the set of two equations
given by Eq. (2.13) (where x' has been eliminated using x' = 1 - x).
When there is no interfacial phase transition, one method of solving this set of
two equations is to guess a value of x0, and then to solve Eq. (2.13) with i = 1 for a.
This set of x' and a values can then be inserted into Eq. (2.13) with i = 2 and, if the
equality is satisfied, then this set of x4 and a values corresponds to the equilibrium
values. If the equality in Eq. (2.13) with i = 2 is not satisfied, then a new guess for
X0 is made and the process is repeated. In this manner, one can eventually obtain
the equilibrium values of a and x through iteration. Once the equilibrium values of
a and x are known, one can compute the surface pressure, II (or the surface tension,
- = Uo - H), for that set of bulk surfactant monomer concentrations, using Eq. (2.6).
When there is an interfacial phase transition, one can proceed in a similar fashion.
First, one guesses a value of x. Now, however, when one attempts to solve Eq. (2.10)
with i = 1 for a, one will find that p' is non-monotonic in a, and therefore, that a
one-to-one relationship between po and a does not exist in this case. Therefore, one
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needs to use a procedure similar to the one described in Section C.2.1. Specifically,
one can draw a tie-line where the two endpoints of this line (aA and aB) are determined
from the set of two equations given by Eqs. (C.1) and (C.2) (with i = 1). Now, if
a is between the two endpoint of the tie-line, then the surface chemical potential of
Surfactant 1 is given by the value of the surface chemical potential at either of the
two endpoints; otherwise, it is calculated using Eq. (2.10) with i = 1. The computed
surface chemical potential of Surfactant 1, along with the bulk aqueous chemical
potential of Surfactant 1 determined by utilizing Eq. (2.12), are then utilized in
Eq. (2.11), which is solved for a. This value of a, along with the guessed value of x0,
is then utilized in Eq. (2.10) with i = 2 to compute the surface chemical potential
of Surfactant 2. Similarly, if one finds that p' is non-monotonic in a, then one must
again draw a tie-line, with the endpoints determined from Eqs. (C.1) and (C.2) (with
i = 2). If a is between the two endpoint of the tie-line, then the surface chemical
potential of Surfactant 2 is given by the value of the surface chemical potential at
either of the two endpoints; otherwise it is calculated using Eq. (2.10) with i = 2. The
surface chemical potential of Surfactant 2 computed using this method, along with the
bulk aqueous chemical potential of Surfactant 2 determined by utilizing Eq. (2.12),
are then inserted into Eq. (2.11). If the equality in Eq. (2.11) is satisfied, then this set
of a and x0 values corresponds to the equilibrium values; otherwise, a new guess of
X4 is required and the process is repeated. In this manner, one can eventually obtain
the equilibrium values of a and x' through iteration. Once the equilibrium values of
a and x4 are known, one can compute the surface pressure, 1I (or the surface tension,
-= Uo - Il), for that set of bulk surfactant monomer concentrations, using Eq. (2.6).
The theoretical description presented above can be extended to a mixture of n > 2
surfactant components. For example, one could guess values of all the surface com-
positions (subject to their sum being unity), solve Eq. (2.10) with i = 1 for a (using
the tie-line procedure described above to calculate the surface chemical potential of
Surfactant 1), and then check the equality in Eq. (2.10) for i = 2, ... , n (using the
tie-line procedure described above).
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Table C.2: Values of the hard-disk areas, aj, second-order virial coefficients, Bi2,
Stern region thicknesses, d, and standard-state chemical potential differences, Api,
corresponding to the surfactants considered in Section C.3.
C.3 Results
As discussed in Section C.2, an interfacial phase transition occurs when the van
der Waals attractive interactions are relatively strong, and the steric or electrostatic
repulsive interactions are relatively weak, which is the case for nonionic surfactants
with relatively small polar heads. Therefore, linear alkyl alcohols are good model
"surfactants" to use in the investigation of interfacial phase transitions since they
possess a very small head. The molecular parameters for two such alcohols, octanol
and decanol, are listed in Table C.2. The standard-state chemical potential differences
for each alcohol, AP9, were computed by fitting the experimentally measured surface
tension at a bulk surfactant concentration of 1.0 x 10-6 mol/cm3 for octanol and
5.0 x 10- 8mol/cm 3 for decanol, as discussed in Section C.2.1.
Figure C-3 shows the theoretically predicted (lines) and the experimentally mea-
sured (symbols) surface tensions as a function of bulk surfactant concentration for
aqueous solutions of octanol ( - - - - - , *) and decanol ( , 0) at 25'C. The
experimental measurements are from Ref. 159. The arrows indicate the location of
the interfacial phase transition for each surfactant, which were predicted using the
theoretical framework presented above. Note that there is very good agreement be-
tween the theoretically predicted surface tensions and the experimentally measured
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Surfactant iJ ai (A2 ) Bij (A2 ) d (A) Ap (kBT)
Octanol 21 -230 - -41.6
Decanol 21 -430 - -38.1
SDS 25 -367 4.05 -59.0
DTAB 28 -257 5.2 -59.0
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Figure C-3: Theoretically predicted (lines) and experimentally measured (symbols)
surface tensions as a function of bulk surfactant concentration for aqueous solutions
of octanol ( - - - - - , 4) and decanol ( , 0) at 25'C. The experimental mea-
surements are from Ref. 159. The arrows indicate the location of the interfacial phase
transition for each surfactant.
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values.
Note that the interfacial phase transition corresponds to a discontinuity in the
slope of the surface tension versus surfactant concentration curve."' This can be ex-
plained by noting that the Gibbs adsorption equation states that the slope of this
curve is proportional to the surfactant surface concentration.' Accordingly, at the
interfacial phase transition, the surfactant surface concentration exhibits a disconti-
nuity from the small value corresponding to the expanded phase to the large value
corresponding to the condensed phase. In the context of the discussion presented in
Section C.2.1, this would correspond to a transition from point 'B' to point 'A'. Note
that this transition corresponds to a single value of the surface pressure (or surface
tension), and hence, it occurs at just one point on the surface tension versus surfac-
tant concentration curves shown in Figure C-3. Although a discontinuity in the slope
of the experimental surface tension versus surfactant concentration curve is difficult
to observe, Ref. 157 utilizes ellipsometry to show that there is indeed an interfacial
phase transition for decanol at the point indicated by the arrow in Figure C-3.
Another interesting surfactant system to investigate in the context of interfacial
phase transitions is a binary mixture of an anionic and a cationic surfactant. For
each single surfactant, the repulsive, electrostatic interactions are so strong that an
interfacial phase transition does not occur for either of the single surfactant solu-
tions. However, in the case of a mixture of the two oppositely-charged surfactants,
the electrostatic interactions are significantly reduced (for example, the electrostatic
contribution to the surface pressure would actually vanish for an interface that had
an equal number of adsorbed anionic and cationic surfactant molecules when their
charges are positioned on the same charge layer). In the absence of the strong elec-
trostatic, repulsive interactions, and if the van der Waals attractive interactions are
strong enough, then the mixed surfactant system may undergo an interfacial phase
transition even though these van der Waals attractive interactions are not strong
enough to induce an interfacial phase transition in the single surfactant cases.
The anionic surfactant sodium dodecyl sulfate (SDS) and the cationic surfactant
dodecyl trimethyl ammonium bromide (DTAB) provide a model system to illustrate
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the case discussed above. The molecular parameters for these two surfactants are
listed in Table C.2. The standard-state chemical potential differences for each surfac-
tant, AP1 , were computed by fitting the experimentally measured surface tension at
a bulk surfactant concentration of 5.4 x 10-6 mol/cm3 for SDS and 1.4 x 10 5 mol/cm 3
for DTAB. Note that for single surfactant solutions of either SDS or DTAB, there is
only one charged group present on the surfactant head, and therefore, the theory in
Chapter 2 can be used to model their interfacial behavior. However, for the mixture
of these two surfactants, there are two charged groups (one on each surfactant head)
which are located at different positions within the monolayer. Therefore, there are
two interfacial charge layers, and the theory in Chapter 3 should be used to model
the interfacial behavior. The location of the two charge layers are d, = 2.3A (cor-
responding to the charge on SDS) and d2 = 2.5A(corresponding to the charge on
DTAB), with the Stern layer located at ds = 7.7A. The value of the charge layer
valences, (, are: SDS DS DTAB = 0, and (DTAB = 1 (see Section 3.2.2
for a discussion of these parameters). Finally, the second-order virial coefficient for
this pair of surfactants is -321A2.
Figure C-4 shows the theoretically predicted (lines) and the experimentally mea-
sured (symbols) surface tensions as a function of total bulk surfactant concentra-
tion for: (i) aqueous single surfactant solutions of SDS ( - - -, 0) and DTAB
( - - - - - , *), and (ii) an aqueous binary surfactant solution of 50% SDS - 50%
DTAB ( , 0), all at 25'C. The experimental measurements are from Ref.
169. The arrow indicates the location of the interfacial phase transition for the mixed
surfactant case (note that there is no interfacial phase transition for the two single
surfactant solutions). Furthermore, Figure C-5 shows the predicted surface composi-
tion, XSDS, as a function of the total bulk surfactant concentration for the 50% SDS
- 50% DTAB solution at 25'C. Note that, indeed, the surface composition is nearly
equal to 0.5 for any total bulk surfactant concentration, and hence, the electrostatic
repulsive interactions are very small. This allows the phase transition, indicated by
the arrow in Figure C-4, to occur.
In addition to this interfacial phase transition, the anionic-cationic surfactant
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Figure C-4: Theoretically predicted (lines) and experimentally measured (symbols)
surface tensions as a function of total bulk surfactant concentration for: (i) aqueous
single surfactant solutions of SDS ( - - -, 0) and DTAB ( - - - - - , 4), and (ii)
an aqueous binary surfactant solution of 50% SDS - 50% DTAB ( , 0), all
at 25'C. The experimental measurements are from Ref. 169. The arrow indicates the
location of the interfacial phase transition for the surfactant mixture (note that there
is no interfacial phase transition for the two single surfactant solutions).
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mixture is also of interest due to the very large extent of synergism at the interface.
Indeed, as shown in Figure C-4, the surface tension versus total bulk surfactant con-
centration curve for the surfactant mixture lies far to the left of the corresponding
curves for either of the two single surfactants. This is also a result of the fact that
the repulsive, electrostatic interactions have been almost completely eliminated in
the case of the surfactant mixture, and hence, the surfactant mixture can more read-
ily adsorb at the interface, thus requiring a lower total concentration of surfactant
to drive the adsorption process. Although the agreement between the theoretically
predicted surface tension and the experimentally measured values is not as good as
that for the other surfactant mixtures considered in Chapters 2 and 3, the agreement
is still reasonably good considering the large extent of synergism between these two
surfactants, and the fact that no experimentally determined parameters were utilized
in the predictions.
C.4 Conclusions
In this Appendix, the surface equation of state developed in Chapters 2 and 3 was
utilized to predict an interfacial phase transition. This transition will typically occur
for a surfactant (or surfactant mixture) where the van der Waals, attractive inter-
actions are relatively strong, or the repulsive, steric and electrostatic interactions
are relatively weak, such that the critical temperature is higher than the operating
temperature of interest.
A computational method for utilizing the previously developed equation of state,
with no additional parameters, was presented, and a comparison between the theo-
retically predicted and the experimentally measured surface tensions for surfactant
solutions that undergo an interfacial phase transition showed reasonable agreement.
The surfactant solutions investigated included two linear alkyl alcohols, where the
molecular cross-sectional areas are small, and therefore, the attractive, van der Waals
interactions are strong and the repulsive steric interactions are weak, thus inducing
an interfacial phase transition. In addition, a mixture of an anionic and a cationic
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surfactant was investigated. In this case, the two single surfactants do not exhibit
an interfacial phase transition because the strong electrostatic, repulsive interactions
prevent one from occurring. However, in the case of a binary mixture of these two
oppositely-charged surfactants, the electrostatic charges at the interface effectively
cancel each other out, leading to an interfacial phase transition. This surfactant mix-
ture is also interesting because of the large extent of interfacial synergism between
the two oppositely charged surfactants. Again, this synergism results from the elec-
trostatic charges at the interface effectively canceling each other out, thus allowing
the surfactants to more readily adsorb at the interface.
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Appendix D
Dynamic Adsorption Behavior of
Micellar Solutions
D.1 Introduction
As discussed in Chapters 1 and 2, surfactant molecules can form aggregates, known
as micelles, at concentrations above a critical concentration, known as the critical
micelle concentration (CMC). In Chapter 5, the dynamic adsorption of surfactants
from solutions below the CMC was considered, and therefore, the presence of micelles
could be neglected. In this Appendix, the theory developed in Chapter 5 is extended
to investigate the effect of micelles on the dynamic surface properties (specifically,
on the dynamic air-water surface concentration and the dynamic air-water surface
tension) in aqueous surfactant solutions above the CMC. The dynamic surface prop-
erties of micellar surfactant solutions have been investigated in the past by several
researchers1 71 1 74 (see also Ref. 170 for a recent review). As in the case of the pre-
micellar solutions considered in Chapter 5, the central difference between the theory
presented in this Appendix and those available in the literature is in the equilibrium
adsorption description that forms the underlying basis for the dynamic adsorption
theory. For example, Joos 171 and Miller1 74 utilized the Langmuir adsorption model,
while Fainerman17 3 utilized the Frumkin adsorption model, where, as discussed in
Chapter 2, these adsorption models contain experimentally determined parameters.
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On the other hand, the theoretical framework to model the dynamic adsorption
of micellar solutions presented in this Appendix utilizes the equilibrium adsorption
description presented in Chapter 2 as its underlying equilibrium basis. As discussed
in detail in Chapter 2, a central aspect of this equilibrium adsorption model is that it
is based on the molecular characteristics of the surfactants, and hence, it minimizes
the number of required experimentally determined parameters. As in Chapter 5,
the dynamic adsorption description presented here assumes that the diffusion of the
surfactant monomers is the rate limiting step to their subsequent adsorption at the
interface. In other words, it is assumed that the surfactant molecules adsorbed at the
interface are in instantaneous equilibrium with those in the sublayer (the region of the
aqueous phase adjacent to the interface). The micelles affect the surfactant monomer
adsorption, and therefore, the dynamic surface tension, by dissociating and supplying
more surfactant monomers. In other words, as the surfactant monomers adsorb at
the interface, their concentration in the aqueous phase near the interface decreases
below the value that corresponds to equilibrium with the micelles. This causes a net
break-up of micelles, which, in turn, supplies more surfactant monomers which can
then diffuse and adsorb at the interface. In this Appendix, the kinetics of the micelle
dissociation process is accounted for by using the theoretical framework developed by
Aniansson and Wall,1 75 which includes a single rate constant describing the relative
rate of micelle dissociation. It will be shown that, if the value of this kinetic rate
constant is known, then the dynamic surface tension, as well as the dynamic surface
concentration, can be predicted by the theoretical framework presented in this Ap-
pendix. Alternatively, if the value of this kinetic rate constant is not known, one can
utilize the theoretical framework developed here, along with experimental dynamic
surface tension measurements, to estimate the value of the kinetic rate constant.
D.2 Theory
For simplicity, the case of an aqueous solution containing a single nonionic surfactant
species is considered. As in Chapter 5, it is assumed here that: (i) the interface
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is initially clean (that is, that the surface concentration of the surfactant is zero at
t = 0), (ii) the interface is flat (see Chapter 6 and Refs. 111 and 127 for a detailed
treatment of the spherical interface case), and (iii) the mass transport of both the
surfactant monomers and the micelles obeys Fickian diffusion.
As discussed in Section D.1, the micelles can dissociate to generate surfactant
monomers, while the surfactant monomers can associate to form micelles. To model
the kinetics of this dissociation-association process, the theoretical framework devel-
oped by Aniansson and Wall1 7 1 will be utilized here. Using this framework, the rate
of generation of surfactant monomers from the break-up of micelles, R 1, as a function
of the local concentration of surfactant monomers, ni, and the local concentration of
micelles, nm, for a monodisperse micellar solution (where m is the micelle aggregation
number), can be written as follows:
R1 =km (n) (ni - nf) (D.1)
where km is the micelle kinetic rate constant, ntot -- ni + mnm is the total local
concentration of surfactant molecules, and nw is the equilibrium concentration of
surfactant monomers, which is approximately equal to the CMC. Note that ni, nm,
nitt, and R1 are all functions of both x and t. Note also that the precise value of
nW can be obtained using a previously developed molecular-thermodynamic theory of
micellization35 -3 7 (see Chapter 2 for a detailed discussion). Using the surfactant mass
conservation condition, the rate of aggregation of micelles, Rm, is given by:
R, km ntot(
Rm(1 (n, - n)(.2
The overall mass transport of surfactant monomers in the aqueous phase is con-
trolled by the combination of Fickian diffusion and the kinetic generation of surfactant
monomers from the break-up of micelles, which is described by the following governing
equation:
On, 192 no
at= D O + km (n ( - n,) (D.3)1t )x2 W)
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The initial condition for Eq. (D.3) is given by Eq. (5.4), which for the single surfactant
solution examined here can be written as follows:
ni (t =0, x) = nw (D.4)
Since the assumption of diffusion controlled adsorption is utilized here, as it was done
in Chapter 5, the two boundary conditions for Eq. (D.3) are given by Eqs. (5.5) and
(5.7), which for the single surfactant solution examined here can be written as follows:
ni (t, x -+ oo) = nw (D.5)
and
no_ no,) Ap0 F1 3a 1 1'In ~ in =) + In + (D.6)
no + no nw kBT I - Fla, 1 - Fla,
+ (a1F1)2+ -alj2 2 + 2Bjlri(1 - Fla1)
where no = ni (x = 0) is the sublayer concentration of surfactant monomers, and
no nw (x = 0) is the sublayer concentration of water molecules which is approxi-
mately equal to the bulk concentration of water molecules, nw, since the surfactant
concentration is dilute.
Similarly, the overall mass transport of the micelles in the aqueous phase is con-
trolled by the combination of Fickian diffusion and the kinetic generation of micelles
from monomers, which is described by the following governing equation:
Onm D a 2nm km ntot( )
at Dinx 2  M K,)(ni-rii) (D.7)
The initial condition for Eq. (D.7) can similarly be written as follows:
nm (t = 0, x) = nw (D.8)
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where nm is the equilibrium concentration of micelles in the bulk aqueous solution.
The first boundary condition for Eq. (D.7) is obtained by requiring the concentration
of micelles to approach the bulk equilibrium concentration far from the interface.
Specifically,
nm (t, x -+ oc) = nm (D.9)
The second boundary condition for Eq. (D.7) is obtained by assuming that the micelles
themselves do no adsorb at the interface. This leads to a vanishing flux at the interface
which can be expressed as follows:
Onm =0 (D.10)
Finally, as in Chapter 5, the governing equation for the interface can be derived
from the conservation of mass as follows:
= Di (D.11)
at ax ,=
As in Chapter 5, the initial condition for Eq. (D.11) is derived from the fact that the
interface is initially free of surfactant molecules. Specifically,
IF, (t = 0) = 0 (D.12)
Next, the set of three coupled differential equations given by Eqs. (D.3), (D.7),
and (D.11), along with the boundary and initial conditions given above, can be solved
numerically (see Ref. 48) to obtain the two bulk concentration profiles, ni (t, x) and
nm (t, x), as well as the surfactant surface concentration profile, 1 (t). Finally, the
surface tension as a function of time, a- (t), can be computed from the surfactant sur-
face concentration profile, L, (t), by utilizing the surface equation of state developed
in Chapter 2, which for the single nonionic surfactant case considered here can be
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written as follows:
i70 1 ( t ) + a 1  ( I71 ( t ) ) 2  
2
o (t) = o - kBT { 1-+ a, (a (1-2 L2+ B(a () (t))2 (D.13)1 - 1 1 (t) a, ( - IF, (t) a,)
where o is the surface tension of pure water. A discussion of the values of the
various molecular parameters appearing in the theoretical framework developed in
this section, along with an illustrative example, are presented in the next section.
D.3 Results and Discussion
The values of the surfactant molecular parameters, ai, ri, and Bi , can be deter-
mined from the chemical structure of the surfactant. The value of the standard-state
chemical potential difference, Api , can be determined from a single surface tension
measurement (see Chapter 2 for a detailed discussion). The value of the diffusion co-
efficient of the surfactant monomer, D 1, can be determined experimentally from the
measured dynamic surface tension profile of a surfactant solution below the CMC,
or it can be estimated theoretically using the Wilke-Chang model13 6 (see Chapter 5
for a detailed discussion). The value of the diffusion coefficient of the micelles, Din,
can be estimated theoretically using the Wilke-Chang model,136 along with the bulk
molecular-thermodynamic theory of micellization to determine the micelle aggrega-
tion number, m.3 -37 It should be noted that the predicted dynamic surface tension
profiles are extremely insensitive to the precise value of the micelle diffusion coeffi-
cient, Dn (see Chapter 6 for a discussion of the sensitivity to the surfactant monomer
diffusion coefficient, D1 ).
If one had a method for measuring, or predicting, the micelle kinetic rate constant,
km, one could predict the dynamic surface tension profile of a micellar solution using
the theoretical framework described in Section D.2. Alternatively, one can measure
the dynamic surface tension of a micellar solution and then adjust the value of kin,
such that the theoretically predicted dynamic surface tension matches the experi-
mentally measured values. In other words, one could use dynamic surface tension
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measurements, in the context of the theoretical framework developed in Section D.2,
to effectively measure the value of km. This should be of great value, since it is gen-
erally easier to measure the dynamic surface tension than to measure the value of km
directly. 170
To demonstrate that it is indeed possible to deduce the value of km using the
method outlined above, the following illustrative example is provided using the previ-
ously examined nonionic surfactant C12E5 (see Chapter 6). The values of the various
C12E 5 molecular parameters are given in Table 6.1. The value of the monomer dif-
fusion coefficient utilized here is the fitted value of 6.5 x 10-Cm 2 /s. The CMC was
predicted using Program PREDICT 3 to be 5 x 10-8 mol/cm3 , which also predicted a
micelle aggregation number, m, of 3600. This value of the micelle aggregation number
was then utilized in the Wilke-Chang model to predict a micelle diffusion coefficient
of Dm = D, (V1/Vm) = Di (1/m)0 " = 4.8 x 10- 8cm 2 /s. Note again, that the sur-
face tension predictions are extremely insensitive to the precise value of Dm. Indeed,
changing Dn by ±50% has little effect on the predicted dynamic surface tensions.
Figure D-1 shows the predicted dynamic surface tensions for aqueous solutions
of C12 E5 at a concentration of ten times the CMC (5 x 10~7 mol/cm 3 ). The three
curves are the predicted dynamic surface tensions corresponding to km values of:
10s 1 ( ), 1.0s1 ( - - - - - ), and 0.1s- ( - - -). Note that the dynamic
surface tension is indeed quite sensitive to the parameter kmn, and that the differences
between the predicted dynamic surface tension curves are experimentally measurable.
Note, however, that the timescales for these surface tension curves to reach equilib-
rium adsorption are extremely short (less than a second). Therefore, as discussed in
more detail in Section D.4, the adsorption of the surfactant molecules may not be
diffusion controlled, and therefore, a kinetic barrier would need to be incorporated
in the theoretical framework developed in Section D.2 in order to make a meaningful
comparison with actual experimental dynamic surface tension measurements.
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Figure D-1: Theoretically predicted surface tensions as a function of time for a mi-
cellar solution of C12 E5 at a concentration of ten times the CMC (5 x 10-7 mo1/cm 3)
at 25'C. The three curves are the predicted dynamic surface tensions corresponding
to km values of: 10s 1 ( ), 1.0s- 1 ( - - - - - ), and 0.1s 1 ( - -
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D.4 Conclusions
In this Appendix, a theoretical framework was developed to model the diffusion con-
trolled adsorption of surfactants at the air-water interface of an aqueous surfactant
solution above the CMC. This Appendix is an extension of the theoretical framework
developed in Chapter 5 for surfactant solutions below the CMC. The effect of mi-
celles is incorporated in the theoretical framework by including a source of surfactant
monomers in the governing equation for the transport of surfactant monomers in the
aqueous phase that arises from the dissociation of the micelles. Since the rate of
micelle dissociation depends on the local concentration of micelles, the dynamic con-
centration profile of the micelles in the aqueous phase is also required, and is obtained
by utilizing a Fickian diffusion model. The main difference between the diffusion of
the monomers and the micelles is that the micelles are assumed not to adsorb at the
interface (leading to a zero flux of micelles at the interface). In Section D.3, it was
shown that the predicted dynamic surface tension is indeed sensitive to the kinetic
rate constant of micelle dissociation, km (see Figure D-1). Therefore, one could use
the theoretical framework presented here, along with an experimentally measured
dynamic surface tension profile of a surfactant solution above the CMC, to deduce
the value of the kinetic rate constant of micelle dissociation.
As in Chapter 5, it was assumed in this Appendix that the diffusion of surfac-
tant monomers is slow enough that it represents the rate limiting step to adsorption.
In other words, although there may be a kinetic barrier to adsorption at the inter-
face, the kinetic rate of adsorption is fast enough that the surfactant monomers at
the interface are in instantaneous equilibrium with the surfactant monomers in the
sublayer. While this was shown (see Chapter 6) to be a valid assumption for the
relatively dilute pre-micellar solutions considered in Chapter 5 (see Chapter 6), it
may not necessarily be a valid assumption in the case of the relatively concentrated
micellar solutions considered here. Indeed, since the timescale for diffusion decreases
as the surfactant concentration increases (see Chapter 5), one expects a shift in the
controlling adsorption mechanism from diffusion controlled, to mixed kinetic-diffusion
321
controlled, as the surfactant concentration increases. 1 6-118 Therefore, as discussed in
Section 8.2, an interesting area of future research could involve the incorporation of
a kinetic barrier to the theoretical framework presented in Section D.2.
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